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The neutron yields from the F!9(t,n) and Al*"(t, n) reactions were studied for triton ener- 
gies up to 2.4 Mev. The dependence on triton energy of the differential cross section for 
neutron emission at an angle of 0° was derived. Resonance of the differential cross section 
for the F!°(t,n) reaction was used to determine excited levels of the intermediate nucleus 
Ne (Table 1). The symmetrical neutron distribution around 90° in the c.m.s. at five triton 
energies indicates that up to 2.1 Mev the F!°(t,n) reaction proceeds mainly via formation 
of an intermediate nucleus. The total cross section for the F!*(t,n) reaction was deter- 
mined for several energies (Table II). 


1. INTRODUCTION F19 + 13 —> Ne?? > Ne?! + n, Q=11.145 Mev, (1) 
N F19 4+ 13> Ne?2->Ne%® +.2n, Q=4.388 Mev; (1a) 
UCLEAR physics has obtained much valuable Al? 4 8 > Si29 S22? +n, Q = 11,578 Mev, (2) 


information by investigating the reactions of, light 


nuclei with bombarding protons and deuterons. APM TH? > Si? Si + 2n, Q=3,104 Mev. (2a) 


Reactions with tritium can undoubtedly be just as The minimum excitation energies of the inter- 
fruitful. However, the difficulty of producing tri- mediate nuclei Ne? and Si® are 21.510 and 22.188 
tium and certain special conditions for working Mey, respectively.‘! The present work was intended 
with it can account for the fact that relatively few to study the neutron yields from the F%(t,n) and 
investigations have been published’ *° concerning Al*"(t,n) reactions and the excited levels of the in- 
reactions between tritons and light nuclei. termediate nuclei. 


The nucleus investigated in the present work 
was F!°. Since the solid target consisted of AlF3 2. EXPERIMENTAL PROCEDURE 
the neutron yield from the reaction Al*"(t,n) also 
had to be investigated. 

Neutron-producing reactions between tritons 
and light nuclei are characterized by the positive 
reaction energy Q and the appreciable excitation 
energy of intermediate nuclei. The following re- 
actions of tritons with fluorine and aluminum are 


The targets were prepared by evaporating alu- 
minum fluoride on platinum disks and were weighed 
on a microbalance. The weights of the Al F; targets 
were 0.179, 0.200, 0.211, and 0.280 mg/cm?. For 
1.4-Mev tritons these thicknesses corresponded to 
energy losses of 60, 67, 70, and 92 kev, respec- 


2 . 
possible: tively. The Al?" target was 0.67-mg/cm* alumi- 
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FIG. 1. Diagram of apparatus. 1 — magnetic analyzer, 
2 — paraffin-borax shield, 3 — closure, 4 — target, 5 — 30-cm 
copper cone, 6 — neutron counter, 7 — target holder, 8 — T 
tube 0.2 mm thick, 9 — collimator diaphragms. 


num foil in which 1.8-Mev tritons lost 170 kev. 
Target weights were checked by the relative neu- 
tron yield per unit weight. 

Tritons were accelerated in the horizontal elec- 
trostatic generator at a pressure permitting ener- 
gies up to 2.5 Mev. The generator voltage was 
stabilized by a corona triode. Stabilization was 
monitored by 60° ion-beam deflection in the mag- 
netic analyzer. The generator voltage was meas- 
ured from the current supplied to the magnetic 
analyzer. The voltage was calibrated from the 
thresholds of the T(p,n) and Li(p,n) reactions 
on ions of atomic and molecular hydrogen, with 
errors not above 0.5%. 

Tritium diluted with helium in the ratio 1:12 
was fed into the ion source through a bimetallic 
leak. The intensity ratio of the beams with masses 
Actin eee (Hise :), 3:('T*)a4 (Hee) sand 6 CTT) 
was 0.1:0.2:1:110:10. Since tritium and He! 
were admitted to the ion source, with hydrogen, 
deuterium, and He® comprising only a small 
amount of contamination, it was assumed that the 
beams with masses 3 and 6 were practically un- 
contaminated. The purity of these beams was con- 
firmed by comparing the neutron yields in the 
Li(t,n) reaction using tritons with 0.5 Mev effec- 
tive energy. In the neutron yield measurements 
the mean beam current for mass 3 was ~ 0.2 pa. 

The number of tritons striking the target was 
determined by means of a sensitive current inte- 
grator giving 40.19 counts per microcoulomb. 

The apparatus is represented schematically in 
Fig. 1. The target 4 was positioned in the beam 
path in a special holder 7. The beam was colli- 
mated by diaphragms 9 with 6 mm x 3 mm aper- 
tures. A light T tube 8 with 0.2-mm wall thick- 
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ness was highly transparent to neutrons leaving 
the target in all directions. The target was ro- 
tated 180° by remote control employing selsyns. 
The triton beam could therefore be directed 
against either the front or back of the target. 

The neutron flux was measured by a long pro- 
portional boron counter 6 rotated on a circle of 
one-meter radius around a vertical axis passing 
through the center of the target. The neutron 
counter was calibrated against a standard Ra + Be 
neutron source yielding 4.8 x 10° neutrons/sec, 
that was substituted for the target.* Counter ef- 
ficiency was 1.008 x 104 neutrons/sr per count. 
The sensitivity of the neutron counter” was within 
+ 3% for neutrons from 25 kev to 5 Mev and dropped 
11% for 14-Mev neutrons. 

Background neutrons were taken into account in 
measurements of the neutron yield from the target. 
The diaphragms located before the magnetic ana- 
lyzer 1 and the walls of the analyzer were strong 
sources of background neutrons generated in 
‘‘spurious targets.’’ In order to prevent direct 
entrance of these neutrons into the neutron counter 
a 30-cm shield 2 made of paraffin with an admix- 
ture of borax was set up at the exit of the triton 
beam from the magnetic analyzer. Under the given 
experimental conditions (Fig. 1) the neutron back- 
ground consisted of a) neutrons generated in the 
‘spurious targets’’ and collimator diaphragms, 

b) neutrons from the T(t,n) and C(t,n) reac- 
tions occurring in tritium impacted into the target 
by the beam, and in carbon deposited in small 
amounts on the target during bombardment by ac- 
celerated ions, and c) neutrons from all targets, 
scattered by the surroundings (floor, walls, ceil- 
ing etc.). 


3. MEASUREMENTS 


For the purpose of taking the background neu- 
trons into account while measuring the neutron 
yield from the F!*(t,n) and Al*"(t,n) reactions, 
four measurements were obtained. In the first 
and second measurements the ion beam struck 
the face of the target without and with the presence 
of the cone 5; the third and fourth measurements 
were analogous for the back of the target. Each 
measurement corresponded to the same number 
of counts from the current integrator, the number 
depending on the neutron yield from the given tar- 
get. From the four measurements obtained in this 


*The background of neutrons scattered by the surrounding 
medium was 8% when the neutron counter was calibrated. For 
background measurements the counter was covered with a cop- 
per cone 30 cm high. 
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FIG. 2. Differential cross sections for neutron yield at 0° 
angle from triton reactions with aluminum fluoride targets of 
different thicknesses. E; is triton energy. 


manner the number of counts of the neutron counter 
induced by neutrons from the investigated reaction 
can be expressed by 

N = Ny—Ne— No Ng (te + ts — t,)/ta, (3) 
where t,, tz, t3, ty, are the respective times of the 
four measurements. Consideration of the measure- 
ment times is associated with the fact that the neu- 
tron background from the diaphragms and magnetic 
analyzer walls was essentially a function of time, 
since the current of the undivided beam did not vary 
with time, while the background of all other neutrons 


was a function of the triton beam intensity. The total 


neutron background was easily estimated by analyz- 
ing the four measurements with identical times. 
With increasing triton acceleration the total 
background was observed to increase, reaching 
30—40%. The difference between the third and 
fourth measurements, amounting to 6 — 10%, indi- 
cated the background due to neutrons from the 
T(t,n) and C(t,n) reactions. Because of the 
smallness of this quantity we neglected the neutron 
background from these reactions that was scattered 
by the surroundings. Periodic purification of the 
diaphragms in front of the magnetic analyzer re- 
duced the total neutron background considerably. 


4. RESULTS 

The reaction of a triton with a fluorine or alu- 
minum nucleus can produce a single neutron [Eqs. 
(1) and (2)] or two neutrons [Eqs. (la) and CAEN 6 
Our technique did not distinguish between these 
reactions but determined only the total cross sec- 
tion o(t,n) +o(t,2n). This total cross section 
will hereafter be understood when we refer to neu- 
tron yields. 
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FIG. 3. Differential cross section for neutron yield from 
Alt (4; 0): 


Figures 2 and 3 show the differential cross sec- 
tions for neutron production at 0° in interactions 
of tritons with aluminum fluoride and aluminum, 
as a function of triton energy. From these data 
we obtained the differential cross section at 0° for 
F°(t,n) vs triton energy, which is shown in Fig. 4. 

From the resonances observed on the excitation 
curve of F!9(t,n) the excited levels of Ne®* above 
22.510 Mev were determined; these are given in 
Table I. Only two levels, 22.7 and 23.1 Mev, were 
previously® discovered in this excitation region of 
Ne” from the excitation function of F(t,a@). The 
23.1-Mev level agrees with 23.128 Mev within the 
limits of error. 

The angular distribution of neutrons from the 
AlF; target gave the angular distribution for the 
reaction F!*(t,n) (Fig. 5). 

Since the neutron yield from Ale n) com- 
prises 6 — 8% of the yield from the AIF; target, 

a correction for neutrons from Al?"(¢, n) intro- 
duced no appreciable error if the angular distribu- 
tions of neutrons in the Al*"(¢,n) and F(t, n) 
reactions were similar. 
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FIG. 4. Differential cross section for neutron yield at 0° 


angle from F” (t,n) vs triton energy. 
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Table I. Levels of com- 
pound nucleus Ne?2* 


Level 
No.|Et, Mev poet level, width 
hy kev 
4 | 4,245] 22.558+0.018 300 
2 | 4.470) 22,778+0,018 150 
3 | 1,635] 22,921+0,019 100 
4 | 1.760] 23.029+0.020 100 
yl 48a 2e.2605020 80 
C2010 23,245 08020 130 
Te etOO 2ono2220 020 9U 
Sele2eedOime ead Oe OR022 70 
OT 25300) |5 23549520022 50 
Table II. Total 
cross section 
for F(t, n) 
Et, Mev Otot, mb 
1.066 36.41+2.13 
4,218 77.0844 .24 
1,370 95 ,92+4.80 
NY 203 4649.56 
2.123 | 442,50+20.35 


The angular distributions of neutrons are sym- 
metrical around 90° in the c.m. system. This 
shows that the F19(¢, n) reaction mainly involves 
the formation of a compound Ne” nucleus. Table 
II shows the total cross sections for F(t, n) cal- 
culated from the angular distributions assuming 
symmetry around 90°. 

In calculating the absolute errors of the neu- 
tron yields we assumed + 3% error in determining 
the number of nuclei in AlF;, +1% for the number 
of Al nuclei, and +1% for the number of tritons. 
The strength of the constant Ra + Be source was 
known to within + 3%. 

Weisskopf’s statistical formula!’ can be used 
to obtain a very rough estimate of the two-neutron 
contribution to the total cross section. We have 


Cierena(anieno (tones Pal eee e—st (4) 


where € = Emax— Ey is the maximum energy of 
the second neutron (Emax is the maximum excita- 
tion energy of the residual nucleus following ejec- 
tion of the first neutron, and Ey, is the neutron 
binding energy in the residual nucleus), T is the 
temperature of the residual nucleus determined 
from T= V4Emax/a, and a is a constant de- 
pending on the atomic weight A. 

Heidmann and Bethe! give a= 0.14(A-12) 
Mev"! for mass numbers 15 < A < 70. Therefore 
for the excitation energy of Ne*! (Emax = 13.15 
Mev, a= 1.26 Mev"!) and Si”? (Emax = 13.6 Mev, 
a = 2.38 Mev-') the temperatures will be of the 
orders 6.5 and 4.8 Mev, respectively. With in- 
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creasing excitation energy the ratio in Kq. (4) 
can increase approximately from 0.14 to 0.26 for 
F1°(t,n), and from 0.14 to 0.3 for Al*"(t,n). 

On the other hand, using the experimental tem- 
peratures obtained by Gugelot and by Graves and 
Rosen! we obtain T ~ 1.3 Mev for Ne*! and T 
~ 1.2 Mev for Si?®. In this case the ratio (4) can 
increase from 0.86 to 0.96 for F!9(t,n), and from 
0.73 to 0.93 for Al?"(t,n). 

The foregoing results show that reactions pro- 
ducing two neutrons make a considerable, if not 
the principal, contribution to the neutron yield 
from reactions of tritons with F! and Al’". 

It must be emphasized, however, that we have 
obtained only very approximate cross section 
ratios. 

In conclusion the authors wish to thank M. T. 
Dorofeev, and also the electrostatic generator 
group, for experimental assistance. The members 
of the group were V. I. Petran’, I. G. Losev, Yu. K. 
Panteleev, V. M. Khurgin, N. S. Zlishchev, V. I. 
Krivoruchko, and G. E. Klitsenko. 
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The interaction between 14.1-Mev neutrons and Be’ was investigated by the nuclear emul- 
sion method. Energy and angular distributions of neutrons and alpha particles produced in the 
(n, 2n) reaction were measured. The data obtained indicate that the reaction generally involves 
the formation ofa 2.9-Mev excited state in the Be® nucleus (cross section 0.19+0.06b) and 
the 2.43 Mev excited level of the Be® nucleus. The cross section for excitation of the Be? 
(2.43 Mev) nucleus and for formation of the ground state in the Be® nucleus is 0.2 + 0.1 b. 
Direct interactions also yield an appreciable contribution to the (n, 2n) reaction. The total 


cross section for the reaction is 0.54 + 0.07 b. 


INTRODUCTION 


‘Tue interaction of neutrons with Be’ nuclei has 
been examined in a number of works,! but the 
mechanism of the reaction is at present still im- 
perfectly known. There exist several possible 
methods of bringing about the (n, 2n) reaction on 
Be’, involving both the formation of a compound 
nucleus and direct interactions. 

1) Production of the compound nucleus Be!” 
and its decay according to the schemes 


a) Bel’ +n + Be™, 
b) Bel?» n + Be™, 


Be®* =n -— Be? = n= 2a: 
Be®* >a + He'—n + 2a. 


2) Formation of excited states of the Be® nu- 
cleus in the process of a direct interaction between 
neutrons and Be’, and subsequent decay by scheme 
a) or b). 

3) Breakup into three or four particles both 
with and without the formation of a compound nu- 
cleus: 


Be® + n—2n + Be8, Be® + n—> 2n + 2a. 


The interaction of neutrons with Be’ has been 
most fully studied for the case of low-energy neu- 
trons.” Experimental research with 14-Mev neu- 
trons® has been devoted principally to determining 
the total cross section for the interaction between 
neutrons and Be’. The formation of excited states 
of the Be® nucleus in the (n, 2n) reaction on Be? 
has only been examined in two works.‘’® The re- 
sults obtained in these works do not agree with 
one another. Thus, according to one of them,‘ the 
(n, 2n) reaction on Be’ proceeds primarily with 
the formation of only one 2.9-Mev level of the Be?® 


nucleus; results from the other work® indicate the 
significant role of ~5- and ~ 8-Mev levels in Be® 
formed during the (n, 2n) reaction on Be®. The 
excitation of Be® levels has been investigated in 
many other reactions,® but this matter is not yet 
completely clarified. 

In the present work an attempt has been made 
to evaluate the role of individual levels in the Be® 
nucleus which can be excited during the (n, 2n) 
reaction on Be®. To get a more complete idea of 
the mechanism of the (n, 2n) reaction, the angu- 
lar and energy distributions of alpha particles and 
neutrons produced in this reaction were investi- 
gated, for whatever the course of the (n, 2n) re- 
action on Be’, the final reaction products are al- 
ways alpha particles and neutrons. 


EXPERIMENTAL METHODS AND RESULTS 


The reaction T(d, n)He’ served as the source 
of 14.1-Mev neutrons in all the experiments per- 
formed. The neutron flux on the radiator amounted 
to ~1~x 10° neutrons/cm?. In the first experiment 
NIKFI T-3 photoplates doped with metallic Be? 
powder were irradiated by neutrons. The beryllium 
powder was introduced between emulsion layers 
100 p thick. The amount of beryllium used is 
equivalent to uniform (by volume) doping with 
~ 20 mg of beryllium compound solution per cm? 
of emulsion. The average grain diameter of the 
beryllium powder was 2—3 yp. The metallic pow- 
der was prepared by the spark discharge method.’ 

The irradiation was made parallel to the surface 
of the emulsion. In order to select events due to 
the (n, 2n) reaction on Be’, all two-prong alpha 
stars with vertices located in the metallic beryl- 
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Number of cases 


12 
E* Mev 
FIG. 1. Alpha-star distribution as dependent on exci- 


tation energy of Be® nucleus. 


lium grains were chosen when scanning the de- 
veloped plates. To estimate background events, 

an undoped layer of emulsion on these same plates 
was also scanned, choosing all two-prong alpha 
stars and also three-prong stars if one of the 
prongs was = 3 uy in length. The background was 
evaluated under the assumption that it is possible 
to distinguish between background stars and true 
alpha stars arising in beryllium grains except when 
they are formed in the 1-y emulsion layer directly 
adjoining the beryllium grains. The background 
constituted 5—7%. 

About 250 cases could be related to the (n, 2n) 
reaction on Be’. Among the alpha stars found, 22 
cases of the reaction Be’ (n, a) He® were also 
discovered, which served as a control for the re- 
liability of this experiment. When processing the 
alpha stars it was assumed that alpha stars cor- 
responding to the (n, 2n) reaction on Be® were 
formed following the decay of excited Be® nuclei, 


and for each such star the energy of the correspond- 


ing Be® nuclear level was determined. The spec- 
trum of excited states in the Be® nucleus con- 
structed in such a manner with the background 
taken into account is presented in Fig. l. 

Two principal peaks stand out in the spectrum: 
the first peak corresponds to the 2.9-Mev excited 
level of the Be® nucleus, the second to the ~ 8-Mev 
level. When calculating the number of events re- 
lated to decay from the 2.9-Mev level, we made 
use of data of reference 8 on the shape of the res- 
onance line. The cross section for formation of 
the 2.9-Mev excited state in the Be® nucleus equals 
0.19 + 0.06 b. The cross section for alpha stars 
which could have been formed following the decay 
of a Be® nucleus in the ~ 8-Mev excited state is 
0.14 + 0.04 b. The data obtained are in good agree- 
ment with the results of Sakisaka.° 

It is possible to distinguish on the spectrum 
another group of alpha stars, which corresponds 
to the ~ 5 Mev level of Be®; the cross section for 
this group is 0.04 + 0.02 b. However, as shown 
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below, it is more probable that this group of alpha 
stars owes its origin to a process which occurs 
without the formation of the Be® nucleus. 

In evaluating the cross sections presented 
above, corrections were made for the omission 
during scanning of alpha stars due to short-range 
alpha particles and for the loss of events lying in 
a plane perpendicular to the surface of the emul- 
sion. The cross section for alpha stars corre- 
sponding to decay of a Be® nucleus in the ground 
state or of a Be® nucleus in the 2.43-Mev excited 
state (events which are energetically indistinguish- 
able in this experiment) was not determined, since 
the correction for the omission of such events ex- 
ceeds the number counted by several times. The 
large probability for omitting such alpha stars 
can be explained by the fact that the alpha particles 
forming them are of low energy. The cross sec- 
tion for the Be? (n, a) He® reaction determined in 
this experiment is 11 + 4 mb. 

In the second experiment we examined the en- 
ergy spectrum of alpha particles produced in the 
(n, 2n) reaction on Be® at various angles relative 
to the incident-neutron direction. A layer of 
metallic beryllium (~4 w) deposited on a tantalum 
backing (a disc 5 cm in diameter) was used as 
the target. The incident neutron beam passed 
through a collimator constructed along the lines of 
Rosen’s collimator.’ NIKFI T-2 (100) plates 
served as alpha-particle detectors. The irradia- 
tion was carried out in a vacuum chamber with 
continuous evacuation (0.1mm mercury ). 

The experiment was set up in two geometries. 
In the first case a single-plate camera was used, 
which permitted the recording of alpha particles 
making an angle of 0° and small angles with re- 
spect to the direction of the incident neutron beam. 

In the second experiment a multiplate camera 
was used, in which the photoplates were arranged 
in a circle around the targets at 20, 45, 65, 90, 105 
and 120° to the incident neutron beam. The targets 
were placed in the center of the camera and 
turned with their coated surface towards the 
photoplates. To evaluate the background, an ir- 
radiation was made with an uncoated tantalum 
disk. The total number of alpha particles recorded 
in this experiment was ~ 2,500. Figure 2 presents 
energy spectra (to be more accurate, range dis- 
tributions ) for alpha particles emitted from the 
target at 0, 20, 65, 90 and 105° to the incoming 
neutron beam. The largest number of low-energy 
alpha particles is observed at the small angles. 

As the angle increases, the maximum is displaced 
toward the higher energy alpha particles. The 
total cross section for the (n, 2n) reaction on 


878 
60} 
20° 
40} 4a} 
20 


SS 
=) 
T T 


S 


Stet 0 (Peel i 
5 13 21 293745 53 6169 77 = § 19 2b 29-37 65 53 Lee 


Relative number of alpha particles 


Raf Ht 
6a} 
tot 65° bal 90° 105° 
20} 20} 20} 
0 it I it 4 J _l 0 1 vl { i i 1 ‘ 
5192129 3745536169 | 5 13 2129, 197455361 69 5 13.2 2997 
RE Rye Rf 


FIG. 2. Energy distribution of alpha particles (R is the range 


in microns). 


Be’, as calculated from the given angular distribu- 
tion of alpha particles, is 0.48 + 0.09 b [taking 
into account a correction for the loss of short- 
range (< 5y) alpha particles]. The cross section 
for the reaction Be*(n, t) Li’ was roughly esti- 
mated from this experiment and the experiment 
with alpha stars: the average was ~ 20 mb. 

In the third experiment the energy and angular 
distributions of neutrons produced in the (n, 2n) 
reaction on Be® were investigated. Spectrum 
measurements were made for the scattering of 
collimated neutrons by a thin-walled glass sphere 
filled with metallic beryllium powder. Total weight 
of the powder was 125 g. Background was deter- 
mined by measurements with an empty sphere. 
NIKFI Ya-2 (200 yw) photoplates served as neutron 
detectors. The irradiation was carried out ina 
special airtight box with controlled humidity. The 
plates were positioned around the beryllium sphere 
at 20, 40, 65, 90 and 120° to the incident neutron 
beam. About 5,000 tracks of recoil protons were 
recorded. The background amounted to ~ 40% of 
the effect. The data obtained were processed ac- 
cording to the method applied in Rosen’s work." 
The minimum energy at which recoil protons were 
recorded was 0.5 Mev. 

The energy distributions of the neutrons emitted 
at angles of 40, 65, 90 and 120° are presented in 
Fig. 3. The angular distribution of neutrons with 
energies from 0.5 to 4 Mev and from 4 Mev to 
limiting energy values, which correspond to in- 
elastic scattering of neutrons at the given angle, 
are presented in Fig. 4. The distribution of neu- 
trons with energies greater than 4 Mev is strongly 
anisotropic. The total cross section for the reac- 
tion (n, 2n) on Be? was determined from the 
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FIG. 3. Energy distribution of neutrons. 


angular distribution of inelastically scattered neu- 
trons to be o= 0.6 + 0.1 b. When calculating the 
cross section, the loss of tracks of recoil protons 
with energies below 0.5 Mev was taken into con- 
sideration, and a correction was also applied for 
multiple scattering of neutrons in the beryllium 
sphere. 


DISCUSSION OF MEASUREMENT RESULTS 


According to the results of our measurements 
with alpha particles and neutrons produced in the 
(n, 2n) reaction on Be®, the total cross section 
for the reaction is 0.54 + 0.07 b; this is in good 
agreement with the results of other authors. Ef- 
fective cross sections for the (n, 2n) reaction 
on Be?’ leading to the ground state in the Be® nu- 
cleus and the 2.43-Mev excited state in Be? can 
be estimated rather reliably. The stars formed 
in these cases consist of low-energy alpha parti- 
cles; owing to the insufficient reliability in record- 
ing these events, their number was not determined 
in the experiment with alpha stars. The effective 
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FIG. 4, Angular dependence of differential cross section for 
inelastic scattering of neutrons on Be’, 
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cross section of interest to us can be computed, 
therefore, as the difference between the total ef- 
fective cross section for the (n, 2n) reaction pre- 
sented above and the effective cross section de- 
termined in the experiment with alpha stars. This 
difference amounts to 0.2 + 0.1 b. 

According to Anderson’s data,!! the cross sec- 
tion for the (n, n’) reaction on Be’, leading to the 
formation of the 2.43-Mev excited state of the Be® 
nucleus, is 0.17 + 0.03 b. Comparing these two 
values, we arrive at the conclusion that the forma- 
tion of low-energy alpha stars occurs primarily 
upon the decay of the excited Be’ nucleus from the 
2.43-Mev level. In the experiment with alpha stars 
it was discovered that, along with stars due to de- 
cay of the Be® nucleus from the 2.9-Mev level, 
alpha stars are formed which may correspond to 
higher excited states of the Be® nucleus. The 
production of high-energy alpha particles in the 
(n, 2n) reaction on Be® is also confirmed by the 
shape of the alpha-particle energy spectrum, es- 
pecially the spectrum of alpha particles emitted 
at large angles (for example 90°). From kinema- 
tic relations, alpha particles corresponding to the 
decay of highly excited nuclear states of Be® and 
Be? (decay of Be® into an alpha particle and a 
He® nucleus) become noticeable in the spectrum 
at large angles. 

For reasons which we are about to state, it is 
most probable that the group of alpha stars asso- 
ciated with the ~ 5-Mev level of the Be® nucleus 
in reality owe their origin to a process which 
proceeds primarily without the formation of the 
Be® nucleus. This process may be explained 
either as the decay of a Be’ nucleus into an alpha 
particle and a He® nucleus or as the four-particle 
decay of Be!®, At the same time, the group of 
alpha stars corresponding to the ~ 8 Mev level of 
the Be® nucleus is probably formed upon the decay 
of the Be® nucleus (possibly when the Be® nu- 
cleus decays from the broad, 11.7-Mev level with 


width T = 6.7 Mev’??). . 
In reference 4, where beryllium was introduced 


into an emulsion in the form of a soluble compound, 
in order to reduce the background only those alpha 
stars were selected in which the alpha particles 
had equal ranges. Such a selection method favors 
the choice of cases corresponding to the decay of 
the Be® nucleus over other possible ways of form- 
ing two alpha particles. Here, it turned out that at 
energies up to ~7 Mev only alpha stars associated 
with the 2.9 Mev level of the Be® nucleus were ob- 
served; furthermore, the curve of the alpha star 
distribution falls off rather sharply on the high 
energy side. If we trace out a similar curve on 


our spectrum (Fig. 1), a considerable number of 
alpha stars remain in the ~5 Mev region beyond 
the curve; it is rather difficult to explain their 
origin as being due to the decay of the Be® nuclei 
in an excited state at 2.9 Mev. Moreover, applying 
an analogous selection process to our data, we 
discovered that only two groups of alpha stars, 
corresponding to the 2.9- and ~ 8-Mev excited 
states of the Be® nucleus, remain in the spectrum, 
which is also evidence for the above assertion. 
This conclusion is also confirmed by other works 
in which excited states of the Be® nucleus have 
been observed. The shape of the spectra of alpha 
particles and neutrons is not inconsistent with 
these conclusions. 

Therefore, the formation of a Be® nucleus in 
the 2.9-Mev excited state and the excitation of the 
2.43-Mev level in the Be® nucleus seem to be 
basic channels for the (n, 2n) reaction on Be’. 

It is possible that higher nuclear levels of Be® or 
Be’ nuclei are also excited in the (n, 2n) reaction 
(the Be® levels of 6.8, 7.9 and 9.1 Mev; the 11.7- 
Mev level of Be®). However, we cannot pursue in 
more detail the formation of excited states in the 
Be® and Be® nuclei. The scantiness of statistics 
does not allow us to distinguish with sufficient re- 
liability groups of neutrons in the neutron spectra 
which could be due to transitions between various 
excited states of beryllium nuclei. Besides, the 
individual groups of neutrons will be extremely 
diffuse in energy because of the three-particle 
nature of the decay. A similar situation holds for 
the energy spectrum of alpha particles. 

The absence of symmetry with respect to 90° 
in the angular distribution of neutrons with ener- 
gies above 4 Mev (Fig. 4) indicates the marked 
contribution of direct processes to the Be? (n, 2n) 
reaction for 14-Mev neutrons. Our experimental 
results are inadequate for a qualitative determina- 
tion of the role, and even less the specific mech- 
anism, of direct interactions in the investigated 
reaction. 

The authors express gratitude to I. Ya. Barit 
and I. M. Frank for guidance and help in the work. 
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The angular distribution of fission fragments from bismuth and uranium irradiated by 660- 
Mev protons was studied using nuclear emulsions. The perpendicular anisotropy coefficients 
were found to be 0.02 + 0.06 and 0.04 + 0.07 for bismuth and uranium respectively. 


lls the irradiation of nuclei by medium-energy 
particles, emission of fission fragments is ob- 
served predominantly at angles of 0 and 180° to 

the direction of the particles (longitudinal aniso- 
tropy).' This is due to the fact that the bombard- 
ing particle introduces an angular momentum per- 
pendicular to the beam direction into the nucleus.?~! 
With increasing excitation energy of the fission, the 
angular distribution of the fragments tends to be- 
come isotropic.’ 

In the irradiation of uranium by 460-Mev pro- 
tons? and 660-Mev protons,° and of tantalum by 
450-Mev protons,’ emission of fission fragments 
was observed predominantly at right angles to the 
beam (perpendicular anisotropy). A weak pre- 
dominance of particle emission at 90° was observed 
for asymmetric fission in the irradiation of urani- 
um and sodium by 155-Mev protons.’ At the same 
time, a small longitudinal fission anisotropy was 
observed* in the irradiation of bismuth by 450- 
Mev protons.°»! 

An explanation of the perpendicular anisotropy 
as being the result of a glancing collision of a fast 
bombarding particle with the nucleon of the nucleus 
has been proposed.'! One of the particles taking 
part in the collision moves with a small velocity 
and at right angles, and is absorbed in the nucleus. 
The flux of such particles leads to an anisotropy 
longitudinal with respect to their direction and 
perpendicular with respect to the direction of the 
bombarding particles. However, according to such 
a mechanism, the perpendicular anisotropy could 
be expected only in fission with small excitation 
energies.!” 

In the present experiment, the fission aniso- 
tropy was studied using nuclear emulsions P-9 


*The recent report!® of a systematic error in reference 9 
makes the results given there uncertain. 


(ch) in the irradiation of bismuth by 660-Mev 
protons. For comparison, and in order to increase 
the accuracy of data obtained earlier,® the aniso- 
tropy of the fission of uranium induced by 660-Mev 
protons was studied with large statistics in the fol- 
lowing three variants: for all fission events, for 
single fissions (nap = 0), and for fissions with 
the emission of charged particles (ngnp = 1). In 
order to check the method, the angular distribution 
of fission fragments in the irradiation of uranium 
with 14-Mev neutrons, i.e., in the energy range 
where the character of the anisotropy has been 
sufficiently well studied, was carried out.! The 
angles g between the direction of the bombarding 
particle and the projection of the line passing 
through the end of the fission fragment ranges 
were measured. (This line coincides roughly with 
the direction of emission of fragments in the sys- 
tem of the nucleus undergoing fission.) The an- 
gular distribution in space, e.g., of a type W(@) 
= 1+ Cisin’1¢+D sin 6, transforms in the pro- 
jection into a distribution 
o (9) = 1-+csin’@ + dsin'g, 
6=5(C Dy + 2c. D), 
d= 2D(1+4C+¢ D). (1) 

Using the method of least squares we found the 
anisotropy of the measured angular distribution of 
the projections of the emission directions of the 
fragments. From the anisotropy of the projections, 
we can transform to anisotropy in space using Eq. 
(1). The results obtained are shown in the table. 

The excitation energy of nuclei at 660-Mev pro- 
ton energy was found from the calculated relation 
between the longitudinal component of the momen- 
tum and the excitation energy.’ The longitudinal 
component of the momentum of a nucleus was de- 
termined experimentally.” The value of the longi- 
tudinal anisotropy in the case of 14-Mev neutrons 
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B = 0.46 + 0.11 is in good agreement with the value 
W (0°)/W (90°) — 1 = 0.40 + 0.14 found using an 
ionization chamber.” 

In irradiation with 660-Mev protons, the perpen- 
dicular anisotropy is C = 0.02 + 0.06 for bismuth 
and C = 0.04 + 0.07 for uranium, i.e., the angular 
distribution of fission fragments is isotropic within 
the limits of experimental error. The results for 
uranium differ from the earlier data,® where a 
marked preponderance of emission of fragments 
at right angles was observed, i.e., W(90°)/W (0°) 
— 1=0.33 + 0.19, increasing slightly with increas- 
ing excitation energy. 

The reason for the discrepancy of the results, 
apart from statistical errors, may also be syste- 
matical errors due to the fact that in scanning a 
horizontal emulsion strip, the ends of the fragment 
tracks from fission events fall into the field of view, 
whereas the center of the event is outside the field 
of view, either above or below it. The probability 
of such an additional incidence increases with the 
angle between the emission of fission fragments 
and the direction of the strip. The detection of 
such events leads to a false perpendicular aniso- 
tropy (~ 0.12 for a field of view of 100 um). In 
the present measurements, the emulsions were 
scanned in two mutually perpendicular directions 
to avoid possible systematical errors. 
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We have measured the absolute cross sections for the Ne2° (p, p’ vy) reaction and the angular 
distributions of p’ and y corresponding to the first excited state of Ne’, for resonance en- 
ergies of 2.15 and 2.72 Mev. The partial widths and reduced widths for the 4.5- and 5.05-Mev 
levels of Na*! were determined. It is shown that the inelastic scattering of protons at 2.72 
Mev is associated with a single level of the Na”! nucleus, having spin and parity 3/,*. 


Amone the resonances observed in the cross 
section for elastic scattering of protons by Ne” 
nuclei, there is a resonance at E 
responding to a level at 5.05 Mev in Na2!,!)2 at- 
tempts to determine the quantum numbers of this 


level by an analysis of experimental data on elastic 


scattering of protons by Ne?’ proved to be unsuc- 
cessful.!»* The difficulty in the analysis is ex- 


= 2.72 Mev cor- 


N 


(eS 
1000 
1 2 
FIG. 1. Spectrum of protons , 
scattered by Ne” for Ep = 2.72 
Mev. Peak 1 corresponds to ine- 
lastic scattering, peak 2 to elastic 
scattering (N. is the number of : 


pulses per channel). 20 ae = 
Channel number 


plained by the fact that this resonance is associated 


with closely spaced levels. 

In the present work we have studied inelastic 
scattering of protons for E, = 2.72 Mev for the 
purpose of obtaining additional information con- 


cerning the levels corresponding to this resonance. 


We have also studied the inelastic scattering 


Ne? (p, p’y) at an energy of 2.15 Mev, correspond- 


ing to the 4.50 Mev level of Na*!, whose quantum 
numbers are reliably determined from data on 
elastic scattering. 


METHOD OF MEASUREMENT 


For the measurement of the angular distribu- 
tions of the protons we used the chamber which 
has been described earlier.* The volume of the 
chamber was separated from the accelerator tube 
by a mica foil 0.5 yp thick. The chamber was filled 
with a normal isotopic mixture of neon (91% Ne”?) 
at a pressure of 8 mm Hg. 

The scattered protons were recorded with a 
CsI(T1) crystal 0.1 mm thick and a FEU-S photo- 
multiplier. Pulses from the FEU-S were analyzed 
by a 100-channel analyzer (AI-100). The energy 
resolution of the spectrometer was 6% for Ep 
= 2 Mev. In Fig. 1 we show the spectrum of pro- 
tons scattered by Ne”? nuclei at an angle of 90° 
for the resonance energy Ep = 2.72 Mev. 

In studying the y rays from the Ne” (p, p’y) 
reaction, the primary protons passed through a 


mica window 1 yp thick and entered a chamber 

15 mm in diameter, filled with neon to a pressure 
of 10 mm Hg, which served as the target. The y 
rays were recorded by a pair of FEU-S photo- 
multipliers with Nal(T1) crystals of dimensions 
40 x 40 mm. One of them was held fixed, while 
the other rotated around the target. Pulses from 
the fixed photomultiplier entered a single-channel 
analyzer which gave the full absorption peak which 
corresponded to an energy Ey = 1.64 Mev. This 
photomultiplier was used as a monitor. 

The pulses from the movable photomultiplier 
were analyzed by an AI-100 100-channel pulse 
analyzer. The resolution of the y spectrometer 
for the Cs'3’ y rays was 9%. In Fig. 2 is shown 
part of the spectrum of the 1.64 Mev y ray with 
the total absorption peak, taken for Ep = 2.72 Mev. 
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FIG. 2. Portion of the spectrum 
of y rays around 1.64 Mev with total 
absorption peak, taken for Ep = 2.72 
Mev. 
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For accelerating the protons we used the 4-Mev 
Van de Graaff accelerator of the Physico-Technical 
Institute of the Academy of Sciences of the Ukrain- 
ian S.S.R. The proton current at the target was 
~1 pa. 


RESULTS OF THE MEASUREMENTS 


In Fig. 3 are shown the results of measurements 
of the cross section for inelastic scattering 
Ne’ (p, p’y) for protons p’ and y rays as a func- 
tion of the angle of scattering, at resonance ener- 
gies Ey equal to 2.15 and 2.72 Mev. In the figure 
we show only the statistical errors which deter- 
mine the precision of measurement of the angular 
distributions. The curves are drawn through the 
experimental points using the least squares 
method. Analytic expressions for the angular dis- 
tributions are also shown in Fig. 3. The total 
cross sections are given in the table. 

From data on elastic scattering it has been es- 
tablished!” that the 4.50 Mev level of Na2!, cor- 
responding to the resonance at 2.15 Mev, is formed 
by capture of a proton with orbital angular momen- 
tum 1 = 2; the spin and parity of this level is *4*. 
Using these data and assuming that the inelastically 
scattered proton emerges with orbital angular 
momentum 1’ = 0 and that the transition between 
the first excited 2* state and the ground 0* state 
of Ne?’ is a pure E2-transition, we have calculated 
the angular distributions of the protons p’ and y 
rays from the formulas given in the paper of Kraus 
et al.4 From the table we see that the computed 
value of the coefficient A, in the angular distribu- 
tion of the y rays, 1+ A,P,(cos 6), is in good 
agreement with experiment. This agreement on 
the one hand is a check of the method, and on the 
other, what is more important, it shows the validity 
of the assumptions made in computing the angular 
distributions. 


90° 


P? Vi SOROKINGet 21. 


FIG. 3. Differential cross section for inelastic 
scattering of protons p' and corresponding y rays 
from the Ne” (p,p’ y ) reaction: a—for.E, = 2.15 
Mev; b—for E, = 2.72 Mev. 


180° 


As one sees from the table, the angular distri- 
butions of the protons p’ (which are close to iso- 
tropic) and the y rays for the resonance energy 
2.72 Mev are in very good agreement with the 
computations if one assumes that there corre- 
sponds to this resonance a single level with spin 
and parity ow The result obtained does not agree 
with the data on elastic scattering, according to 
which this resonance cannot be explained by the 
presence of a single level. 

In order to find other levels we carefully studied 
the shape of the resonance. Significant deviations 
from the shape corresponding to a single level 
were not found. We also measured the angular 
distributions of the y rays for various energies 
of protons around the resonance. We still found 
the same results. All of this shows that only a 
single level is effective in the inelastic scattering 
at Ep = 2.72 Mev. 

Using the expression for the area A under the 
resonance 

Aaa 2) ate) Egy bs 


where X% is the wave length of the impinging pro- 
tons, J the spin of the intermediate state, I the 
total width of the level, Ip and Ip’ widths cor- 
responding to elastic and inelastic scattering, we 
calculated the values of [)I'p’/I. The results of 
these computations (cf. the table) do not depend on 
the target thickness or the sharpness of energy of 
the impinging protons. 

Analysis of the y ray spectrum shows that the 
cross section for radiative capture, Ne?’(p, y) Na”, 
for the resonances studied is very small. We can 
therefore assume that for the corresponding levels 
I'=lp)+TIp’. From a comparison of the value 
rm /T = 18 kev? and [ply /T (cf. the table) for 
the 4.5-Mev level it follows that Ty/Tp = 0.005. 
This shows that for this level Pp=T and Po y/P 
at Neo fica 0.1 kev. 


| ; 4 A, for the y ray 
Ep, iBexen bral (Ores jr PoC AL, Vp! | Y pr 2mR? 
Mev | Mev [ey mb kev kev 3h? experiment | theory 
l : 
Previleay | Cra) | a7) | ABS | 3/o+ 0.103003 | 50 0,02 0.47+0.03 Oxo 
2.72 | 5.05 | 36 |800+100 | 9/s+ 10+2 100 0,04 0,4940.01 | 0.5 
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For the 5.05 Mev level the value PDT py /T 
= 10 kev with a total width [ = 36 key can be ob- 
tained under the condition that I'p=TIp’. This 
means that in this case Dp’ = 18 kev. 

Using these values we calculated the reduced 
widths for inelastic scattering y2, = Ty Aj /2p. 
The barrier penetrability Aj ,/2p was determined 
from the graphs given in reference 5. The values 
of y{y and their ratio to the quantity 3h?/2mR? 
are given in the table. 

The authors express their gratitude to A. K. 
Val’ter for his interest in the work and also to 
A. A. Tsygikalo and Yu. A. Kharchenko and the 
crew of the electrostatic generator. 
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The neutron yield at an angle of 0° from the c'2(t,n) reaction has been studied over a range 
of triton energies from 0.37 to 2.4 Mev. Seven resonances were observed corresponding to 
excited states of N” with excitation energies of 15.887, 15.955, 16.066, 16.206 16.326, 16.430, 
16.582, 16.67, and 16.77 Mev. For five values of the energy of the bombarding tritons we 
measured the angular distributions of the neutrons. It was established that the angular dis- 
tributions for triton energies greater than 1 Mev are anisotropic, and that for energies above 
1.5 Mev they are characterized by a marked predominance of neutrons in the backward direc- 
tion. From the angular distributions we have determined the value of the total cross section 
of the reaction, which is equal to 4.8 + 0.2 mb for Et = 0.652 Mev and increases to 298.6 


+ 19.7 mb for Et = 2.017 Mev. 


Tae use of tritium in nuclear reactions as a bom- 
barding particle is unquestionably of interest for 
nuclear spectrometry. In the interaction of tritons 
with nuclei one studies mainly reactions with yield 
of charged particles, whereas a study of the yield 
of neutrons has been comparatively slighted in the 
various papers./~6 

In the present paper we discuss the results of 
experiments on the yield of neutrons from the re- 
action 


C24 H8=NM=N4-_7 QG=4,007 Mev. (1) 


The minimum energy of excitation of the inter- 
mediate nucleus in reaction (1) is 14.848 Mev.! 
Measurement of the excitation function made it 
possible to obtain information concerning excited 
levels of the intermediate nucleus N!® with ener- 
gies of excitation above this minimal energy. The 
study of the angular distributions of the outgoing 
neutrons for various triton energies made it pos- 
sible to determine the total cross section for the 
Cu (t,n) reaction for the corresponding triton 
energies. 

The fact that in experimental practice one fre- 
quently observes a deposit of carbon on the target 
bombarded by accelerated ions makes the study 
of the reaction of tritons with carbon of technical 
interest. 

Despite the high effective potential barrier for 
tritons on carbon, equal to 3.14 Mev, the yield of 
neutrons from the C!*(t,n) reaction is sizable in 
the range of lower energies of impinging particles. 


ARRANGEMENT OF THE EXPERIMENT AND 
RESULTS OF THE MEASUREMENTS 


The arrangement of the experiment, the meas- 
urement technique, and the analysis of the back- 
ground neutrons has been discussed in detail pre- 
viously.45 

In the studies we used targets of carbon which 
were deposited on a platinum disk 16 mm in diam- 
eter and 0.2 mm thick by using a smoky flame 
from a burner while burning purified benzene. To 
eliminate possible dirtying of the target, it was 
heated at a temperature somewhat lower than the 
ignition temperature of carbon. The target thick- 
ness was determined by weighing on a microbal- 
ance. The additional weight of the target was 
checked by the relative yield of neutrons per unit 
weight of target for a single triton energy. 

In the experiments we used targets of thickness 
0.14, 0.195, 0.22, and 0.24 mg/cm’, in which the 
energy losses for tritions with an energy of 1.6 
Mev were respectively 49, 66, 75, and 82 kev. 

In Fig. 1 is shown the dependence on triton en- 
ergy of the differential cross section for the yield 
of neutrons at an angle of 0°. 

The differential cross section increases slowly 
from 0.22 + 0.13 to 2.31 + 0.24 mb/sr as the triton 
energy increases from 0.450 to 1.055 Mev, and 
then increases sharply, reaching a value of 56.4 
+ 2.7 mb/sr for a triton energy of 2.371 Mev. The 
absolute errors of the cross section determination 
vary from 18 to 10% within the interval of triton 
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FIG. 1. Differential cross section for neutron yield at an 
angle of 0° from the reaction C*? (t,n) for target thicknesses: 
x—0.14, e—0.195, o—0.22, A—0.24 mg/cm’. 
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energies from 0.650 to 1.1 Mev, and from 10 to 5% 
in the energy interval from 1.1 to 2.371 Mev. 

In the determination of the absolute uncertain- 
ties, the error in determining the number of car- 
bon nuclei was assumed to be +3%, the error in de- 
termining the number of tritons incident on the tar- 
get +1%, the error in determining the strength of 
the standard Ra + Be source by which we calibrated 
the neutron detector was +3%, the error in deter- 
mining the triton energies was +0.5%. No correc- 
tions were made for the yield of neutrons from the 
cs (t,n) reaction. 

On the excitation curve of the C” (t,n) reaction 
we observe resonances for triton energies of 1.300, 
iocowl525,4.700,,1.9850; 1.9805, and.2.170) Mev. In 
addition, the behavior of the experimental points in- 
dicates the presence of a resonance for a triton en- 
ergy of 2.28 Mev, and finally the rise in the excita- 
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tion function above 2.3 Mev gives a basis for as- 
suming the existence of a resonance in the region 
of 2.4 Mev. To these resonances there correspond 
highly excited levels in N‘5, whose energies are given 
inthe table. In the sametable, in the second column, 
we give the energy levels of N!® found by other au- 
thors (from the BU (a,n) N!4 reaction —the data 
of Haddad et al. given in reference 7, the N!4 (n, a) 
Bt reaction —data from reference 8, C#® (di pjcue 
and C!3(d,n) N!4,"!° including the data from the 
latest paper of Ajzenberg and Lauritsen. !* 

There is no information in the literature con- 
cerning the energy level at 15.887 Mev. The level 
at 16.206 Mev has not previously been mentioned, 
but its presence is confirmed by the weak reso- 


Energies of levels in N® (Mev) 
ee ee ree) on 


Data of the present Data from the [Data of the present Data from the 
work literature work literature 
( 

— 15.61 us | | {2.206+0,020 (16 2) ['] 
15.887+40.018 i 416.326220°5024 | 16.38 [8 11] 

— Ma) SAA aes | MiG. 4802203022) 5) 16.47 [ se. ck 
15.955+0,019 tee ae an | 16.5822£0.023 NG. 3915] 

= 99 [7,11] 16,670.03 1G). oe ] \16, eae] 
16,0664+0.020 |16.04([7], a O68], 16, O5p4]| 16,770.05 16.72[ 19] 
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nance in the excitation function of the N"“(n, a)B"™ 
reaction® for an a particle energy of ~ 5.8 Mev, 
which was not pointed out by the authors. The re- 
maining levels, as one sees from the table, coin- 
cide within the limits of experimental error with 
those given in the literature. (For example, in 
the work of Gabbard et al.,° the error in the deter- 
mination of the energy of the levels exceeds + 70 
kev. ) 

In Fig. 2 are shown angular distributions of the 
neutrons in the center of mass system from the 
c(t,n) reaction, obtained for triton energies of 
0.652, 0.958, 1.265, 1.567, and 2.017 Mev over an 
angular range from 0 to 135° with respect to the 
incident triton beam. For triton energies of 0.652 
and 0.958 Mev the angular distributions are iso- 
tropic within the limits of error of the measure- 
ments. With increasing energy of the tritons the 
relative yield of neutrons at angles 0 and 135° in- 
creases. 

A characteristic feature of the angular distri- 
bution is the increase in neutron yield in the back- 
ward direction with increasing triton energy. Thus 
for a triton energy of 1.265 Mev the angular dis- 
tribution curve is almost symmetric around 90°. 
For an energy of 1.567 Mev the ratio of the differ- 
ential cross section for neutrons at 135° to the 
cross section for neutrons at 0° becomes equal to 
1.18, while for an energy of 2.017 Mev this ratio 
increases to a value of 1.28. 

On the basis of the neutron angular distributions 
we obtain computed values for the total cross sec- 
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tion for the yield of neutrons from the (6 (t,n) 
reaction. For triton energies of 0.652, 0.958, 1.265, 
1.567, and 2.017 Mev these cross sections are equal 
respectively to 4.9 + 0.2, 14.6 + 0.7, 59.6 + 2.7, 
129-5 #.6.2, and 298.6 = 19.7 mb. 
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A gas scintillation counter filled with xenon was used to measure the spontaneous-fission 
half-period of Am*4!, A value of (2.3 + 0.8) x 104 years was found, in contrast to the pre- 


viously accepted value of 1.4 x 10! years. 


Riswners of experiments for verifying the half- 
period of the spontaneous fission of Am*4! were 
reported earlier.! However, the considerable 
background counting rate of the setup did not per- 
mit us to find the real value of the decay constant. 
Nevertheless, it followed from the experiment that 
the limit of the decay period as found by Segré? was 
underestimated. In the meantime, we have contin- 
ued our efforts to find and remove the sources of 
the background, and to check on the operation of 
the gas scintillation counter, in order to obtain a 
more exact value of the lifetime of Am*', 

The main sources of the background in our ex- 
periment may be induced fission of nuclei in the 
scintillation chamber, electromagnetic pickup in 
the electronic circuits, and instability of power 
supplies. 

In the first series of experiments, a sample of 
u*®> placed in the chamber for the calibration of 
the counter remained open during the experiments 
with Am24!, In spite of the fact that the counter 
was surrounded by cadmium and paraffin, it was 
impossible to exclude completely the possibility 
of the fission of U**® by thermal neutrons. In order 
to remove this sort of background, a magnetic shut- 
ter was placed into the chamber, which enabled us 
to close the U**® sample after carrying out check 
measurements. This arrangement achieved a 
marked decrease in the background. 

The results of the measurements can be also 
distorted by electromagnetic pickup and instability 
of the power supplies. In particular, the pickup 
due to atmospheric discharges was dangerous, 
since the measurements were carried out during the 
summer. In order to remove this source of back- 
ground, a ‘‘storm monitor’’ (a sensitive amplifier 


with an antenna at its input) was used. The pulses 
from the photomultipliers and from the storm mon- 
itor were simultaneously recorded on a pen re- 
corder incorporated into the system. 

After this refinement of the apparatus, the ex- 
periments on the spontaneous fission of Am?*! 
were carried out. During the measurements, 12 
pulses were recorded on the pen recorder. Two 
of these coincided with pulses from the storm 
monitor, and were therefore considered as back- 
ground pulses. 

In order to check the operation of the whole ar- 
ray, control experiments on the spontaneous fission 
of a sample of Pu*4° were carried out in the pres- 
ence of the working sample of Am*‘!, The counter 
characteristics had a good plateau, similar to the 
one in the previous experiment.! The result ob- 
tained for Pu?! is in agreement with the known 
data for the half-period of Pu? within the limits 
of acceptable error.? 

Thus, during 200 hours of measurement with a 
60 ug Am”4! sample, ten spontaneous-fission events 
were observed, which corresponds to a half-life of 
(2.3 + 0.8) x 10** years. 

The experiment was carried out under the super- 
vision of Prof. G. N. Flerov. 


! Mikheev, Skobelev, Druin, and Flerov, JETP 
37, 859 (1959), Soviet Phys. JETP 10, 612 (1960). 

2. Segré, Phys. Rev. 86, 21 (1952). 

3 Chamberlain, Farwell, and Segré, Phys. Rev. 
94, 156 (1954). 
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Experimental data are presented on the production of tritium in lead and aluminum by 70 — 
390 Mev deuterons and 140 — 750 Mev a particles, and in zinc and cadmium by 750-Mev @ 
particles. The tritium yields from aluminum and lead targets of different thicknesses bom- 


barded with 660-Mev protons are given. 
EXPERIMENTAL PROCEDURE 


‘Term production by high-energy protons has 
been investigated by many authors,!~® but relatively 
few investigations of tritium production by deuter- 
ons and a@ particles have been published.>»!° In the 
present work tritium production in metals by high- 
energy deuterons and a particles is studied. 

As in earlier work,’ the targets were made of 
aluminum and lead with the dimensions (1.5 — 2) 

x 6 x (15 —30) mm, and were bombarded by 70 — 
390 Mev deuterons and 140—750 Mev a particles 
in the internal beam of the synchrocyclotron of the 
Joint Institute for Nuclear Research. 

Three to six target samples were fastened si- 
multaneously to a heavy aluminum holder. Heat 
was removed from the target through the holder, 
which was clamped tightly to the synchrocyclotron 
probe. When lead targets were bombarded the deu- 
teron beam was reduced to one-half or one-third 
of the maximum, 2 x 10! deuterons/sec. The in- 
tensity of the a-particle beam was (4—5) x 101? 
particles/sec. The beam direction was parallel 
to the 6-mm side of the target. Different bombard- 


FIG. 1. Diagram of vacuum system: 1— quartz tube, 
2—target, 3—furnace, 4— palladium filter, 5— vacuum 
pump, 6—mercury manometer, 7 — VK-1 vacuum tube, 

8 —MS-9 counter, 9— shield, 10 —ethyl alcohol container, 
11 — additional vessel. 


ing energies were associated with the positioning 
of the targets in orbits of different radii within the 
vacuum chamber of the synchrocyclotron. Deuteron 
bombardment lasted from 2 to 5 min, while @ par- 
ticle bombardment lasted from 5 to 20 min. 

The amount of tritium in a bombarded target 
was determined by separating the tritium compo- 
nent from the target using the vacuum system rep- 
resented in Fig. 1. This system consists of a 
quartz tube 1 for melting the targets, a palladium 
filter 4 with an electric heater, where a hydrogen- 
tritium mixture was separated from the other gas- 
eous reaction products, a mercury pump 5 produc- 
ing the required pressure drop when the active 
hydrogen-tritium mixture was admitted, and a 
Geiger counter shielded (9) by 35 mm of steel and 
35 mm of lead. The system was also equipped with 
glass reservoirs for hydrogen, pure helium, and 
alcohol (10), and with an extra vessel 11 for dilu- 
tion of the highly active mixture. 

The targets were melted in the 200-cm? quartz 
tube in a hydrogen atmosphere at 40 —100 mm Hg. 
Each melted target was kept in the hydrogen atmos- 
phere at 850 — 950°C for 40 —100 min, resulting in 
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Pb | 70 | 1.85+0.44 | 40.8+4%.5 | 6] Pb | 140 | 3.2740.41 | 98.1421.2 | 13 
Al | 150 | 1.3340,05 | 29.244.7 | 6] Al | 300 | 2.40+0.42 | 52:549,2 | 6 
Pb | 150 | 3,60+0.13 | 79.2412,8 | 6|| Pb | 300 | 3.7640.74 | 94.0425.4 | 8 
Al | 270 | 4,3540,05 | 29,744.6* | 6] Al | 540 | 2.62+0.42 | 52,449,6* | 6 
Pb | 270 | 3.78+0.22.| 83.6£14.6*| 5 | Pb | 540 | 4.8841.04 | 97.6£27.0*| 10 
Al | 390 | 4.73+0.06 | 38.146.0* | 9] Al | 750 | 2.71+0.17 | 48.848.6* | 6 
Pb | 390 | 3.97£0.91 | 87.3415.9*|12 } Zn | 750 | 4.4040:45 | 79.2+16.0*| 2 
| | Cd | 750 | 4.80+1.30 | 86.4+27:2*| 2 
| | 1 Pb | 750 110.82+0.75 |194.8435.4*| 14 


*Cross sections O7 for tritium production were obtained by using extrapolations of data 
on Na* production in aluminum!» !? by high-energy deuterons and o particles. 


the removal of ~ 90% of the tritium; this was The deuteron and a@ particle intensities were 
checked by remelting under the same conditions. monitored by aluminum foils, as described in ref- 
The vacuum system made available for measure- erence 7. The dependences of the yields from the 


ment 4 to 63% of the hydrogen-tritium mixture pro- reactions Al?’ (d, ap ) Na” and Al?" (a, a2pn ) Na”4 
duced by melting of the targets. This mixture pro- on bombarding energy were taken from the litera- 


duced a pressure of 1 to 25 mm Hg in the counter. ture.!!!? The cross sections for Na™4 production 
Beta particles from tritium decay were regis- in aluminum by deuterons above 200 Mev and a 
tered by a cylindrical ~ 200 cm? counter with a particles above 400 Mev were determined by ex- 
copper cathode. The counter contained, in addition trapolating the Na* yields to higher energies. The 
to the hydrogen-tritium mixture, a working mix- cross section for Na production in aluminum by 
ture of ethyl alcohol at 15 mm and helium at 95 — 270-Mev and 390-Mev deuterons is estimated at 
100 mm. The counter was operated in the Geiger ~22 mb. ~20 mb and ~ 18 mb are obtained for 
region, in most instances with the following char- 540-Mev and 750-Mev a particles, respectively. 
acteristics: 100 —150 v plateau, plateau slope not Beta particles from Na** decay were regis- 


greater than 10% at 100 v, and intrinsic background tered by a counter with a quartz end window (<5 
130 — 200 pulses/min. Under higher hydrogen pres- mg/cm”). The detecting equipment registered 
sure (>15 mm) the counter characteristics were ~ 18% of the entire activity of a sample. 
adversely affected: ~50—80 v plateau, and 15 — 20% 
slope at 100 v. The measured tritium activity 
amounted to 500 to 10000 pulses/min. The effi- 


: : m. Ny /N 
ciency of 6-particle registration from tritium aes 
decay is estimated at about 90%. 
19 
Ny /Nyq 
8 
6 
Pb 
é 
Ie petedicee Yer te os 
fi s eye a oe a 
ar 
Foe, MeV 
fa! ans) 1 
700 200 500 400 o 00 200300400~~+«500~«600~=«700:~=—«800 


FIG. 2. Relative yields of tritium from aluminum and lead FIG. 3. Relative yields of tritium from aluminum and lead 


vs aeparticle energy. 
vs deuteron energy. Pp 
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EXPERIMENTAL RESULTS 


The table gives the relative yields Np /Nyng 
and the cross sections o7 for tritium production* 
in aluminum and lead bombarded with 70 — 390 Mev 
deuterons and 140 —750 Mev a particles. The 
relative yields of tritium from zinc and cadmium 
bombarded by 750-Mev a particles are also given. 
The relative yields are the averages of at least 
five independent measurements, except for zinc 
and cadmium, in which cases only two measure- 
ments were averaged. Determination of the cross 
sections oy took into account the systematic ex- 
perimental errors and the errors in determining 
the cross section for Na‘ production in aluminum. 

The probable experimental error was estimated 
by constructing a histogram of the departures of 


relative tritium yields from the average in all runs. 


The error, which was the half-width of the near- 
Gaussian distribution, was under 15%. 

Figures 2 and 3 show the relative yields of tri- 
tium from aluminum and lead vs deuteron and a- 
particle energies. The relative yields from alu- 
minum do not increase much with the bombarding 
energy. In the case of lead the increase is much 
more pronounced for both deuterons and a par- 
ticles. 

Figure 4 shows the dependence of tritium pro- 
duction by 750-Mev a particles on atomic number. 
The yield increases with the atomic number just as 
in the case of bombardment by 450-Mev and 660- 
Mev protons.’ With 750-Mev a particles the tri- 
tium yield from lead is about four times greater 
than that from aluminum; corresponding values 
of A differ by a factor of about 8. 

As a basis for deciding on target thicknesses 
the tritium yields were determined from 60 — 
1500p lead targets and 500 — 2000 aluminum tar- 
gets bombarded by an internal 660-Mev proton 
beam. Three 6 mm x 20 mm targets were fastened 
to the aluminum holder at one time. The beam 
path was parallel to the 6-mm side of the targets. 
Lead targets were covered with 2-mm aluminum. 
In this way the number of protons passing through 
the lead targets was reduced to less than one-tenth 
of the maximum intensity (5 x 1012 protons/sec ), 
and the proton flux was more uniformly distributed 
throughout the target thickness. 


*The cross section for tritium production was determined 
from the formula of = ong Nt/NNa, obtaining N from N = 
N,e’t2/(1—e*), where t, is the duration of target bombard- 
ment, t, is the length of time from the determination of bom- 
bardment to the start of activity measurement, N, is the ac- 
tivity per gram-atom of the target material at the time t,, and 
d is the decay constant. 
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FIG. 4. Relative yield or tritium produced by 750-Mev o-par- 
ticles vs atomic weight of target. 

Figure 5 shows the experimental tritium yields 
from aluminum and lead targets of different thick- 
nesses. The tritium yield is practically constant 
for lead thicknesses greater than 800 and alumi- 
num thicknesses greater than 500u. For lead thick- 
nesses less than 800 the tritium yield is observed 
to decrease. 

The triton energy spectrum can be determined 
indirectly from the given experimental setup with 
a lead target. For this purpose calculated curves 
of tritium yields from lead targets of different 
thicknesses are plotted in the figure. The method 
of calculation is similar to that described in ref- 
erence 13 for the emission of lithium fragments 
from lead foils of different thicknesses bombarded 
with protons. In the present work it was assumed 
that the experimentally observed tritium was 
formed only by evaporation and that the angular 
distribution of the tritons is isotropic. The triton 
energy spectrum was obtained from the formula 

P(E) =(E—V) v%e- Er, 
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FIG. 5. Tritium yields from different thicknesses 1 of alumi- 
num (open circles) and lead (filled circles) targets. The small 
squares represent data from reference 7. The solid curve was 
calculated from evaporation theory for t= 3.5 Mev and V =7 
Mev, and the dashed curve for t= 5 Mev and V =7 Mev. 
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in Heisenberg’s evaporation theory.!4 The param- 
eters T and V, representing the temperature of 
the nucleus and the Coulomb barrier, respectively, 
were selected to satisfy the experimental results. 

The two curves shown in Fig. 5 were calculated 
with two sets of parameters: T = 3.5 Mev, V=7 
Mev and tT=5 Mev, V=7 Mev. The second set 
is in better agreement with experiment. 

The mean temperature T = 5 Mev is higher than 
that predicted by the existing evaporation theory 
(Tevap ~ 3 Mev). This indicates that evaporation 
is not the only mechanism for tritium production 
by high-energy protons. Wade et al.° observed 
some anisotropy of triton emission favoring the 
forward direction in proton, deuteron, and a- 
particle bombardments. Lefort et al.® observed 
~ 10% fast tritons unaccounted for by the existing 
evaporation theory, in addition to the bulk of the 
tritons, which are associated with evaporation. 
The experimental tritium yields from lead targets 
of different thicknesses show that the triton kinetic 
energy does not generally exceed 30 —40 Mev. Our 
experimental arrangement permits an additional 
contribution from cascade neutrons and neutrons of 


‘*evaporation”’ origin from boththe target and screen- 


ing aluminum. The additional triton yield from inter- 
actions of evaporation and cascade neutrons with 
the aluminum screening of the targets was investi- 
gated separately. A stack of 14 identical 400-y 
aluminum foils was irradiated with 400-Mev deu- 
terons for 10 min in the internal synchrocyclotron 
beam. Foil activity decreased progressively with 
depth in the stack. This experiment was intended 
to determine the systematic increase of NT /NNa 
from the first to the last foil. The failure to ob- 
serve this increase indicates that less than 10% 

of the tritium results from interactions of cascade 
and evaporation neutrons with the aluminum. 


DISCUSSION OF RESULTS 


Figures 2 and 3 and the table show that the tri- 
tium yield from aluminum is not observed to in- 
crease strongly with the bombarding energy. How- 
ever, the yield from lead increases appreciably 
with deuteron energy, and even more strongly as 
a-particle energy is increased from 540 to 750 
Mev. In the latter case the effect apparently re- 
sults frpm a considerable increase of the excita- 
tion energy due to nuclear capture of pions cre- 
ated in nucleon-nucleon collisions. 

The mean excitation energies were calculated 
for the bombardment of both aluminum and lead 
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by deuterons and a particles, using both the pres- 
ent data and the results given in reference 7. The 
formulas of Hagedorn and Macke were used, !4 
showing direct dependence of tritium production 
probability on nuclear excitation energy. The com- 
bined data indicate that 70-Mev deuterons and 140- 
Mev a particles striking a target nucleus contrib- 
ute almost all their energy to nuclear excitation. 
Hence the mean excitation energy of aluminum and 
lead bombarded by 390-Mev deuterons is estimated 
at ~ 65 Mev and ~ 110 Mev, respectively; for 750- 
Mev a particles the mean values are ~ 150 Mev 
and ~ 180 Mev, respectively. 

An analysis of the tritium production cross sec- 
tions in reference 7 at bombarding energies < 200 
Mev shows highest probability for a particles, fol- 
lowed by deuterons and protons, in that order. A 
deuteron or a particle impinging on a target nu- 
cleus must evidently be treated as two or four in- 
dependent particles, respectively, which partici- 
pate independently in cascade development within 
the nucleus; this leads to large energy transfer to 
the target nucleus and thus to a high probability of 
tritium production. It must not be forgotten, how- 
ever, that in deuteron and a-particle bombard- 
ments a possible contribution to triton production 
comes from neutron pickup by deuterons and pro- 
ton stripping from a particles in nuclear force 
fields.5»¥ 

In conclusion the author wishes to thank M. Ya. 
Kuznetsova, V. N. Mekhedov, and V. A. Khalkin for 
their interest and several critical comments. 
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Ea energy dependence of the cross section ratio for the reactions Li® (n,a), B!(n,a@), and 
He° (n,p) are measured at neutron energies E < 30 kev. The correction found for the 1/v law, 
expressed as a constant term of the reaction cross section, is —0.03 + 0.01 b, —0.40 + 0.03 b, 
and. —1.1+.0:2 b for Li®, Be and He’®, respectively. Available data on the Li'(p,n) reac- 
tion indicate that the correction of the Be’ cross section is —61+47b. The results, which are 
in good agreement with theoretical predictions, show that thermal neutrons are captured by 
He® into a state with 0* spin and parity, and also confirm the hypothesis that thermal-neutron 
capture by B!° and Be? proceeds through ies and 2° states, respectively. 

INTRODUCTION 


Te detailed investigation of (n,q@) and (n,p) 
reactions on light nuclei is important for the the- 
ory of nuclear reactions, the determination of the 
level schemes of light nuclei, and the technique of 
measuring neutron flux. 

According to the general theory, the cross sec- 
tions for reactions with neutrons having low energy 
E can be represented by 


6,=const-E “+ Ac + BES ere 


The first term of this expansion is the familiar 
1/v law, while the following terms represent de- 
partures from this law. 

It can be shown! that the negative constant term 
Ag is determined only by the cross section for 
thermal neutron absorption and by the spin of the 
reaction channel (nuclear state). The term can 
therefore be determined without making assump- 
tions regarding parameters and resonance inter- 
ference. Close resonances produce departures 
from the 1/v law that are proportional in first 
approximation to the ratio E/E, (Ey is the reso- 
nance energy), as a result of which the cross sec- 
tion contains a term proportional to EY?, 

At sufficiently low neutron energies the constant 
term is the principal correction to the 1/v law. 
This term can be measured if it is sufficiently 
large (when the cross section for thermal neutron 
absorption is large) and f’ is sufficiently small 
(in the case of light nuclei, i.e., for low level den- 
sities). These conditions are fulfilled in the (n,p) 
reaction on He® and Be’, and inthe (n,a@) reac- 


tion on Li® and B', Measurement of Ac can be 
regarded as a method of determining the spin of 
the channel for these reactions. 

In earlier work»? we measured the energy de- 
pendence of the cross section ratios for Li® (n, a), 
He? (n, p), and B (n,@), at neutron energies E 
< 30 kev. In the present work the ratio for Lie 
(n,a) and B?? (n,@) was measured with consider- 
ably greater accuracy. The ratio for Li® (n, a) 
and He? (n,p) was also somewhat improved. 

We used the data on cross section ratios to de- 
termine the constant terms in the cross sections. 
The available data on Be! (n,p) and a (pen) 
will be used in the same way. 

The data also lead to certain conclusions con- 
cerning the energy dependence of the individual 
reactions and the resonances responsible for the 
thermal cross sections of these reactions. These 
questions have been discussed in our earlier 
papers’»? and will be touched on here only in con- 
nection with new data in the literature. 

The cross section ratios were measured by 
means of a neutron spectrometer based on slowing- 
down times in lead. Since the technique was not 
explained in references 2 and 3, it will be described 
here. 


EXPERIMENTAL TECHNIQUE 


Measurements are obtained with a slowing-down- 
time-in-lead neutron spectrometer as follows.* A 
burst of fast neutrons lasting 0.5 psec is generated 


*For more details see reference 4. 
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within a large lead cube weighing ~ 110 tons at the 
beginning of each 1600-ysec cycle. At the time t 
after the burst neutrons are slowed down to the 
average energy 


(1) 


where t is the slowing-down time in microseconds. 
For large slowing-down times (t = 14 psec) the 
energy spectrum of the slowed neutrons is very 
nearly Gaussian with ~ 14% rms spread around the 
mean.”>* For shorter slowing-down times the neu- 
tron spectrum is broader; thus for t = 4 usec the 
rms spread is ~ 30% and for t = 2.5 usec it is 
~ 35%. 14 
As a result of leakage from the lead cube and 
capture in lead, neutron density decreases with 
slowing-down time as 


E = 186/(t + 0.5)? kev, 


p(t) =const-(¢ +- 0,5) "e.” , (2) 


with w= 0.35 and T = 890 usec for the given lead 
cube. 
Several measuring channels in the lead cube at 


different distances from the target contain detec- 
tors registering reactions induced by slowed-down 
neutrons. For a sufficiently thin-walled detector 
(with respect to neutron absorption) the counting 
rate is 


J (t) = const. {2 (E, t) 05 (E) n (E) dE 


2 


= const-p(t)uv(E)o(E) y (E) K (E), (3) 
where n(E,t)dE is the neutron density from E to 
E + dE at slowing-down time t, v is the neutron 
velocity, o(E) is the reaction cross section, 7 is 
the registration efficiency of the nuclear reaction 

in the detector. For neutron energies much smaller 
than the reaction energy 7 is practically independ- 
ent of energy. K is a correcting factor taking into 
account the fact that the mean value va(E)7(E) 

is not generally equal to v(E)a(E)7(E). 


The broader the neutron energy spectrum n(E,t), 


and the more the cross section departs from the 1/v 
law, the greater the difference between K and unity. 
Calculations show that K(E) is practically unity 
for the investigated reactions when E < 30 kev. 
Therefore the counting-rate ratio of two detectors 
at the same point in the cube is proportional, ex- 
cept for a small correction, to the ratio of the re- 
action cross sections for energy equal to the mean 
neutron energy E(t). By measuring the counting- 
rate ratio of the two detectors as a function of the 
slowing-down time, we obtain the energy depend- 
ence of the cross section ratio. 
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FIG. 1. Block diagram of circuit for slowing-down-time-in- 
lead neutron spectrometer. VA-50 and AVA-100 are 50-channel 
and 100-channel time analyzer; K, and K, are single-channel 
time analyzers. 


APPARATUS 


The neutron spectrometer (Fig. 1) was con- 
trolled by a quartz oscillator with frequency f 
= 2 Mc, the sinusoidal oscillations of which were 
transformed into synchronizing time marks and 
trigger pulses. Trigger pulses went to the time 
analyzers (see below), and through the delay lines 
also actuated the pulse circuits of the ion source 
and of the electric cutoff (deflector) for the ion 
beam. 

Detector pulses were fed to the remote pream- 
plifier and to the broad-band amplifier, discrimi- 
nator, and time analyzers. The upper transmis- 
sion limit of the entire amplifying circuit was 5 
Mc. 

In the present work we used a 50-channel time 
analyzer VA-50 with 0.5-wsec channels, two single- 
channel time analyzers, and a 100-channel time 
analyzer AVA-100 with channel widths varying 
from 1 to 80 usec. 

The 50-channel analyzer was equipped with a 
phasing circuit which phased shaped pulses in ac- 
cordance with the synchronizing time markings, 
shifting them to the middle of each channel. This 
resulted in rigidly identical analyzer channel 
widths with no gaps between channels. The 100- 
channel analyzer was similarly equipped. The 
dead time determined by the pulse-phasing circuit 
was 2.5 usec. In addition, counting losses of the 
analyzer channels were determined from the dead 
time of the electromechanical registers (Tmech 
= 0.01 sec) that recorded pulses from the indi- 
vidual channels. 

The single-channel time analyzers, each of 
which fed two parallel scalers with 0.5-usec re- 
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FIG. 2. a—counting rate (ih relative units) of boron counter 
in channel of lead block vs slowing-down time; b—the same 
dependence for a high threshold of pulse-height discrimination. 
This curve represents the shape of the fast-neutron burst. 
Serial numbers of the analyzer channels (each 0.5 psec wide) 
are plotted on the horizontal axis. 


solving time, were adjusted and synchronized with 
respect to the pulse registration interval and the 
time from the start of the cycle to that interval. 

The operating cycle of the spectrometer was 
1600 usec (625 bursts per sec). This provided 
for sufficiently small density of slowed neutrons 
remaining after each cycle. 

The first two channels of the VA-50 analyzer 
registered only reactions induced by neutrons of 
the preceding cycle. The time stability of the 
spectrometer components was thus monitored 
from the position of the neutron burst (Fig. 2). 
The VA-50 analyzer covered neutron energies 
above 400 ev, while the AVA-100 analyzer covered 
lower energies. 

The measuring interval of the two single-channel 
time analyzers K, and K, was 200 psec, located 
100 and 1400 usec, respectively, from the start of 
the cycle. The high counting rate of K, repre- 
sented ~ 8-ev neutrons, with very little departure 
from 1/v. Therefore the cross section ratio given 
by K, provides a good reference point for meas- 
urements. 

Analyzer K, was operated at the end of the cycle, 
where the intensity was about one-ninth of that for 
K,. This permitted convenient monitoring of the 
background, since even a small background in- 
creases appreciably the ratio of K, to K, counts. 

The correct functioning of each analyzer and 
its dead time were checked regularly both elec- 
tronically and by means of constant sources. 


DETECTORS 


In the present work the ratio between the cross 
sections for Li® (n, a) and BY (n,@) was meas- 


ured by two identical proportional counters (Fig. 3) 
with 25-mm cathode diameter and 1.3-mm wire 
diameter,* which were filled with argon at 230 mm, 
CO, at 12 mm, and air at 7 mm Hg. One counter 
contained a 0.22-mg/cm? layer of natural boron, 
while the other contained a 1.13-mg/cm? layer of 
Li'F. These homogeneous thin layers were vac- 
uum deposited on aluminum foils. The principal 
requirement was short pulse delay. 

For the purpose of measuring retardation the 
detectors were inserted into a channel of the lead 
cube close to the target, where there was a large 
flux of 14-Mev primary neutrons. Pulses from 
slow neutrons (i.e., after long slowing-down 
times ) were cut off by raising the height-discrimi- 
nation threshold. The time analyzer then traced 
the shape of the neutron burst (Fig. 2). 

The burst registered by the detectors was com- 
pared with that registered by a fission ionization 
chamber containing layers of natural uranium. ft 
The electrode gap in this chamber was 3 mm, and 
its gas filling was 95% argon and 5% CO,, with op- 
eration at é/p~ 7 v/cm-mm Hg. The large pulses 
from the fission chamber permitted us to use the 
initial leading-edge segment for registration. We 
can therefore assume that the registration lag of 
the center of gravity of the neutron burst in the 
fission chamber does not exceed 0.03 psec. In all 
instances the detectors were less than 0.07 usec 
behind the fission chamber. 

Measurements with different cutoff thresholds 
indicated that there were practically no additional 
time shifts of electronic origin between the com- 
pared detectors. 


MEASUREMENTS 


If the cross section ratios are to be measured 
with accuracy better than 1%, in addition to obtain- 
ing sufficient data it is necessary to take all steps 
that will reduce both random and systematic er- 
rors. Measurements were performed in the follow- 
ing order. 

1) Gas multiplication in the compared counters 
was such as to produce equal mean pulses. The 
detectors were connected alternately to a single 
electronic channel. 


*This diameter permitted a higher counter operating voltage 
for the purpose of producing higher electron mobility. The gas 
amplification factor was about 10. 

+The fission of U?® is induced only by 1-Mev neutrons, 
i.e., by primary neutrons and those undergoing inelastic scat- 
tering on lead nuclei, which does not introduce any perceptible 
retardation. A small admixture of U* was insignificant for the 


present measurements. 
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FIG. 3. Diagram of counters used to register 
B°(n, «) and Li®(n, «) reactions, 1—thin steel 


shell; 2—cathode (with interior lining of alumi- 


2) The counting rates were such that counting 
losses did not exceed 1.5% and were as close to 
equality as possible in the two counters. 

3) The two counters were used alternately for 
periods of 40 to 60 min during a total measuring 
time of a few days. The detectors were placed 
in exactly the same position in the lead block. 

4) The fission chamber measured systematic- 
ally the position of the neutron burst in the multi- 
channel analyzers. 

5) Backgrounds were measured systematically 
by omitting the electric cutoff pulse, i.e., when 
the ion beam did not impinge on the zirconium- 
tritium target. 


RESULTS 


Figure 2 shows the counting rate of the boron 
detector as a function of slowing-down time, as 
obtained in one of the 10 runs. The slowing-down 
time was measured from the center of gravity of 
the neutron burst, as determined by the fission 
chamber and corrected for lag of the boron detec- 
tor after the fission chamber. We also used meas- 
urements in the course of which the neutron bursts 
did not drift in the VA-50 analyzer and the back- 
ground was very small and stable. Less than 20% 
of the measurements were rejected. 

For each run, after introducing corrections 
for the background and counting loss, the counting- 
rate ratio of the two detectors was determined 
(Fig. 4). For each time channel the mean ratio for 
the different runs was calculated, with normaliza- 
tion to the ratio obtained with K,. The rms spread 
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FIG. 4. a—counting-rate ratio of boron and lithium counters 
vs slowing-down time; b—shape of fast-neutron burst measured 
by uranium fission chamber. Serial numbers of the 0.5-ysec 
analyzer channels are plotted on the horizontal axis. 


num foil bearing deposited layer); 3— 1.3-mm coun- 
ter wire; a—lead to preamplifier; b — high-voltage 
lead; c—tube to stopcock. 


of the normalized ratios around the mean value was 
close to the statistical spread. 

The mean ratio of the counts from analyzers Ky, 
and K,, corrected for the background, was smaller 
by 1.85 + 0.35% for the Li®F layer than for the 
boron counter. This difference was incomparably 
larger than could be expected from departures 
from the 1/v law. The cause of the discrepancy 
lay in different degrees of neutron absorption by 
the layers and by the incompletely identical count- 
ers. The observed absorption effect was several 
times greater than absorption in a single transit. 
This was confirmed by special measurements with 
interchangeable absorbers, which showed that the 
observed absorption was proportional to the neu- 
tron slowing-down time. Therefore the correction 
for absorption during short slowing-down times 
(in channels of the VA-50 analyzer) was negli- 
gibly small. 

After introducing the corrections listed in the 
table, including those for absorption, and using 
Eq. (1) to convert from slowing-down time to en- 
ergy, the curves in Figs. 5 and 6 were obtained, 
showing the energy dependence of the cross sec- 
tion ratio for Li®(n,@) and B’? (n, aw) and for. 

Li’ (n, a) and He® (n,p). 

The solid curves in Figs. 5 and 6 are parabo- 
las plotted by least squares. The parameters of 
these parabolas are discussed below; the errors 
shown include the rms random errors and an es- 
timate of possible systematic errors. 

The experimental results represented in Figs. 
5 and 6 do not include a correction for the depend- 


FIG. 5. Departure of cross section ratio for Li®(n, «) and 
B*°(n, «) from its value in the thermal region vs square root of 
neutron energy. The solid curve represents Eq. (7), plotted 
through the experimental points by least squares. 
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Corrections of the cross section ratios for Li® (n, @) and 
B'(n,@), and for Li®(n,a) and He? (n,p)* 
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*The correction for neutrons of the preceding cycle was negligibly small. 
**Neutrons from the D—D reaction appeared when the ion beam was deflected by 
the electric cutoff and struck the wall of the target tube. 
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FIG. 6. Cross section ratio for Li®(n, «) and He’ (n, p) vs 


Square root of neutron energy. The curve is normalized to unity 


for E, = 0. O — first (preliminary) run; e — second run; solid 
curve — parabola (12) plotted by least squares from the second 
run. 


ence of registration efficiency on neutron energy. 
This correction is proportional to neutron energy, 


affecting only one (8) of the parabola parameters 
and was therefore introduced directly into the 
values of this parameter (see footnote on page 
897 and the footnote under this column. 


DISCUSSION OF RESULTS 


1. As has been shown in reference 1, the cross 
section for a reaction induced by S neutrons (with 
orbital moment 7 = 0) can be represented by* 

(CE r= 
ee a ee 


(aria alee eto SEB ES at ,), 


Or 


(4) 


*Neutron capture with / 2 1 contributes to higher terms of 
5 i 
the expansion, beginning with 6* E”, 


where 


septa eA 
a mae +1 


\ (eB), 12 fg. + 1 — «)¥ (lg), 
(5) 


m is the neutron mass, A is the mass number of 
the target nucleus, (pat), is the value of opEY? 
for E—0 (i.e., practically for thermal neutrons ), 
g_ =I1/(21+1) is the statistical weight of the re- 
action channel with spin J = I- Y (I is the target- 
nucleus spin), and x_ is the relative contribution 
of this state to the cross section for thermal neu- 
trons. 

Equation (4) is applicable to low neutron ener- 
gies, when the terms beginning with yE® are small 
compared with 1 and BE. The constant term in 
the cross section, which was discussed above, is 
related to @ by 


(6) 


The measured cross section ratio for Li® and BY 
(Fig. 5) is well represented by 


Ac = —a(G,E")o. 


6,,/0, = const [1+ (a, — @,,) B* + Bip! + Viype’ | 
(7) 


with the following constant coefficients: 


Oy — a1, = (1.43 + 0,20) 10? kev 
Bye = — (0.37 # 0,09):107 kev * 
Yiye = 0, 73 + 0,27) -10°* kev 


Equation (7) follows directly from (4) when we neg- 
lect all terms of higher order than E? as well as 


* After corrections for the variation of registration efficiency 
with neutron energy, we have BLisp = —(0.35 + 0.09). 
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FIG. 7. Dependence of the coefficient «pg on the ratio of 
contributions by states with spin and parity °4+ and ’4*. The 
two curves correspond to two values of the thermal cross sec- 
tion for B’°(n, a): 1—o = 4000 b; 2—o = 3800 b. The straight 
lines represent experimental values of ap for the two limits of 


Obit 3 — OL; = 0.80 x 107? kev~4; 4— ap; = 0.26 x 107? kev~”. 


6(4p — api) is the experimental error of a. 


the E*/* term, which must be very small since it 
is absent rigorously from the denominator in (4) 
and because o17;/op is close to a constant. 

Using the cross sections for thermal neutron 
absorption,°*® we find that for Li® (I= 1*), depend- 
ing on our hypothesis regarding the ratio of the 
contributions from the states with spins ¥ and %/ 
to the thermal cross section, the variation of @ 
is given by 


0,26 10°? <a,, <0.80-10 kev—", (8) 


Combining this result with the measured value of 
@p-7,j, we obtain 


LOS) E020 a, F102 2 Zoe 0520! (9) 


In Fig. 7 these limits are compared with the values 
of ap calculated for different ratios of the contri- 
butions from the channels with spins ’, and hs The 
spin and parity of the B! ground state is 3*.* 

The experimental results appear to be in agree- 
ment with each of the two hypotheses: 

a) Neutrons are captured principally into the 
state J= ae with an appreciable number going to 
the state J=¥%,*, or 

b) Neutrons are captured into the state J = %* 
with none or very few going into the state J = a 

Recent measurements of the y-ray spectrum 
resulting from thermal-neutron capture in B!,8 
show that capture proceeds predominantly through 
the spin YE channel. The second of the two given 
possibilities is thus realized. 


*The literature gives two values of the thermal cross sec- 
tion for B*°(n, «): ~ 3800 b**? and ~ 4000 b.° We assume o = 
3900 + 100 b. 
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FIG. 8. Scheme of y-ray transi- 
tions in B'! (produced by B*° +n 
capture). Transition probabilities 
in radiative capture are shown.°® 


2. The measurements given in reference 8 
(represented in Fig. 8) make it possible to esti- 
mate the contribution x_ of the ahs state to the 
capture of thermal neutrons by B!°, which in turn 
permits the calculation of ap, so that ay; can be 
determined from the experimental values of ap 
at BE 

Capture into the state J = /* should lead to El 
transitions to the B' ground state with the emis- 
sion of 11.43-Mev quanta. The number of these 
transitions from the et state per capture is, in 
any event, smaller than the total yield of 11.43- 
Mev quanta, i.e., 


ho Ly PAR BLO SouG. 


where o is the total absorption cross section, Oy 
is the cross section for radiative capture, and [ 
and I are the partial and total widths of the com- 
pound nucleus in the state J = %*. 

Similarly, for the transition from the %* cap- 
ture state to the 4.46-Mev level of B!! (Ey = 6.98 
Mev) we have 


—~4) Lat rr = Os ono. 


Assuming that this is an electric dipole transition, 
we take Ty/Ty = (Ey’/Ey)*®. Assuming, further- 
more, [ = ['’, we obtain x_ < 1%.* 

Substituting in (5), with a certain amount of 
margin, x_ = 3 + 3%, we obtain 


a, = (2.06 + 0.14) -10-? kev—”, (10) 


Using the measured value of ap—ayz;, we thus 
arrive at 


= (0,63 + 0.24) 10°? kev—”. (11) 

Figure 9 shows that the value of a,j agrees 
better with the hypothesis that thermal-neutron 
capture by Li® proceeds predominantly through 
the state J=1I-¥,=¥%,. However, the calculation 
is insufficiently accurate to furnish a decisive 
result. 


*If E = 6.98 Mev does not represent an El transition, the 
estimated value of x_ will be still smaller. 
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FIG. 9. Dependence of 
the coefficient «pj; on the 
ratio of contributions from 
the states with spin and 
parity *4* and 4+, The 
straight line 1 is the ex- 
perimental value of aj. 
d(aLi) is the experimental 
error in Oyj. 
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According to (6), (10), and (11) the constant 
terms in the cross sections for boron and lithium 
are 


DO = — 0) Ae 0,03. by, Ac,, = — 0.03 + 0,01 b. 

The B?? (n,@) reaction is known to have two 
branches, with Li’ formed in its ground and ex- 
cited states, respectively. For thermal neutrons 
the yield ratio of the two branches is 6.2%.° The 
value of ap given above pertains to the energy 
dependence of the total cross section. By meas- 
uring the energy dependence of the branching ratio 
we could determine a for the branch in which 
ground-state Li’ is produced and determine the 
relative contributions of the °/,* and 1/,* channels 
for this branch. 

3. The coefficients 8 and y in (4), which gives 
the energy dependence of the reaction cross sec- 
tion, are principally determined by the compound- 
nucleus states excited by S neutrons.!*?* The co- 
efficients are large if the levels responsible for 
the thermal cross section are close to the neutron 
binding energy; otherwise they are small. B > 0 
and £ < 0 for levels lying below and above the 
binding energy, respectively. Li’ has no levels 
close to the binding energy,{ so that B,j and yzj 
must be small. Since in (7) BLi/B ~ 6B -PLi and 
YLi/B © YB-YLi» Our measured values of BLi/p 
and yzi/p are close to fp and yp, respectively. 
The sign and magnitude of 6 and the magnitude of 
y indicate that the thermal cross section of B” is 
determined mainly by the level or levels located 
hundreds of kev above the neutron binding energy 
in B!!, This agrees with the hypothesis that the 
11.46-Mev and 11.68-Mev levels of B" are re- 
sponsible for the thermal cross section." 

4. In earlier work? we measured the energy de- 
pendence of the cross section ratio for Li® (n, a) 
and He*(n,p), which is well represented by 


6,,/ 54, = const -[1 + (4, — o,;) Ee Brae bat) 


with the constants 


*Including the near-threshold state discussed by Baz’.** 
tThe nearest level excited by S neutrons is 830 kev below 
the neutron binding energy in Li’.® 
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(3.54 + 0.5) 10° key~”, 
Brite = (2.87 + 1.3) 10° kev2* 
Making use of (11), we now obtain 


On == (417 4 0.65)-102 kev: 
Ao = all 2 OY b. 


He is close to the largest possible value, (4.65 

+ 0.25) x 107? kev-/2, which is obtained if the He? 
cross section in the thermal region® is determined 
completely by the 0* reaction channel. This differs 
markedly from the value (1.65 + 0.09) x 107? kev-1/2 
corresponding to the 1* channel, which makes the 
contribution x_ = 6 + 6%. 


2.0 


10 


2 4 6 VE,, kev 2 


FIG. 10. The plot of (cE”)-” = £(E%) for the Be’ (n, p) 
reaction. O — from measurements of Li’ (p,n) with a 9.3-mg/cm? 
LiF target;** @ — the same with a 6.5-mg/cm? target. O — data 
in reference 9. 


We note that this conclusion, although based on 
measurements of the cross section ratio for Li® 
(n,a@) and He® (n,p), is not actually associated 
with any hypotheses regarding the energy depend- 
ence of the cross section for the first of these re- 
actions. Only the experimental value (11) of a,j 
is used, or, if convenient, the equivalent theoret- 
ical inequality (8). 

We must therefore reject the argument of Bame 
and Cubitt,” who obtained a considerable departure 
from the 1/v law in measurements of the ile (n, a) 
cross section, which, combined with the value of 
oLi/OHe in reference 3 indicates that the 1/v law 
is valid for He’. The large value of aye inevi- 
tably leads to a considerable departure from 1/v 
for the He® (n,p) reaction. At the same time, the 
low accuracy (10 —15%) of Bame and Cubitt’s 
measurements throws doubt on the reliability of 
their conclusions. In addition, reference 14 con- 
tains data indicating that the cross section for 
B!°(n, a) obeys the 1/v law within about 5% up 
to E ~ 100 kev. Since, according to the present 


*After introducing corrections for the variation of registra- 


tion efficiency with neutron energy, we obtain 


BLi/He = (3.2 + 1.4) - 107° kev™. 
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work, the cross sections for Li® (n, ~) and B!? 
(n, a) vary in an identical manner (within 2% ) 
for E < 25 kev, it follows that for the first of 
these reactions the departure from 1/v should 
not exceed 7%. A conclusive determination of the 
energy dependence of the Li® (n, w@) cross section 
requires that the measured cross section ratio be 
supplemented by a precision measurement of the 
energy dependence of one of the (n,@) or (n,p) 
reactions. We are preparing to obtain these 
measurements. 

5. The Be! (n,p) reaction should exhibit an es- 
pecially large departure from 1/v, since Be’ is 
characterized by a very large thermal-neutron 
absorption cross section o, = 51000 + 6000 b.* 
The energy dependence of the cross section for 
this reaction can be obtained by measuring the 
cross section for the reverse reaction® Li! (p,n) 
and using the reciprocity theorem. An analysis 
of these data in accordance with (4) shows that 
within error limits q@ and £6 satisfy 


B = (4/2). 

Equation (13) is easily confirmed! under the fol- 
lowing conditions: a) Ref =0 or (Re £)* =< (Im £)2, 
where f is the logarithmic derivative of the neutron 


(13) 
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The constant term in the cross section of Be’ 
is Aope = —61+7b. If neutron capture through 
the state with J=17 is entirely absent, it follows 
from (15) that the thermal cross section of Be’ is 
51000 + 2100 b. 

The authors thank A. N. Volkov and A. M. Kla- 
bukov, who perfected and adjusted the electronic 
equipment of the spectrometer for slowing-down 
time measurements. 
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Reorientation of the [C(NH,)3]* ion has been detected in the ferroelectric C(NH9)3* Al(SO,)° 
6H,O at temperatures above 130°K by means of nuclear magnetic resonance. The tempera- 
ture dependence of the second moment of the absorption line of a polycrystalline sample has 


been examined between 90 and 400°K. The height of the potential barrier for the reorienta- 
tion of the C(NH,)3 group has been estimated and some conclusions are drawn regarding the 


reorientation mechanism. 


Ir has been remarked in the literature’? that the 
properties of the ferroelectric guanidine aluminum 
sulfate hexahydrate (GASH) are determined to a 
marked degree by the peculiarities of the guanidin- 
ium ion [C(NH,)3]*. On the basis of the structural 
investigation of Geller and Booth? it has been noted 
that in the GASH structure this ion is but weakly 
bound to its surroundings and that this could lead 
to its mobility. 

In the present paper the question of the mobil- 
ity of the guanidinium ion is investigated by means of 
the nuclear magnetic resonance (NMR) of its pro- 
tons. The apparatus used for these studies has 
been described earlier.4 Temperature measure- 
ments were carried out in a special dewar similar 
to that described by Gutowsky et al.° For the ex- 
periments a monocrystal of GASH was used, cut 
into the shape of a cube oriented along the princi- 
pal axes, with dimensions 8x8x8 mm (the 3 axis 
of the GASH crystal was taken as the z axis, and 
the y axis was taken perpendicular to the prism 
face). For studying polycrystalline samples a 
powdered GASH was compressed under a pressure 
of 100 kg/cm? into a cylindrical tablet of diameter 
10 mm and height 12 mm. 

The spectra were recorded in a magnetic field 
Hy = 3000 oe with a time constant of 1— 2 sec and 
field scanning rates of 0.08 and 0.04 oe/sec. Field 
modulation amplitude was 0.8 oe. In order to avoid 
saturation in the monocrystal at low temperatures 
the rf oscillator was adjusted to the lowest possi- 
ble power level at which stability could be main- 
tained. With polycrystalline samples saturation 
was observed in the same temperature range at 
significantly higher power levels. 


FIG. 1. Definition of angles for 
different orientations of the vector 
pp in the magnetic field. 


It is well known that systems containing rela- 
tively isolated pairs of nuclei, for example pairs 
of protons in molecules of water of crystallization, 
give an NMR spectrum in the form of a doublet 
with a component separation equal to® 


AH = 3pr3 (3 cos? 8 — 1) 


= dur [3 cos? (@ — g,) cos? 6 — J). (1) 


Here p is the magnetic moment of the nucleus 
(proton), r is the distance between the protons, 

6 is the angle between the direction of the proton- 
proton (pp) vector and the direction of the exter- 
nal magnetic field Hj, g is the angle between Hy 
and one of the crystal axes that lie in the plane of 
rotation of the crystal (or the magnetic field rela- 
tive to the crystal‘), (~o is the angle between this 
axis and the projectionof the vector pp onthe _ 
plane of rotation, and 6 is the angle between the 
vector pp and the plane of rotation (Fig. 1). By 
measuring Hy for different values of y, one can 
determine r, @o, and Oo. 

In the elementary cell of GASH there are three 
formula units C(NH»)3° Al(SO,)2+6H,0,° i.e., 18 
molecules of H,O; however, in conformity with 
the symmetry of the crystal, these pertain to 


three coplanar, but not collinear, pp vectors. /8 
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FIG, 2. Angular 
dependence of the 
| doublet splittings 
in the spectra of a 
monocrystal of 
| GASH_ at room tem- 
perature. 


Thus the proton resonance spectrum of GASH 
should be composed of a sum of the spectra of the 
water protons and the protons of the C(NH,)3 group. 
In Fig. 2 is shown the room temperature de- 
pendence of the doublet splitting of the proton reso- 
nance spectra of a GASH monocrystal on the orien- 
tation of the magnetic field rotating about the z 
axis, which is perpendicular to the basal plane. 
Curves 1, 2, 3 pertain to the values r = 1.63 
+ 0.015A, 6=0, and @p equal respectively to 0, 
60, and 120°. (The angles are measured from the 
y axis of the GASH monocrystal.) This gives 
three pp vectors lying in the basal plane at an 
angle of 60° with one another. Curve 4 corre- 
sponds to a pp vector that is situated perpendicu- 
lar to the plane of the base with r = 2.18 + 0.0154, 
~Yy = 0, and 6= 90°. Just the same orientational 
dependence for the fourth vector is obtained if it 
is located in the basal plane and rotates in this 
plane at a sufficiently high rate, since? in this 
case one also obtains a doublet with a splitting 
between components: 
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Here the symbols mean the same as in Eq. (1), but 
now the angles g» and 6 describe not the direction 
of the vector pp, but the direction of the axis of its 
reorientation. In this case curve 4 corresponds to 
r=1.73 + 0.02A, gy) =0, and 6 = 90°. 

The intensities of the spectral components were 
determined by the areas under the resonance peaks. 
It turned out that the intensity of the peak corre- 
sponding to curve 4 of Fig. 2 amounted to He of the 
total intensity of the spectrum. Considering that 
the z axis, perpendicular to the basal plane, is a 
threefold axis and that the number of water pro- 
tons amounts to 7), of the total number of protons 
in the GASH crystal, we come to the conclusion 
that curves 1, 2, and 3, which account for *% of the 
intensity of the spectrum, correspond to different 
vectors pp of the waters of crystallization, and 
curve 4 corresponds to the C(NH,)3; group. Thus 
the investigation of the angular dependence of the 
spectra at room temperature leads to the conclu- 
sion that the vectors pp of the waters of crystal- 
lization lie in the basal plane at angles of 60° with 
one another and have a proton separation of r 
= 1.63 + 0.015 A, and the vectors pp of the group 
C(NH»)3 are distributed perpendicular to the basal 
plane with r = 2.18 + 0.015A, or rotate in the basal 
plane, in which case r = 1.73 + 0.02A. Analogous 
conclusions have been obtained also by Spence and 
Muller.’ 

In reference 8, indirect evidence was presented 
that rendered unlikely the supposition that the vec- 


Nie oF [3 cos? (g — g,) cos? 6 —1]. (2) 
+20°C Site 
ye aor FIG. 3. Derivative Proton resonance spectra of a 
monocrystal of GASH at different temperatures. 
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tors pp of the guanidinium group were perpendicu- 
lar to the basal plane. On the other hand, prelimi- 
nary low-temperature investigations of polycrystal- 
line GASH by NMR were reported by McCall.!9 A 
broadening of the spectrum was observed, which 
could indicate a cessation of any kind of internal 
motion leading at room temperature to a decrease 
in the line width. It was assumed that this motion 
was associated with the guanidinium ion. However, 
direct demonstration of the presence of mobility of 
the guanidinium ion at room temperature was not 
given. We obtained a direct demonstration of the 
presence of reorientation of this ion in the basal 
plane by a study of the temperature dependence 

of the proton resonance spectrum of GASH. 

The temperature dependence of the form of the 
spectrum was first studied in monocrystalline 
samples of GASH. An orientation of gy = 30° was 
chosen (see Fig. 2), for which the spectrum con- 
sists of two doublets: An outer one, which in real- 
ity is an unresolved dual doublet belonging to H,O, 
and an inner one belonging to the guanidinium ion. 
The derivative NMR spectrum for this orientation 
at room temperature is shown in Fig. 3. 

The form of the spectrum does not change when 
the temperature is reduced to —100°C. Below this 
temperature the intensity of the outer doublet be- 
gins to increase at the expense of the inner one, 
and by —145°C the inner doublet has completely 
disappeared. Moreover, the spectrum hardly 
changes as the temperature is lowered down to 
— 183°C. 

An investigation of the angular dependence of 
the spectra of a monocrystal of GASH at — 183°C 
showed that at this temperature the doublet corre- 
sponding to curve 4 in Fig. 2 is absent, whereas 
the intensity of the doublets corresponding to the 
curves 1, 2, and 3 in Fig. 2 has increased by Ves 
in comparison with the intensity of the same doub- 
lets at room temperature. 

This means that at temperatures below —145°C 
the vectors pp of the NH, group of the guanidinium 
ion are situated at angles of 60° with one another 
and this ‘‘triangle’’ of the vectors pp is oriented 
in just the same way as the triangle of the vectors 
pp of the waters of crystallization. No splitting of 
the lines caused by an inequality of the proton sep- 
aration in H,O and NH, was ever observed. 

Thys, at temperatures above — 145°C, the 
guanidinium ion [C(NH,)3]*, existing as a planar 
group in agreement with the structure investiga- 
tions of Geller and Booth,? reorients itself around 
the z axis, which is perpendicular to the basal 
plane of GASH, and this leads to a change in the 
shape and width of the NMR spectrum. 
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One can describe the effect of the reorientation 
on the NMR line width in terms of the ‘‘correla- 
tion time”’ of the motion Te introduced by Bloem- 
bergen, Purcell, and Pound, !! which is a measure 
of the time interval during which a molecule (or 
a group of atoms within a molecule that contains 
the nuclei under study) completes a transition 
from one state of motion to another (for rota- 
tional motion Te is equal to the time necessary 
to rotate about an angle of one radian). 

Such transitions can be transitions between vi- 
brational states in the same potential well, transi- 
tions between vibrational states from one well to 
another by means of the quantum mechanical tun- 
nel effect, or transitions to levels lying above a 
potential barrier. In this case the molecule ro- 
tates (reorients itself) in conformity with clas- 
sical theory as long as it does not return to some 
vibrational level of one of the wells. 

Since the amplitude of the vibrational motions 
is not large, they give only a small contribution 
to the change in line width.’ Hence they can be 
left out of consideration. Nor shall we consider 
the possibility of reorientation by means of the 
tunnel effect, since from the calculations of Das8 
it follows that this can be neglected in comparison 
to the classical reorientation for rotating groups 
containing nuclei that are heavier than protons. 

The probability of rotation of a molecule through 
an angle 27/N, where N is the multiplicity of the 
periodic potential barrier Vo, according to Das, 
in the classical rotation case is* 


(3) 


Here J is the moment of inertia of the reorienting 
group, k is the Boltzmann constant, and T is the 
absolute temperature. From this it is easy to cal- 
culate the time necessary for rotation through an 
angle 27/N, which is inversely proportional to W, 
and the correlation time Te necessary to make a 
rotation through one radian. 

Instead of Te it is more convenient to use an 
expression for the correlation frequency of reori- 
entation vg, related to the correlation time by the 
equation 27v~Tg = 1. For this we find 


W = (N/2x) (2Vo/ J)? exp (— Vo/kT). 


ve = (1/2) (2Vo/ J) exp (— Vo/kT). (4) 

The correlation frequency of reorientation, on the 
other hand, can be determined from experimental 
data by the dependence of the second moment of 
the NMR line of a polycrystalline sample on the 
basis of an expression assumed by Gutowsky and 
Pake:'4 

*In Das* this expression is erroneously written in a form 
that differs from Eq. (3) by the factor ‘A. 
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where S, is the second moment of the absorption 
line’ at a given temperature, V, and Uy, are the 
second moments at higher and lower tempera- 
tures, and y is the gyromagnetic ratio. A com- 
parison of (5) and (4) makes it possible to deter- 
mine the height of the potential barrier Vy for 
classical reorientation. 

Equation (5) is derived for the case in which 
the second moment is completely caused by groups 
reorienting themselves above a certain tempera- 
ture. It is not possible to use it for a calculation 
of the correlation frequency from experimental 
data on the dependence of the second moment of 
the NMR line of polycrystalline GASH since the 
second moment in this case consists of two parts: 


S, = 2S, (H,O) + 45, (NH,), (6) 
where S,(H,O) is the second moment arising from 
protons of ‘‘motionless’’ molecules of H,O, and 
S.(NH,) is the second moment caused by protons 
of the [C(NH,)3]* ions. The coefficients in the 
right member of Eq. (6) are proportional to the 
relative numbers of protons occurring in water 
molecules and guanidinium ions in a crystal of 
GASH. 

In order to make use of Eq. (5), it is necessary 
to eliminate from S, the constant component 
S.(H,O) belonging to water molecules. From Eq. 
(6) we obtain 


S» (NH,) = 3S_— 2S, (H,0), 


and substituting into (5), 


(6’) 


(3S, — 2S» (H20))”2 


ae i 
bla s= Ihe = 


(5’) 


m% Sos—Vs 
intan(-%S—Ve), 
Figure 4 shows the experimental temperature 
dependence of the second moment for powdered 
GASH. The value of S,(H,O) can be calculated 
using the data presented above on the inter-proton 
distance in the water molecules and the data on 
the distribution of the other protons in GASH® with 
the aid of the formula of Van Vleck.!® 

Calculation of S,(H,O) gives for GASH the value 
21.5 oe”, of which the intra-molecular part, aris- 
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FIG. 5. Temperature depend- ;y 
ence of the correlation frequency 
of reorientation of the guanidinium @ 
ion. Points — experimental data; 
curves — results of calculation 6 
with different values of Vo. 
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ing from the interaction between the pair of pro- 
tons in H,O amounts to 19.5 oe’, and the inter- 
molecular part, caused by the interaction with 
protons from other water molecules and C(NHg)3 
groups, amounts to 2 oe”, The same magnitude 

for the intermolecular part is also obtained from 
the experimental data on the width of the resolved 
peaks. 

It should be noted that if we also calculate 
S.(NH,) in the same manner (using Van Vleck’s 
formula and knowing the structure of the guanid- 
inium ion), then the theoretical value of the sec- 
ond moment of a polycrystalline sample of GASH, 
calculated from Eq. (6), turns out to be lower than 
the experimentally observed magnitude of the sec- 
ond moment of GASH by approximately 10% both 
before and after the rotational transition. However, 
this discrepancy, the source of which is not clear, 
practically makes no difference in the magnitude 
of the height of the potential barrier as calculated 
below. 

In Fig. 5 are presented the experimental values 
of the correlation frequency at various tempera- 
tures, based on Eq. (5’). Also indicated is the 
theoretical temperature dependence calculated 
from Eq. (4) for Vp) = 5, 6, and 7 kcal/mole. The 
moment of inertia of the guanidinium ion was cal- 
culated on the basis of the known structure of this 
ion® and the data of the present paper on the inter- 
proton distance in the NH, groups andis J = 167.88 
<x 1074s-cm?. 

The excellent agreement between the experi- 
mental data and the values calculated from Eq. (4) 
with Vo = 6 kcal/mole attests to the correctness 
of the model assuming classical reorientation of 
the guanidinium ion in the GASH structure. 

The existence of reorientation of the guanidin- 
ium ion at temperatures above —145°C is impor- 
tant for the explanation of the ferroelectrical prop- 
erties of GASH. In particular, it is possible that 
the strong increase in polarization time of GASH 
at low temperatures’® is associated with the de- 
crease in mobility of the C(NH»)3 group. 
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The dependence of the second moment of the absorption line of Sn 


119 on the external mag- 


netic field was measured between 900 and 5800 oe in metallic tin. A value of 6 = 1.0 x 10°? 
was obtained for the Knight-shift anisotropy. The indirect exchange coupling constant be- 
tween neighboring nuclei was found to be A = 2.5 kc/sec. 


Nucuzar magnetic resonance in metallic tin 
was first observed by McGarvey and Gutowsky.! 
They reported that the width of the resonant ab- 
sorption line was several times greater than what 
was expected from the dipole-dipole interaction 
between the nuclei. Later, Bloembergen and Row- 
land,” during an NMR (nuclear magnetic reso- 
nance) investigation of tin at high fields, discov- 
ered that the line was also strongly asymmetric. 
They presumed that the anomalous line width and 
asymmetry could be attributed to anisotropy in 
the Knight shift of metallic tin. 

In fact, finely dispersed samples are always 
used in NMR experiments on metals, and if the 
shift is anisotropic an additional source of line 
broadening exists, associated with the different 
orientations of the individual crystallites with re- 
spect to the external magnetic field. Since the 
Knight shift is proportional to the external field, 
its contribution to the line width will increase 
with increasing field, becoming particularly 
large in strong fields. 

In the present work we investigated the anoma- 
lous line width in metallic tin more thoroughly. In 
order to distinguish between contributions from 
different causes to the absorption line width, the 
dependence of the second moment of the absorp- 
tion line of Sn'!* on the external field was studied. 

An NMR spectrometer described previously? 
was used for the measurements. It is to be noted 
that in all experiments the instability of the mag- 
netic field and its inhomogeneity over the sample 
volume, taken together, did not exceed 2 x 1074 
and thus did not contribute to the line width. 

All experiments were conducted at the temper- 
ature of liquid helium. This yielded a higher 
signal-to-noise ratio and permitted experiments 
in small fields. 


Measurements were made on two samples, 
which were prepared by mixing finely powdered 
metal in vacuum grease and differed in particle 
size. For one of the samples the powder was ob- 
tained by filing tin with a barrette file and con- 
tained particles 10 —30y in size. This is much 
greater than the skin depth in tin, which is 2—3yu 
at liquid-helium temperature in the frequency 
range used.* The powdered tin for the other sam- 
ple was obtained by reducing SnSO, with fine zinc 
dust in a 1.5% aqueous solution of gelatin and con- 
tained particles 2—3,y in size, i.e., of the same 
order as the skin depth. 

As is known, NMR investigation of metals is 
complicated by the circumstance that the finite 
depth of penetration of the rf field into the sample 
causes the resonant absorption to be determined 
not only by the imaginary part y” of the complex 
nuclear susceptibility yx = y’ —ix”, but also by its 
real part xy’. This occurs because the value of y’ 
determines the skin depth: with an increase in y’ 
the skin depth decreases, and the absorption, 
other things being equal, decreases. A careful 
analysis of this problem was made by Chapman, 
Rodes, and Seymour.° In their paper it is shown 
that the absorption of energy due to nuclear reso- 
nance in a finely dispersed metallic sample is de- 
termined by the quantity ay’ + by”, where the 
value of a/b depends on the ratio of the dimension 
of the particle to the skin depth and approaches 
unity as the particle size is increased. 

It has been observed, however, that the effect 
of x’ on the absorption line shape is in fact al- 
ways less than can be expected from this rela- 
tion.» Nor did we observe distortion of the ab- 
sorption lines in our two samples, and their loca- 
tions and second moments coincided within experi 
mental error. 
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FIG. 1. Upper, derivative traces of Sn’? absorption lines; 


lower, integrated line shapes. 


We should like to indicate at this point that 
there exists at least one effect which will lessen 
the effect of the real part of the susceptibility on 
the absorption line shape. Namely, an increase 
in x’ leads to an increase in the inductance of 
the resonant circuit in which the sample is located, 
with the result that the resonant resistance of the 
circuit increases and with it the amplitude of the 
rf voltage across the circuit. It is easy to show 
that when account is taken of this effect the mag- 
nitude of the resonance absorption signal is deter- 
mined by the expression 


(Q + a/b) x” + (Qa/b — 1) ¥’, 


where Q is the figure of merit of the circuit. Since 
the Q of a circuit containing much metal is not 
large, the second term can become significantly 
less than the first even when the ratio a/b is not 
very small. 

As an illustration, we present in Fig. 1 deriva- 
tive traces of the absorption lines of Sn"!® in me- 
tallic tin in two different magnetic fields H. It is 
seen that a marked widening of the line is observed 
with an increase in field, and asymmetry appears. 
In Fig. 2 is shown the dependence of the second 
moment Av? on the square of the external field.* 
This dependence can be expressed in the form 


Av? = kH? + Avo. 

As already mentioned, the Knight shift is pro- 
portional to the external field. Hence the part of 
the second moment caused by the anisotropy of 
the Knight shift will be proportional to the square 
of the field. For tetragonal white tin we can write’ 


Av? ,, = (1/45?) 770?H?, 
where the anisotropy of the Knight shift is 


*The second moment was calculated relative to the center of 
gravity of the line. 


IN METALLIC TIN 909 


Av?, (kc/sec)? 


30 
KH? kOe? 
FIG. 2. Dependence of the second moment of the Sn‘!’ absorp- 
tion line on the square of the external magnetic field. 


b= (v i= Vio; 


where y is the nuclear gyromagnetic ratio, v» the 
resonant frequency of Sn!!* in a nonmetallic sam- 
ple, v)) and vy; are the resonant frequencies of 
Sn!!9 in the metal when the field is directed re- 
spectively along the tetragonal axis and perpen- 
dicular to it. 

If one considers that the sole reason for the 
dependence of the second moment on field is the 
Knight anisotropy, it is necessary to assume 


k= (1/45 12) 7262. 


From the data presented in Fig. 2 it can then be 
determined that 


8 = (1,0+0.1)-107, 


The error indicated here is the scatter of 6 in 
the different experiments. 

A value 1.2 + 0.2 (kc/sec)” was obtained for 
Ave. At the same time, for a sample with natural 
isotopic composition the second moment caused 
by dipole-dipole interaction is given by Van Vleck’s 
formula as in = 0.15 (kc/sec)’, i.e., one-eighth 
as large. 

We can attempt to explain this discrepancy by 
using the Ruderman and Kittel hypothesis of in- 
direct exchange interaction, between the nuclei 
in the metal which arises from the conduction 
electrons. Because of the presence of two differ- 
ent isotopes (Sn!!7 and Sn!!8) this interaction 
makes the following contribution to the second 
moment of the isotope under investigation 


+ 1)/31f Yah, 
J 


Ne ian 
where I is the spin, f is the concentration of the 
other isotope (in our case, Sn!!7) and Aij is the 
indirect exchange interaction constant between 
nucleus i and nucleus j. Assuming Ajj ~ 1/Rij, 
where Rij is the distance between nucleus i and 
nucleus j, and summing in IS over the 22 near- 
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est neighbors, we can obtain from our experimen- 


tal data A= 2.5 kc/sec for the exchange inter- 
action constant between nearest neighbors. This 
is found to be in qualitative agreement with those 
values for A which can be derived from Ruder- 
man and Kittel’s formula by using reasonable 
values for the parameters entering into this 
formula. 

In conclusion, we express our deep gratitude 
fo Academician P. L. Kapitza for his interest in 
the work, to A. S. Borovik-Romanov for a discus- 
sion of the results, and N. N. Mikhailov for as- 
sitance in preparing the samples. 
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The absorption of electromagnetic energy in a single crystal of the antiferromagnet CoCl,, 
which has a Curie point at 25°K, was investigated at a frequency of 37300 Mc/sec in mag- 


netic fields up to 6 koe. 


‘Tae antiferromagnet CoCl, has a rhombohedral 
lattice. Thorough neutron diffraction investiga- 
tions! have shown that the magnetic moments of 
the Co** ions of each sublattice are located in 
alternate planes, which are perpendicular to the 
three-fold axis C3. The weak anisotropy of the 
molecular field in each of these planes leads to 
the formation of antiferromagnetic domains. How- 
ever, in external fields greater than 1.5 koe direc- 
ted perpendicular to the C3 axis the antiferromag- 
net consists of a single domain. 

The monocrystals studied in the present work 
were grown in vacuum from a melt of preliminar- 
ily dehydrated salt. The samples obtained were 
transparent, homogeneous, and bluish in color. Ori- 
entation and quality of the different specimens 
were controlled by x rays. 

The energy absorbed in the sample was deter- 
mined from the power transmitted through a reso- 


i 
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FIG. 1. Ratio of the power absorbed by a monocrystal 
of CoCl, at temperature T to that absorbed at Tc = 26°K, 
P(H, T)/P(Q, Tc), for various values of the constant field 
H. The C, axis of the crystal, the alternating field H, 
and the constant field H are mutually perpendicular. 
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nator in which the sample was placed. The trans- 
mitted power was registered on a peak-reading 
voltmeter, whose reading was inversely propor- 
tional to the square of the power absorbed by the 
sample. To prevent changes inthe natural frequency 
of the resonator from affecting the results of 

the measurements, the generator frequency was 
modulated with a period of 0.03 sec within limits 
exceeding the range of resonator frequency change. 

The results obtained for two orientations of the 
samples are presented in Figs. 1, 2, and 3. 

From Figs. 1 and 2 it is seen that at a certain 
temperature and corresponding value of constant 
magnetic field H the absorbed power is at a max- 
imum. Common to both cases is the disappear- 
ance of a non-monotonic temperature dependence 
of the absorbed power in fields greater than 5.5 koe. 

As can be seen from Fig. 3, the power absorbed 
by the antiferromagnet in the paramagnetic state 
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FIG. 2. Ratio of the power absorbed by a monocrystal of 
CoCl, at temperature T to that absorbed at To = 26°K, 
P(H, T)/P(H, Tc), for various values of the constant field H. 


decreases with an increase in the constant field. 
A similar phenomenon has also been observed? in 
paramagnetic salts. In the latter case it is asso- 
ciated with the existence of spin-spin and spin- 
lattice relaxation in the paramagnet.? 

P(H)/P(0) 
109 o 


FIG. 3. Ratio of pow- 
ers P(H)/P(0) absorbed 
by a monocrystal of CoCl, 
at a given field H and at 
H =0 at 25.5°K. The ori- 
entation of the crystal 
with respect to the alter- 
nating and constant fields 
is the same as that of 
Ose; A, 
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No temperature dependence of power absorbed 
by the sample was observed above the Curie point 
in the interval 25 —40°K. However, further in- 
crease in temperature up to 80°K results in a de- 
crease of absorption in the monocrystal. 

The data presented above suggests a relaxation 
mechanism for the observed absorption. The re- 
laxation processes that establish equilibrium in 
the spin system of the antiferromagnet can be char- 
acterized by a certain time T. Since T increases 
as the temperature of the antiferromagnet is de- 
creased,*»® and the relaxation absorption of elec- 
tromagnetic energy of frequency w has the form 


P(o,t) ~ or/[1 + (ot)’], 


the magnitude of P goes through a maximum as 
wT~ 1. Unfortunately, the dependence of P on 


The crystal axis was parallel to the alternating field H’ and 
perpendicular to the constant field H. 


the magnitude of the constant field has not been 
studied theoretically. 

Experiments were also carried out with the 
antiferromagnet CoBr,, which has a Curie point 
at 18°K and a structure analogous to that of CoCly. 
The data obtained with a sample of CoBr, with 
the same orientation as that of Fig. 2 were com- 
pletely similar to those obtained for CoCl). 

The author is deeply grateful to Academician 
P. L. Kapitza and Corresponding-Member A. I. 
Shal’nikov for their interest in the work, to M. S. 
Khaikin, under whose leadership the work was 
completed, to A. S. Borovik-Romanov for many 
discussions of the results, and to N. N. Mikhailov 
for his assistance in growing the single crystals. 
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An attempt has been made to determine the true spontaneous -fission half-period of Noa 
by employing nuclear photographic emulsions. Prior to development, the photographic 
plates were treated with potassium ferrocyanide to remove the background a-particle 
tracks. The reliability of this method was checked by measuring the spontaneous-fission 
half-periods of Pu?®® and Pu?” which were independently determined using a proportional 
counter. The results obtained for plutonium by the various methods are identical and agree 
with other available data. Only three fragment tracks were detected in the Np2?” photo- 
graphic measurements. Thus, only a lower limit of 108 years can be established for the 
half-period, as compared with the usually accepted value of 4 x 1018 years. 


Ht In the experiments of Segré and his collabora- 
tors, the half-periods for spontaneous fission were 
already determined in 1945 — 1946 for a large num- 
ber of both even and odd nuclei.! However, not all 
the data were obtained with the same accuracy. A 
check of the decay half-periods of Th?®2 (reference 
2) and Am#4! (reference 3) showed that their true 
values are higher by one to three orders of magni- 
tude. The purpose of the present experiment was 
to achieve a higher accuracy in the measurement 
of the half-periods for the spontaneous fission of 
the odd-even isotope Np*?" and the even-even iso- 
topes Pu??? and Pu*4?, 

2. The investigated elements were coated elec- 
trolytically on a platinum support. The amount of 
the substance and the layer thickness were deter- 
mined by counting the rate of a particles using a 
special arrangement with known geometry.‘ The 
uniformity of the samples was checked by count- 
ing q@ rays over separate parts of the layer. In 
addition, radiography of certain samples was car- 
ried out. 

Seven samples were prepared, three of Np 
of ~ 20 mg each (density ~1 mg/cm”), two of 
pure Pu (0.27 and 0.35 ug), and two consisting 
of a mixture of the isotopes Pu”8® (14%) and Pu?” 
(86%), and containing 0.37 and 0.30 wg of Pu™® re- 
spectively. The isotope content of the mixture in 
the latter case was determined using a large mag- 
netic a spectrometer.° In all calculations, the 
value of the partial half-periods of a decay for 
Pu"? was assumed to equal 86.4 years.° 

3. The measurement of the spontaneous-fission 
half-period of the plutonium isotopes was carried 
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out by two methods. In the first series of experi- 
ments, a cylindrical proportional counter 100 mm 
in diameter, 250 mm long, and filled with methane 
at 80 mm Hg was used for counting the fragments. 
The integral pulse spectrum was analyzed. The 
counting characteristics of the array had a suffi- 
ciently good plateau. The mean counting rate of 
the fragments was equal to 0.92 particles per hour 
for pure Pugs and to 7 particles per hour for the 
mixture of Pu?4* + Pu88. The statistical accuracy 
was not less than 5%, and the total error was not 
greater than 10%. As a result of the measurements, 
the following values for the half periods were ob- 
tained: 5.2 x 10!° years for Pu2**, and 6.7 x 10!” 
years for Pu?#?, ‘ 
In a second series of experiments, the method 
of oxidizing the latent image in nuclear emulsions 
was used in order to discriminate fission fragments 
against the background of a large number of a par- 
ticles.’ The work was carried out using an NIKFI 
(Research Institute of the Motion Picture Industry ) 
P-8 emulsion 100p thick. KjFe(CN), was used for 
the oxidation. By means of special tests, it was 
established that the maximum acceptable K3;Fe(CN), 
concentration amounts to 1:8 x 10°. In our experi- 
ment, the concentration was not higher than 1:2 
x 104. Such a concentration ensures good detection 
of fission fragments, and is sufficient to remove 
the background up to 10!! a particles per cm?, 
The plates were irradiated by samples of Pu 
and Pu242 for ten to one hundred hours. After the 
exposure, the emulsions were subjected to the ac- 
tion of the oxidizer (at 15°C for 30 min), were 
then washed with distilled water (15°C for 30 min), 
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and then developed in diluted D-19 developer (1:3) 
(at 19°C for 30 min). 

As has been shown by experiments, the effect 
studied could be imitated by tracks of @ particles 
which appeared due to the decay of radioactive nu- 
clei during the process of washing out the oxidizer 
and of the development. Special measures were 
therefore taken to prevent the introduction of im- 
purities into the emulsion during the exposure. On 
the scanned plates, the density of tracks of spon- 
taneous fission amounted to 800 per em? for Pu2*? 
and 200 per cm? for Pu*8_ It has been established 
that the fragment tracks are detected in the angle 
interval 20 — 70°, i.e., the detection efficiency 
amounts to (66 + 5)%. 

The measured half-periods for the spontaneous 
fission of Pu2?® and Pu?“ were found to be (5.0 
+ 0.6) x 10!° years and (6.5 + 0.7) x 10! years 
respectively. 

The fact that the results obtained by us using 
various methods are identical, and are also in 
good agreement with data already known, permits 
us to conclude that the method of using nuclear 
emulsions may be successfully applied for meas- 
uring the half-period for the spontaneous fission 
of Np*?", The difficulty consists of the fact that 
long exposures (several days) are necessary to 
obtain a marked effect. In such a case, there is 
a danger of the fading of the latent image when 
the emulsion is kept for a long time at normal 
room temperature and humidity. However, con- 
trol experiments on the fission of U’*® induced by 
thermal neutrons showed that the fading could not 
lead to a considerable decrease in the detection 
peerency of spontaneous-fission fragments of 
INfore, 
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45 cm? of the emulsion were scanned altogether, 
and two-thirds of the area was scanned consecu- 
tively by two observers to avoid bias. Instead of 
an expected 100 events, only three tracks were 
found. The observed effect is too small to enable 
us to speak about an exact value of the decay con- 
stant of Np?*". It only determines the lower limit 
‘of the spontaneous-fission half-period of Np?3", 
for which a value of 10!° years is indicated. The 
difference between our results and those of Segre 
shows that the fission probability of Np?" is evi- 
dently considerably less than has been believed. 

The authors would like to thank Prof. G. N. 
Flerov, who supervised the work, and also 
A. M. Semchinova for help in work with the 
emulsions. 
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The magnetic viscosity, magnetostriction, and hysteresis properties of a polycrystalline 
ferrite of composition Mny,75Coy.9;Fe;,.0, were studied in the low temperature region. An 
extremely high viscosity was found in the temperature region from — 100 to — 150°C in 
static fields up to 250 oersteds. The remagnetization time was measured and found to be 
of the order of tens of minutes to hours. It was demonstrated that in this temperature re- 
gion Perminvar and rectangular loops are formed in oscillatory fields. The character of 
the variation in the form of the loop in increasing oscillatory fields is compared with the 


magnetic viscosity found in static fields. 


Ls the present work, a study has been carried out, 

in the low-temperature region, of the magnetic vis- 
cosity, magnetostriction and hysteresis properties 

of a polycrystalline sample of manganese-iron fer- 
rite containing a small admixture of cobalt 

(Mnj 75009, 95 Fey 204). 

Magnetization measurements on this ferrite in 
the low temperature region showed that in weak 
and moderate magnetic fields (from 4 to 250 oer- 
steds) it possesses a very high magnetic viscosity. 
The intensity of magnetization of the sample con- 
tinues to rise after it has been held in a constant 
field for 17 hours, while when the field is reversed 
the sample remains magnetized in the former di- 
rection of the field fora period whichina number of 
cases exceeded 1 hour (in one experiment the re- 
magnetization time reached 174 minutes). The 
existence of such a high magnetic viscosity (for 
remagnetization of a substance ) is nowhere indi- 
cated in the literature. 

The experiments were carried out at various 
temperatures and in various magnetic fields. The 
viscosity is most pronounced over the tempera- 
ture interval from — 100 to —150°C, in fields not 
exceeding 250 oersteds. 

As an example of the data obtained, Fig. 1 pre- 
sents curves showing the variation of intensity of 
magnetization with time at — 125°C, in a field of 
18.8 oersteds. Magnetization and remagnetization 
curves are given for the sample held in the field 
for different periods of time. In a given experi- 
ment the sample was demagnetized at room tem- 
perature; the measurement temperature was then 
established, the sample was held at this tempera- 
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FIG. 1. Magnetization and remagnetization curves for the 
ferrite Mn,,,,;Coo,,;Fe,,,0, as a function of time in an 18.8-0e 
field, at a temperature of —125°C: curve 1—field direction re- 
versed after 2 hr 50 min; curve 2—experiment repeated, field 
direction reversed after 6 hr (a —galvanometer deflection, pro- 
portional to intensity of magnetization). 


ture for at least an hour (in order to establish a 
uniform temperature throughout the whole volume 
of the sample), and only then was the magnetic 
field applied. The same experiment was also car- 
ried out under other conditions: the sample was 
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FIG. 2. Magnetization curves for cia 
the ferrite Mn, ,7,C0o,osF'e,,204 aS 
a function of time in an 18.8-0e 


600 
field, at a temperature of —125°C; 
curve 1—sample demagnetized at ian 
—125°C; curve 2—sample demag- 
netized at room temperature. 2 
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FIG. 3. Temperature depend- 
ence of the saturation magneto- 
striction Ag for Mn,,75C0o.0s 
Fe,,,0,: curve 1—sample demag- 
netized each time at room tempera- 
ture; curve 2— sample demagnet- 
ized at the temperature of the 
measurement, 


=50 -100 -150T,°C 

demagnetized, not at room temperature, but at the 
temperature of the measurement. This change in 
the conditions of demagnetization exerted a strong 
effect upon the viscous properties of the sample: 
the viscosity was markedly reduced, although it 
did not vanish entirely, while the intensity of mag- 
netization of the sample showed a substantial in- 
crease (Fig. 2). 

The saturation magnetostriction in the same 
ferrite was measured in a 2500 oersted field with 
the aid of cemented-on pick-ups. The influence 
of the viscosity was manifested in the fact that 
the value for the magnetostriction proved strongly 
dependent upon the way in which the sample was 
demagnetized. In Fig. 3. are presented curves 
showing the temperature dependence of the mag- 
netostriction for demagnetization of the sample at 
room temperature (curve 1) and at the tempera- 
ture of the measurement (curve 2). 

In the same temperature region, hysteresis 
loops were observed for the ferrite sample under 
study in an alternating field (50 cps) by oscillo- 
graphic means. It was found that Perminvar and 
rectangular loops are produced in the same range 
of weak and moderate fields for which viscosity 
is evident. If a sample demagnetized at room 
temperature is placed in an increasing alternating 
field, then for fields up to a few tens of oersteds 
an inclined line is seen on the oscilloscope screen 
—no loop is present. As the field is further in- 
creased, the line changes visibly, first into a 
Perminvar, then a normal, and finally, into a rec- 
tangular loop. If the sample is demagnetized at 
the measurement temperature, the Perminvar and 
normal loops are not formed at all, and, as the 


field is increased, the “‘line’’ obtained in a weaker- 


field region changes discontinuously into a rectan- 
gular loop having an extremely. high rectangularity 
factor (about 0.97). 


The experimental data thus obtained show that 
the character of the change in form of the hystere- 
sis loop in alternating fields is closely associated 
with the magnetic viscosity which appears in this 
material in static fields. Where the remagnetiza- 
tion times are extremely long (of the order of 
several tens of minutes when the sample is held 
in the field for approximately 6 hours), the loop 
in an alternating field has the form of a line. At 
some specific value of the field (at a tempera- 
ture of —125°C this field is 43 oersteds) the re- 
magnetization time falls very sharply (becoming 
less than 1 minute), and in this same field the 
line is transformed after a short time into a 
Perminvar loop. 

In fields for which the loops become rectangu- 
lar after a brief time in the field, the viscosity is 
even less pronounced. 

The results obtained may be explained on the 
assumption that the ferrite which we have investi- 
gated undergoes a magnetic ‘‘annealing”’’; i.e., a 
uniaxial anisotropy arises in each of its domains 
under the influence of the magnetic field, with the 
axis of easy magnetization directed along the mag- 
netization vector of the given domain. The devel- 
opment of uniaxial anisotropy in the ferrite under 
study is evidently the result of an electron diffu- 
sion process which is governed by the magnetic 
field.' 

It is most natural to assume that an exchange 
of electrons takes place between the Mn?* ions 
and manganese ions of higher valency (in manga- 
nese-iron ferrites containing excess manganese, 
in addition to Mn** ions, manganese ions of higher 
valency are always present). The role of the co- 
balt ions in this process is as yet insufficiently 
clear. 

More detailed information on the ferrite de- 
scribed, and on other manganese-iron ferrites 
containing excess manganese (with and without 
cobalt), will be published in the future. 

In conclusion, we consider it an agreeable duty 
to express our gratitude to Professor K. P. Belov 
for his attention to the present work. 


‘A, Kienlin, Zs. Angew. Phys. 10, 12 (1958). 
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The production of YASS) hyperons and K® mesons by 2.8-Bev/c 7 mesons on light nuclei 
was Studied in a freon (C,F;Cl3) bubble chamber. The Y° and K® production cross sections 
are (2.5+0.5)% and (741)% respectively of the total cross section for inelastic processes. 
The cross sections for these processes, as well as the angular and momentum distributions 
of the particles produced, were determined from 143 Y° + K® and K® + K® production events. 
The ratio of the cross section is ¢ (K°K®)/a (Y°K®) = 0.65 + 0.15 and their sum is o(K°K®) 

+ o (Y°K®) = (3.2 + 0.8)% of the total cross section for inelastic processes. 80— 90% of the 
y? + K° production events are accompanied by a t-meson production, but in 70 — 80% of the 
K° + K® production events, no 7 meson is emitted. 

A characteristic feature is that, in the K’ + K° production, the K® mesons carry off prac- 
tically all of the available energy, whereas a soft hyperon spectrum is observed in Y? + K® 
production events. 

The cross section for the reactions 7 + 7* — K® + K® (go ~ 2 mb) and 77 + KX* — 77° 
+ K? (co 210 mb) can be estimated for final kinetic energies of the particles in the c.m.s. 
= 0.5 Bev by assuming that, in the reaction under consideration, the pole diagrams make a 


large contribution, at least for small transferred momenta. 


[Coes experimental data have become avail- 


able on the production of strange particles in mp 
collisions near the threshold in the 0.9 —1.3 Bev 
energy range.!»* The production of Vy (A. eh 
perons and K° mesons in collisions of 7 mesons 
with nuclei has been studied at 1.5 and 1.9 Bev.°”° 

Kuznetsov et al.® measured the ratio of the 
cross sections o (K°K®)/[o (AK®)] +o (2°K°)] 
= 0.51 + 0.19 for the xenon nucleus at 2.8-Bev/c 
™~-meson momentum. The production of strange 
particles in 7p collisions has been studied at 
6.8 Bev/c.! 

In the present experiment, the production of 
Y°(A,=°) hyperons and K°® mesons on carbon, 
fluorine, and chlorine nuclei by ™ mesons with 
2.8-Bev/c momentum was studied. The experi- 
ment was carried out by means of a 17-liter freon 
bubble chamber® using the external 7 -meson 


beam of the proton synchrotron at the High-Energy 


Laboratory of the Joint Institute for Nuclear Re- 
search. 


EXPERIMENTAL METHOD 


In the experiments with the 2.8-Bev/c 1 - 
meson beam (momentum spread Ap/p = 10%), 
about 60000 stereoscopic photographs were ob- 
tained using the freon (C,F;Cl;) bubble chamber 


without magnetic field.’ All photographs were 
scanned by two independent observers. In the 
scanning, those interactions of m mesons with 
nuclei that were accompanied by V decays corre- 
lated with the point of interaction were selected. 
These correspond to the decays A—p+m7 or 

K° — 7* +77. About 2000 such events were found. 
Out of these, 149 were accompanied by double V 
decays. After the analysis of these events, six 
were considered as background events because 

of the noncoplanarity of one of the V decays with 
the point of interaction. The remaining 143 events 
were identified as associated particle production 
y?(A,=°) + K® or K°+ K®. These events were 
then analyzed in detail, as well as that part of the 
data which enables us to obtain information on the 
total production cross section of Y° and K°® par- 
ticles on nuclei. It should be noted that we did not 
differentiate experimentally between the events of 
A and 2° production, but the total yield for the 
V(A, 2) hyperons was found. 

The spatial analysis of the photographs was 
carried out with a stereo-projector, by means of 
which the coplanarity was checked, and the angles 
of emission and the particle ranges were meas- 
ured. The decay particles were identified by a 
kinematic analysis of the angles between the direc- 
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tion of motion of the V particles and of their de- 
cay products, by range and ionization measure- 
ments, and from the multiple scattering of particles 
in the working liquid of the chamber. Out of 101 
detected events of associated production of. Y°® and 
K® particles, 41 A hyperons were identified from 
the angles of emission of the particles and their 
ranges (mainly from the proton ranges), 42 A 
hyperons were identified from the angles and the 
ionization J of protons at J = 2Jmin, 13 A hy- 
perons from the angles and ionization at J ~ 1.5 
Jmin» and 5 A hyperons from the energy and mo- 
mentum conservation laws. 

The momenta of the A and K° particles were 
determined from calculated kinematic relations 
between the angles of emission of the decay prod- 
ucts, using the tables of Leipuner.? The accuracy 
of the momentum measurements was determined 
by the measurement accuracy for the emission 
angles of the decay products of A and K° par- 
ticles, and amounted to about 10% on the average. 
In order to find the absolute yield of Y° and K°® 
particles, the total number of interactions of 77 
mesons in the working volume of the chamber 
was counted, and a correction was applied to the 
number of detected A and K° particles. In the 
correction, the following factors were taken into 
account: the fractions of A and K® particles de- 
caying into neutral particles, the fraction of long- 
lived K® mesons, the geometrical coefficients Oly 
and qd, and the fractions of A and K® decay 
events that were not detected in the chamber 
either because of the short range of the decay 
products or because of relatively small emission 
angles. (In the latter case, the decays might be 
imitated by high-energy electron-positron pairs. ) 

The geometrical coefficient a, is determined 
by the detection probability of A and K°® particles 
in the effective volume, and is given by the equa- 
tion at = 1-exp(-—L/L)), where L is the 
“‘potential’’ range of A and K° particles and Lo 
is the decay mean free path. The mean value Q, 
was found to be equal to 1.16 for A particles and 
1.20 for, K® particles. 

The coefficient a, is related to the decreased 
detection efficiency of V decays in the plane per- 
pendicular to the plane photographed. It is deter- 
mined experimentally and is, on the average, equal 
to 1.15 + 0.08 both for A and K°® particles. 

The resulting values of the correction factors 
used to multiply the number of A and of K?® par- 
ticles detected in the chamber are 2.70 and 4.20 
respectively. 
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EXPERIMENTAL RESULTS 


1. Cross Section for the Production of the Particle 
Pairs Y° + K® and K® + K®, and Total Cross 
Section for the Production of Y° and K° 
Particles 


The associated production processes y? + kK? 
and K° + K® on nuclei were studied in the follow- 
ing reactions: 


a) wt ASA + Kt mn AS 
b) w + A> 2° 4+ K°+ ma A’; 


te A KO A Ke nt An 


(1) 
(2) 


The measurements did not differentiate between 
reactions (la) and (1b), and therefore the total 
cross section o; for the associated production Y 
+ K® and 5° + K® was measured. 

Out of 143 events of the associated production 
y? + K® and K® + K®, 101 (5) events were consid- 
ered as Y°+K®, and 42 (4) as K°+K®. (The fig- 
ures in the parentheses refer to the number of 
doubtful cases, in which no clear choice between 
y? + K® and K® + K® could be made.) The ratio 
of the cross sections for reactions (2) and (1) cal- 
culated from these events is o,/o; = 0.65 + 0.15; 
the undetermined cases have been taken into ac- 
count in calculating the error. The value obtained 
is in agreement, within the limits of experimental 
error, with the value for the xenon nucleus 0.51 
+ 0.19 given by Kuznetsov et al.® for the same 1- 
meson energy. The total cross section o; + 09 
amounts to (3.2 + 0.8)% of the total cross section 
for inelastic interactions of 7 mesons with 
fluorine nuclei. In calculating the results, it was 
assumed that the cross section per nucleus varies 
little between the lightest nucleus (C) and the 
heaviest one (Cl) of the mixture. 

A rough estimate of the cross section for the 
production of the K® + K® and Y® + K?® pairs per 
nucleon gives o’(K°K®) = o’(Y°K®) = 0.5 mb. The 
large value of the cross section for the production 
of K® + K?® pairs at 2.65-Bev 7~-meson energy in- 
dicates a fast increase in this cross section with 
increasing energy of the 7 mesons above 1.5 
Bev. (No production of K°K® pairs is observed 
at 1.5 Bev.?) 

The total cross section for the production of 
Y° and K® particles was obtained by a triple scan- 
ning of about 3000 pictures. A total of 8015 inter- 
actions of m mesons with nuclei, 73 events of Y°- 
particle production, and 143 events of K°-particle 
production were detected in these pictures. The 
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total yield of Y°(A,>°) hyperons amounted to 
(2.5 + 9.5)% and the yield of K® mesons to 

(7 + 1)%, relative to the total cross section for 
inelastic interactions of t mesons with nuclei. 
From a comparison of these results with the data 
for carbon at 1.5-Bev 7 -meson energy,? i.e., 
(1.7 40.4) and (1.44 0.5)% for Y° and K® par- 
ticles respectively, it is clear that the yield of 
se hyperons is greater by a factor of 1.5, and 
that of K® mesons by a factor of five. 

In order to determine the value of m and n in 
reactions (1) and (2), an analysis of the stars cor- 
related with a given pair of strange particles was 
carried out. The most reliabile result is given by 
the analysis according to the number of y rays 
accompanying the production of strange particles. 
For the Y°-hyperon production, this number, as 
determined from 30 conversion events y — e* 
+e” for the Y°? + K® process and from 85 events 
for the Y° + K**® process was found to equal 
ny (yoK®) 21.0 40:15. For the K° + K* produc- 
Gon the value found from three Ce LS an ST) 
= 0.22 + 0.15. The number of 7° mesons is nee 
fore equal to n,o( Y°K®) = 0.5 + 0.07 and njo(K°K°) 
= 0.11 + 0.07. The inequality sign in the first case 
is due to the possible detection of electron-posi- 
tron pairs produced as a result of the conversion 
of y rays from the 2° —A+y decays. The num- 
ber of charged mesons in stars was determined 
from the number of particles having a relativistic 
ionization. The total mean number of 7 mesons 
in the reactions (1) and (2) is equal to m = 1.2 
+ 0.15 and n=0.6 + 0.15. 

2. Angular and Momentum Distribution 
The angular and momentum distributions for A 


and K° particles are shown in Fig. 1. The angular 
distributions of A and K°® particles in the labora- 
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tory system (l.s.) aré strongly peaked forward: 

80 — 90% of the particles are within a cone with 
cos 6 =.0.8. The momentum spectrum of A par- 
ticles was studied at p, = 300 Mev/c and the 
spectra of K® mesons at PK = 100 Mev/c. The 
spectrum of A particles has a maximum at 600 
Mev/c and decreases rapidly at higher momenta. 
The spectra of K° mesons in both reactions have 
a maximum for PKo = 1 Bev/c and continue up to 
2.5 Bev/c. An estimate of possible distortions 

of the momentum spectra caused by a difference 
in the correction factors for different momentum 
values was carried out. The difference, however, 
was not greater than 10 — 15%, and it was there- 
fore neglected. The possibility of determining the 
momentum of 2° particles by measuring the mo- 
menta of A particles in the 2° — A + y decay 
was analyzed. The distortion of the >° spectrum 
caused by this decay is negligible, and, in our case, 
amounts to 4—7% depending on the =" momentum. 
Therefore, the momentum spectrum of the A hy- 
perons is henceforth considered as a total spec- 
trum of the VOCNe Se) hyperons. 

An interesting result was obtained in consider- 
ing the total kinetic energy carried away by the two 
K® mesons in K? + K® production events. In Fig. 2, 
each K+ K® production event is denoted by a rec- 
tangle with a number showing the number of prongs 
in the star. In the figure, the arrow denotes the 
available energy corresponding to the energy of 
the mt -meson beam, and limits determined by its 
energy half-width are shown. The mean energy in 
the spectrum is T = 1.30 Bev. The mean energy 
of the K° + K® production events is greater than 
this value because of inelastic interactions of K° 
mesons in nuclei. If we consider the distribution 
of the energy carried away by K° mesons in prong- 


FIG. 1. Angular and momentum distributions for A 
and K° particles in the l.s. a, b, d, e —for reactions (1); 
c, f—for reactions (2). 
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FIG. 2. Distribution of the total kinetic energy T carried 
away by K° and K®° mesons in the l.s. The dotted and solid 
lines represent the theoretical curves for the phase volume 
and for the polar diagrams of Fig. 4 respectively. 


less and one-prong stars (the shaded rectangles in 
Fig. 2), for which we can assume a relatively 
small energy loss by K° mesons as a result of the 
inelastic collisions, then the mean value of the en- 
ergy carried away by the two K° mesons is found 
to be 1.60 Bev. Thus, the characteristic feature 

of the associated production of K® + K® is the large 
value of the energy carried away by the K mesons, 
close to the limiting value. The total uncertainty 
in the energy of two K® mesons carried away ina 
K° + K® associated production event, in addition 

to the uncertainty in the energy of the 7 -meson 
beams, is determined only by the accuracy of the 
K°-meson energy measurement and by the Fermi 
width of the momenta of nucleons taking part in 

the production of K® + K®, and, in our case, amounts 
to +0.25 Bev. This means, in particular, that if 
the energy carried away by the K® mesons ina 

K° + K® event is equal to the limiting value, then 
all events will have a distribution with an energy 
width of 0.5 Bev. 


3. Mean Number of  Mesons Accompanying the 
Elementary Act of Production of Y° + K® and 
Ko Ke 


In the determination of the cross sections and 
of the features of particle production from data 
obtained on light nuclei, a considerable uncer- 
tainty is introduced by the contributions of the 
nucleus. Nevertheless, it is possible to study a 
number of features of the elementary processes 
for a given 7 -meson energy. In order to esti- 
mate the influence of the nucleus, calculations 
based on the optical model were carried out, 
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using a simplified one-dimensional model. Cal- 
culations carried out for the fluorine nucleus 
(the average nucleus of the freon mixture) show 
that 1) about 70% of A hyperons produced in the 
nucleus do not interact with nuclear matter, and 
2) 15 —20% of K° and 30 —40% of K° mesons 
undergo inelastic interactions in the nucleus. The 
following values were used in the calculations: 
mean free path of 7~ meson in nuclear matter 
Aq = 4 X 10-3 ecm, cross section o(A +N) = 30— 
40 mb, cross sections o (K° +N) and o (K° +N) 
for the mean K?-particle momentum of 1.1 Bev/c 
are 17 and 40 mb respectively, similarly as for 
K* +N and K~ +N events, according to the data 
of Crawford et al.!? 

Taking into account the fraction of inelastic in- 
teractions of K® and K°® mesons in nuclei calcu- 
lated according to the optical model, and krowing 
the average number of 7 mesons produced as a 
result of inelastic collisions, we can estimate the 
number of secondary mesons in reactions (1) and 
(2), m, and n,;. The average number of 7 mesons 
produced per inelastic interaction of K° and K° 
mesons in a nucleus was determined from prelimi- 
nary experimental data obtained in an experiment 
using the same bubble chamber (altogether 20 
events of such interactions were observed), and 
amounts to 1.0 + 0.25. Hence, we obtain the esti- 
mate m, = 0.2, nj = 0.5—0.6 and, consequently, 
the total number of 7 mesons produced in an as- 
sociated production event Y° + K® and K°+ K® is, 
on the average, equal to m’ = 1+ 0.2 and n’ = 0.0 
+ 0.3 respectively. 

The results obtained show that the production 
of Y° hyperons in m~N collisions of 2.8-Bev/e 7 
mesons is, in 80 — 90% of the events, accompanied 
by the production of a 7 meson, while the produc- 
tion of a K? + K® pair is, in 70 — 80% of the cases, 
not accompanied by an emission of a 7 meson. 
Thus, the production of the K°K® and y°K® pairs 
on nucleons in a nucleus evidently occurs mainly 
in the following elementary reactions: 


m + p—K°+ K+ pn; (1’) 
2 A® + Ko +. 9° 
a) ws P— so Ko 4 70 (2°) 
E AS KS 
b Me es 
) uw -- Nn Yo4 Ko we 


Additional information on the elementary reac- 
tions on nucleons in a nucleus were obtained by 
analyzing the prongless stars accompanying the 
y’ + K® and K® + K® production events. For the 
first case, 20 (out of 101) such events were found, 
and in 8 of these electron-positron pairs were de- 
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FIG. 3. Angular and momentum distributions of Y° and K° 
particles in the pion-nucleon c.m.s.:a, b, d, e — for cases of 
associated production of Y° + K°, and c, f — for K° + K® pairs. 
In the spectra d and e the limiting values of momenta ob- 
tained taking the Fermi motion of nucleons in the nucleus into 
account are indicated. 


tected originating in the photon conversion corre- 
lated with the prongless star. (In one case, there 
were two such pairs present.) If we assume that 
in all of these 20 events a reaction of the type (2’)a 
occurred, then we should observe 8 — 10 7? mesons 
in the chamber, which was actually the case in the 
experiment. Unfortunately, it is impossible to es- 
timate the relative contribution of the reaction in- 
volving the =° hyperon from the data. For the 
second case (K° + K® pairs), 10 prongless stars 
(out of 42) that were not accompanied by electron- 
positron pairs, according to reaction (1’), were 
observed. If, in the production of K° + K®, one 7 
meson was present, we would detect 4—5 events 
in which prongless stars are accompanied by 
electron-positron pairs. 


0 


4, Angular and Momentum Distributions of y 
and K° Particles in the Pion-Nucleon C.M.S. 


Under the assumption that the production of 
vy? + K® and K® + K® pairs occurs in 7-N colli- 
sions, and neglecting secondary interactions of 
y? and’K? particles in nuclei, we have obtained 
the angular and momentum distributions of Y° 
and K® particles in the c.m.s. (see Fig. 3). In 
this system, all Y° particles propagate into the 
backward hemisphere, with a very large fraction 
of the particles (> 80%) being contained in a cone 
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with cos 6* < —0.8. The angular distribution of 

K° particles produced together with the Y° parti- 
clesis peaked forward. Thisis especially noticeable 
for prongless stars, whose distribution is shown 
shaded in the figure. The forward direction of the 
total momentum of the two K°® mesons is charac- 
teristic for the production process K® + K® (the 
forward-backward relation is equal to 3.3 + 0.8). 

In all prongless stars, the total momentum of the 
two K° mesons is directed forwards only. 


ESTIMATES OF THE mmKK FOUR-BRANCH VER- 
TEX FROM OBSERVED EXPERIMENTAL DATA 


The experimental data obtained shows that, in 
reactions (1’) and (2’), the final baryons have a 
relatively small energy in the l.s., which corre- 
sponds to small transferred momentum 


—t = 2my (@ — m) — (m— my)’, 


where w and m are the total energy in the l.s. 
and the baryon mass respectively, and my is the 
nucleon mass. 

From general theoretical considerations, 
we can expect that, for a small momentum trans- 
fer, the main contribution to the reactions (1’) and 
(2’) is due to single-meson pole diagrams, shown 
in Figs. 4 and 5. For the same reason, a compar- 
ison of theoretical predictions for the momentum 
spectrum with experimental data in the range of 
small t should enable us to find the annihilation 
cross section 
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n + n*—>K° + K° (3) 


and the scattering cross section 
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from the data on reactions (1’) and (2’) respec- 
tively. However, the data on the baryon spectra is 
very poor, and does not permit us to use the ex- 
trapolation method of Chew and Low. ‘1! Instead, 
it is possible to compare the integral cross sec- 
tions in a certain part of the spectrum correspond- 
ing to a small momentum transfer, which is equiv- 
alent to the consideration of the sum of partial 
cross sections with large orbital momenta. !?>!8 

As will be seen in the following discussion, it 
is necessary to consider a relatively large part 
of the spectrum in which diagrams without poles 
should, in general, make the same contribution as 
pole diagrams. Although it is difficult at present 
to obtain any reliable estimate of the validity of 
the approximation made, we can assume that the 
values obtained for the cross sections for the re- 
actions (3) and (4) are correct at least to within 
one order of magnitude. 

For the process (1’), the polar approximation 
gives the laboratory neutron spectrum in the form 


Sm() 
5 


= ye Gea Bye ann dw 
do = 2g (ae ba’ BN Oca Ne Bumpy” 
ape 
where 
/ oe S 4 
a ee) 


Sm(®) — 2p, Vo? — m? — 2(@ — m)(m +0) + p?, 


t = —2m(m — mm), 


where p and ux, are the masses of the m7 and K 
mesons, Py and wy are the momentum and energy 
of the incident 7 meson in the lL.s., g = 14.5, 
o2NN(s) is the cross section for the process (3) 
as a function of the square of the energy s in the 
c.m.s. for the same process, and Sy, is the maxi- 
mum possible value of s for a given energy w of 
the recoil neutron. 

We shall assume that the square of the invari- 
ant matrix element A?! (a7KK is the four- 
branch vertex in the annihilation channel) aver- 
aged over the angles does not produce an addi- 
tional dependence on s, i.e., we shall assume that 
fi Aa Kld2,, ann = Const. In this case, in addition 
to ihre: rae t/(t-u?)? from the vertex NNz, the 
laboratory spectrum is determined only by the in- 
variant phase volume of the final particles 


| D(o) do = \ op), 


w w 


(6)* 


If the masses of all particles are different, then 


*Arth = tanh7’. 
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D( w) = 28 IV Tn (8 AME i= fe)? ] US (Ht — t3)?] 
Sm —(ba + pa)? 
Dea SI ta) >)Arth fae —(l1 — pe 2 
+2 (pi— pspartn( = 7a / = at ( (6’) 


where Sm = 2ppVw2—m2 + m? + mj + uj + 2mgwo 
—2w (mp + Wo), Po and wy are the momentum and 
energy of the incident particle in the l.s., mg is 
the mass of the target, w and m are the energy 
and mass of the particle under consideration in 
the l.s., and yp; and p, are the masses of the two 
other final particles.* 

The theoretical distributions of the kinetic en- 
ergy of two K° mesons in the l.s., T = w)—-my 
—w—2u,, are shown in Fig. 2 [the dotted line 
represents the normalized curve of the phase 
space (6’)]. If we consider the experimental 
spectrum obtained from prongless and one-prong 
stars (where the distortions from the interaction 
of K® mesons in the nucleus are at a minimum), 
then we can conclude that there is a qualitative 
agreement between the theoretical curve and the 
experiment. { 

In such a case, the comparison of integral 
cross sections over different parts of the spec- 
trum leads roughly to the same values of the 
mrKK four-branch vertex. Because of this, we 
shall integrate the theoretical spectrum over the 
interval AT = 0—0.5 Bev (|t| < my), and shall 
compare it with the total experimentally measured 
cross section equal to 0.6 mb. This gives the fol- 
lowing result for the mmKK four-branch vertex in 
the annihilation channel 


\\A4 aerk [16s |dQang4n +, o8?822 mb (7) 


*It should be noted that formula (6') is applicable for the re- 


gion of the spectrum w_<@ S @,, where 


2E*0 , =(my+@)( E2-++-m2— (p4-+12)?) 
+ Py V [E? — (m + pa + ps)? )[E2 — (m — ty — ba] 
b= me a. Ls + 2m )p- 


For some values of the particle mass, values m X w < w_ are 
permissible, i.e., not all kinematically possible energy values 
are realized in the region under consideration. For m Sw < w_, 
we should, in such a case, substract from (6’) a similar term, 
substituting 


Sim 2 —2Po Vo? — m? + mi, + m+ u2 + 2my@y— 20 (my + Wp). 

jThus, e.g., the mean values of the energy T according to 
the theoretical and experimental spectrum for prongless and 
one-prong stars are equal to 1.45 and 1.60 Bev respectively. 
T taken from the phase curve equals 1.15 Bev. 
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FIG. 6. Momentum spectrum in the l.s. of hyperons for: 
S—scalar, P— pseudoscalar; ®— phase volume curve. 


and corresponds to the region in which the square 
of the energy s varies in the range 4uj. aS GC) S440) 
my (the kinetic energy of K° and K® mesons in 
their c.m.s. Te ms. S 0.5 Bev). It is evident 
that we can disregard the assumption fl Near |x 
d2ann = const., in which case the estimate ob- 
tained will signify some value averaged over the 
energy interval in the annihilation channel To m 5. 
S% 0.5 Bev. 

We can consider the process of hyperon produc- 
tion (2’) ina similar way. In this case, the polar 
contribution (Fig. 5) is given by the cross section 
for the process (4) 


oc (s!) = Gls’) || Az] 162 |d2g., (8) 
equal to half the sum of the cross section for the 
elastic scattering and charge exchange (s’ is the 
square of the total energyin the c.m.s. for the same 
process). For simplicity, we shall again assume 
that f| A? |dQg¢ = const. and, depending on the 
parities in the polar diagrams of the vertices NYK, 
we shall consider three possible variants: 1) NAK 
and N2K are scalar, 2) NAK and NZK are pseu- 
doscalar, and 3) NAK and N&K have different 
parities. 

Figure 6 shows the momentum spectra of hy- 
perons in the l.s. for variants 1 and 2, and also 
the spectrum corresponding to the curve of the 
phase space (6’). The curve for variant 3 has a 
form intermediate between that of 1 and 2 varying 
with the ratio of the constant a yf gy. For the 
scalar variant, the theoretical spectrum is in 
agreement with the experimental one. The vari- 
ants 2 and 3 give harder spectra. This shows that, 
fora pseudoscalar interaction, the nonpolar diagram 
should contribute more at least for p2 my 
(|t| 2 m? ), since, without this contribution, it 
is impossible to explain the fast decrease of the 
spectrum in the range p & 0.7 Bev. For the same 
reason, we shall compare the integral cross sec- 
tions over the range p < 0.7 Bev, which encom- 
passes about half of the hyperons (~ 0.25 mb). 
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This leads to the following values of the mmKK 
four-branch vertex in the scattering channel for 
the different variants: 


1) \ | Asian / 16x PdaQ., (4 = 1.77 [gs (S) 4 ee (S)I; 


2) (| Avxx / 16x 


2 dQ. / 4 =~ 30 / [gq (P) + gh (P)I, 
8) \| AS. xx / 160 2 dQe. / 40 1.7/Lg# (S) +2? (P)/17] 


and corresponds to the range of variation of the 
square of the energy (_ + wu)? Se = 1.5 my 
(kinetic energy in the c.m.s. 1 Fea & 0.5 Bev). 
For variants 1 and 2, only the top limits of the 
interaction constants are at present established:!4 


&, (8) = 3 (S) =< 0.6, BAP es (Pe 10) 


which leads to the cross section averaged over 
the interval To m5, < 0.5 Bev 


o:. > 30 mb (variants 1 and 2). (10) 


For the variant 3, even softer top limits are ob- 
tained, which leads to a cross section 


Se 


6.0 mb (variant 3): (11) 


The results (10) and (11) are in agreement with 
the estimate of the cross section of 7K scattering 
for To.m.s. © 9 obtained earlier in an analogous 
manner.!§ If, however, the constants of the NYK 
interaction are several times less than the limit- 
ing values used by us, then the amplitudes (9) 
would lead to rather high values for the cross sec- 
tion for 7K scattering. 

In conclusion, we shall briefly discuss the pos- 
sible contributions from nonpolar diagrams neg- 
lected in the above approximation. The pole spec- 
tra for the reaction (1’) (see Fig. 2) and for the 
scalar variant of reaction (2’) (see Fig. 6) are in 
agreement with experimental data, and yet differ 
significantly from the phase curve (6’) because of 
an additional dependence of the polar amplitude on 
the transferred momentum t. Similarly, there is 
no reason to assume large contributions from non- 
polar amplitudes, since otherwise the nonpolar am- 
plitudes should, in the physical range, have the 
same dependence on t as the polar amplitudes. 

It is interesting to note that an analogous situation 
also occurs in a number of other experiments at 
high energies reported at the 10th Conference on 
High-Energy Particle Physics, Rochester, 1960. 
However, it should be mentioned that the range 
tz —my /2 corresponding to the mean part of 
experimentally measured baryon spectra is far 
from the poles t =? for (1’) and t =n} for (2’), 
so that the polar amplitudes are in this case al- 
ready not large and do not depend strongly on t. 
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In contrast to the cases studied, it is necessary 
to assume a contribution from nonpolar diagrams 
for pseudoscalar variants of reaction (2’) in order 
that the sum of polar and nonpolar contributions 
should have a sufficiently strong variation for t 
im —my and give a decreasing experimental spec- 
trum in the interval —m{/2 % t > —m\. To this 
end, it turns out to be necessary to introduce two 
constant amplitudes independent of t (nonpolar 
amplitudes for two possible spin invariants ys; 
and ysp)). We can assume that nonpolar ampli- 
tudes are not much greater than the polar ones. 

In such a case, the values obtained for the cross 
section of 7K scattering may vary by several 
times. 

In conclusion, we express our gratitude to 
Academician A. I. Alikhanov for helpful advice, 
to Academician V. I. Veksler who made it possible 
to carry out the experiments, to I. Ya. Pomeran- 
chuk for discussion of the results, and to Yu. S. 
Krestnikov, V. P. Rumyantseva, N. S. Khropov, 
and Yu. I. Makarov for help in the experiment. 
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On the assumption of a resonance 1-7 interaction the energy spectra are calculated for the 
m™ mesons and nucleons produced in inelastic N-N collisions at energy E=9 Bev. The re- 
sults of the calculations are compared with experiment. 


Recent LY there have been frequent discussions 
in the literature of the effect of a possible reso- 
nance m-7 interaction on calculations made with 
the statistical theory of the multiple production of 
particles.‘~® In several papers it was shown? ®? 
that for the case of 7-N and N-N collisions inclu- 
sion of this interaction within the framework of the 
Fermi theory makes the agreement between the 
calculated and experimental multiplicity distribu- 
tions of the stars poorer. On the other hand, Rus’- 
kin? and Lebedev and Petrun’kin® have been able 
by including the resonance 7-7 interaction to get 
better agreement with experiment in the case of 
the theoretical momentum distributions of the 
particles produced in 7-p collisions at energies 
E=1.0 Bev and E= 1.4 Bev. Statistical calcula- 
tions must be viewed with caution, however, at 
energies of the order of 1 Bev, at which there is 
still very small production of secondary particles. 
In fact, a more exact analysis® has shown that in- 
clusion of the resonance 1-7 interaction does not 
explain the experiments as well as Rus’kin? be- 
lieved it did; agreement with experiment can also 
be obtained without including the 7-7 interaction, 
if one carries out all of the statistical calculations 
in a more correct way. 

Since the influence of the resonance interaction 
of the 7 mesons increases with increasing energy, 
we have calculated the momentum spectra of the 
secondary 7 mesons and protons for p-p collisions 
at E=9 Bev. The results of the calculations are 
shown’in Figs. 1 and 2. In these calculations it 
was assumed that the spin and isotopic spin of the 
m-meson isobar are equal to unity, and that its 
mass p* is four times the mass of the 7 meson. 
All of the other assumptions and the method of 
calculation are the same as in reference 3. The 
experimental data shown in Figs. 1 and 2 are 


FIG. 1. Momentum distributions of 7 mesons in the center-of - 
mass system. The solid curve is that calculated without inclu- 
sion of the 7-7 interaction; the dashed curve is obtained with 
this interaction included. The dashed histogram shows the ex- 
perimental data. Values of the momentum p are shown in units 
fic, where pz is the mass of the 7 meson. 


taken from references 9 and 10. The totals of the 
experimental data for protons are shown in Fig. 2.* 

As can be seen, in both cases the momentum 
distributions in the theory without the m-7 inter- 
action and in the theory with this interaction are 
nearly the same; but in agreement with the previ- 
ous papers’’® inclusion of the resonance interaction 
between the 7 mesons does not on the whole im- 
prove the agreement between theory and experi- 
ment (cf. reference 11). 


*In references 9 and 10, 28 7-meson tracks and 106 proton 
tracks were analyzed. Figures 1 and 2 show the mean statistical 
etrors. In this connection the total number of protons was taken 
as 164, since in reference 10 there were 40 protons added owing 
to various corrections. 
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FIG. 2. Momentum distributions of protons in the c.m.s. 
The notations are the same as in Fig, 1. 


This can also be seen from the data in the table, 
which shows the theoretical and experimental val- 
ues of the mean momenta of the particles in the 
center-of-mass system (c. m. s.). In the theory 
with the 1-7 interaction included the mean number 
of particles produced in one act is approximately 
20 percent larger than the experimental value. 

On the other hand, it has been shown by Eberle 
and by Zastavenko! that without inclusion of the 
m-m interaction it is hard to explain the experi- 
mental data on annihilation. Later this result was 
confirmed by more exact calculations.‘?"»8 

Thus within the framework of the Fermi statis- 
tical theory there are difficulties with a consistent 
treatment of the resonance 1-7 interaction. 

The question arises again about the resonance 
interaction of 7 mesons in a theory which takes 
peripheral collisions into account (cf. e.g., refer- 
ences 11 and 12). The difference between the 
multiplicities and momentum spectra of the parti- 
cles produced in central and peripheral collisions, 
and the as yet unknown cross sections with which 
these two types of collisions occur in the experi- 
ment, allow us at present to include the 7-7 inter- 
action without contradiction with experiment. 

More detailed experimental data and numerical 
computations are needed, however, to give final 
conclusions on these questions. 


op Eberle, Nuovo cimento 8, 610 (1958). L. G. 
Zastavenko, Theoretical Physics Report, Joint 
Institute for Nuclear Research, 1958. 
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Mean Momenta p (in Bev/c) of 
Particles in the c.m.S. 
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Type of Calculation 7@ mesons| Protons 


Without 7-7 Ono Ono 
interaction 

With 7-77 0.42 (O} wal 
interaction included 
Experimental values* OF Ae) tm eee ORS 


*The mean dispersion stated isp = 
([X Na(en-)/E Nn]. 
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Certain one-dimensional plasma configurations with effective dimensions of the order of the 


Larmor radius are analyzed. 
INTRODUCTION 


‘sees are many plasma systems of practical 
interest whose properties cannot be described 
within the fremework of magnetohydrodynamics. 
Typical examples are systems with acute-angle 
geometries and adiabatic traps with ion injection 
(Ogra, Astron). Problems involved in systems 
of this kind were first considered by Ferraro! in 
connection with the interaction of solar corpuscu- 
lar streams with the magnetic field of the earth. 
Later, kinetic analyses of certain particular equi- 
librium configurations were carried out by a num- 
ber of authors.2~> In the present work we develop 
a general approach to the problem and consider 
several concrete systems. 

As is well known, magnetohydrodynamics ap- 
plies when the Larmor radii of both electrons and 
ions are small compared with the scale of the field 
inhomogeneities. We, however, shall be interested 
in systems with dimensions of the order of the ef- 
fective Larmor radius for electrons or ions. Here 
we can consider two limiting cases: in one there 
is a transition region of the order of the Larmor 
radius between the plasma (with no magnetic 
field) and the magnetic field; in the other, the 
entire region occupied by the plasma is character- 
ized by dimensions of the order of the Larmor ra- 
dius (Ogra, Astron). 

In the present work we limit ourselves to one- 
dimensional problems (all quantities depend on 
one coordinate only ). 


1. GENERAL RELATIONS 


We first consider the case in which all quanti- 
ties depend only on the single Cartesian coordi- 
nate x. If collisions are neglected, the equilib- 
rium plasma configuration is described by the 
Vlasov equations: 


Of, (2 
Ox Bx m 


*[vH] = v x H. 


of 


(E+ IvHl] )5* =0, (1a)* 


Of; é 1 Of; 


div E = 4ne \ (fi =F) dv, 
p= Vo) 


rot H = \v (Ff: — f) dv, 
Hi rot At (1b) * 
When the magnetic field does not have a longi- 


tudinal component Hy, the equations for the char- 
acteristics of (la) 


mv,dv/dx = —e(E +c [vH]), 
Mo, dv/dx = e (E +c [vH]) (2) 
have the six integrals 
0; 0, + 0; — 2eO/m = Cy, 
Gee ne ci) OG) a (One. 
U2 eA Me = Co. (3) 


0, — @A,ime = Cy, 
vz — eA,/mc=C,z», 
vy +eA,/Mc = Cy, 
However, if H, ~ 0, the system in (2) has only 
four integrals. We shall limit ourselves to the 
case in which Hy, = 0. 


Knowing the complete set of integrals (3) we 
can write the general solution of the system (1a): 


fe = fe (v? — 2eP/m, v, -— eA,/mc, v, — eAz/me), 
fi = fe (0? + 2eO/M, vy, + eA,/Mc, v, +eA,/Mc). (4) 


Substituting Eq. (4) in Eq. (1b) we have 


a ane \ (i (v, A, ®) — f.(v, A, ®)) dv, 
fA _ _€8\ v(j,(v, A, 0) — fv, A, ®) dv.) 


If f; and fg are given as functions of Ch Cy, and 
C,, then (5) determines the dependence of @ and 
A on x. This system of equation has one first in- 
tegral, which expresses the conservation of mo- 
mentum: 


— i: (Mf, + mf,) dv. (6) 


The functions five cars Cy, C,) are arbitrary 
functions of their arguments. In actual calculation 
they must be chosen on the basis of various phys- 


*rot = curl. 
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ical considerations, for example, stability consid- 
erations. In what follows we limit ourselves to 
configurations which may be called ‘‘single- 
Larmor’”’ systems. In such systems, in which, 
for example, all the ions cross some plane x = Xo, 
the electrons may also have this property (two- 
component systems) or may be characterized by 
a Boltzmann distribution (single-component sys- 
tems). A unique feature of such systems is the 
fact that assigning the distribution function for 
the ‘‘non-Boltzmann’’ particles in one plane x = Xo 
is sufficient to determine the distribution of par- 
ticles over the entire space. This situation is 
typical of a system in which injection is used. 
Assuming that the potentials @ and A vanish 
at X = Xp, we have 
Co = U, 


Cy = Voy Cz = Voz. (7) 


Whence we obtain the condition 
Co > Cy + C. (8) 


This condition determines the region of integration 
over dv in the right-hand side of the equations in 
(5). Substituting the expressions for ery Cy, and 
C, from Eq. (3) in Eq. (8), we obtain the following 
condition on the region of integration over velocity: 
v, +2e0/M > e?A?/M2c? + 2evA/Mc 
for the ions; a similar procedure holds for the 
electrons. 

If the system has axial symmetry, all quantities 
depend only on r, and in this case Hy = 0; hence 
the equations for the characteristics of the system 
(la) have a complete set of integrals 
GH DON it ea Ores 
vz — eA,/mc = Cz», 


(9)* 


r (Ug — eA,/me) = Cee, 
oF ae 2eD/ Mt == Ce, 


(Wr eAs Mc) = C.;, 0; --eAMe = Gz, (10) 
while (5) is replaced by 
1 d . d® 
Hat ge = tne | hay, 
a4 a Arte ( 
dr r ar TAs ry ee (ii ak ie) av, 
{dh a4, Ame (' : : 
r ar f dr ca oe \ Vz (Fe cv ie) dv. (11) 


The solution of (5) and (11) can be simplified 
considerably if the plasma is assumed to be neu- 
tral. In this case, from the fact that nj =ng we 
obtain a relation between © and A and it is suf- 
ficient to consider the equation for A only. 


2. PLANE ONE-COMPONENT SYSTEMS 


As we have noted above, by one-component sys- 
tems we mean systems in which the current is due 


*vyA=v-A. 
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to only one kind of particle; the second serves sim- 
ply for charge compensation and is characterized 
by a Boltzmann distribution n = ny exp (- Ze®/T). 
We shall see below that in general the mean en- 
ergy of the ‘‘Boltzmann’’ particles must be much 
smaller than the energy of the ‘‘current-carrying”’ 
particles if the effect of the electric field on the 
motion of the latter is to be neglected. 
A. Consider a monoenergetic ion beam nor- 
mally incident on a magnetic field. Suppose that 
at x = — all the ions have the came velocity vo, 
which is in the x direction (Fig. 1), while there 
are no magnetic or electric fields (6 =0, A=0). 
At x =+* the magnetic field is uniform along 
the axis and given by Hp, while the electric field, 
and the ion and electron densities all vanish. 
Substituting in Eq. (5) the ion distribution 
function 


fr = Quond(v® + 2e/M — v2) (vy + eA/Mo) 6 (v2), (12) 


we obtain equations for the potentials 


@A 4men, eA | 2eD ( eA ‘i 1 Ae 
De aL Sa ne _2 ? 
dx Cc Mc [ Mo?, Mc oe 
aD 2eD eA N40 Vale 
— = — Anen, J ( ) eo/Tt 
dx erty {| Moz,  \Me/ 22, parte (13) 


Here, np is the particle number density at x = —~. 
A= Ay, Az = 0, and T is the electron tempera- 
ture in energy units. 

Suppose that at the point x = 0 the quantity in 
the radical in Eq. (13) vanishes. This is then the 
turning point for the ions. Consequently, the sys- 
tem in (13) applies for x < 0; at x > 0, 


@O/dx? = A4nen et’, Aldi |), 


(14) 


From Eqs. (13) and (14) and the boundary condi- 
tions we see that the qualitative behavior of the 
potentials A and 6 is that shown in Fig. 2. 

In the region x > 0 Eq. (14) can be integrated 
with the boundary conditions given above, and we 
have 


Ae Ay Tle, ¥ =D, (e—e@/2T eee e—eDy/2T) , (15) 
Here, Ay and 9 are the values of the potentials 
at x = 0 while De = VT/4me’n_ is the electron 
Debye radius. Thus, the effective thickness of 


electron sheath protruding into the region x > 0 
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is of the order of the Debye radius, as is to be 
expected. 

In the region x < 0 the fields are described by 
(13); it is convenient to write these equations in 
the dimensionless form 


Chae a 
ag v= ay — a? ; 
dp Mc? | it \ 
de: = = ———— ev ] (16) 
es 1 Vi—ap—a@ 
Here, ‘ 
Uy = any a = eA/ Mcv,,, B= Dee 
eZ Tati) Dy, = 0) wy: os; = 4ne2n,/ M. 


If Mc?/T > 1, that is, if the electron energy is 
much less than the ion energy, the plasma can be 
considered neutral everywhere except in the re- 
gion of the ion turning point, whose width must be 
of the order of the electron Debye radius. From 
the neutrality condition we obtain an equation which 
relates w and A: 


Sal oa: (17) 


If a <1, as we have assumed at the beginning, 
the equations for the potentials assume the form 


Palde? = a/ V1 — a, Co 
p= — i In (1 =a’). (18b) 

Equation (18a) has the integral 
~ (da/d&)* = const — V1 — a. (19) 


For the boundary conditions a|x—--«. — 0, 
a|x—~-«o —0 the constant of integration is found 
to be unity. Integrating Eq. (19) again with this 
condition, we have 


eit | tg+ | tg - +2 (cos Xd a 06s +): 


Sil G¢ == Ch, 
(20)* 
A similar relation has been obtained earlier by 
Ferraro! but in contrast with his work, in which a 
two-component plasma is considered, in our case 
the transition sheath is of the order of the ion 
Larmor radius rather than the electron Larmor 
radius. 
B. We next consider the plasma system shown 
in Fig. 3, which might be called a single-Larmor 
sheath. As before, we assume that all ions have 
the same velocity and that this velocity is along 
the x axis at x = 0. We assume that the electrons, 
which compensate the charge, are cold. 
This plasma system is described by (18) but the 


integral (19) now assumes the form 


Ge ee? (ae Vl 0). (21) 


Here, 


*tg = tan. 
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while H, is the strength of the magnetic field at 
x=0. 

Integrating Eq. (21) we obtain the variation of the 
field: 
E = — 4k [E (k) —E (k, 0/2 —y)] 


a? (1 EO) IK (kl) — Fe, Dy) (22) 


where k* = 4/(4+h?), a=sin xy and E(k), E(k,9), 
K(k) and F(k,qg) are elliptic integrals. The case 
k = 1 has been considered above. The case k — 0, 
corresponding to h; — ~, can be easily computed 
by expanding (21) in powers of hj?: 
hater fet) == | eee | 
C. We now consider the boundary between the 
plasma and the field in the case in which the ions 
at x =—© are characterized by a Maxwellian dis- 
tribution in the presence of cold electrons that 


compensate the space charge (Fig. 1). The ion 
distribution function is assumed to be* 


(23) 


f = ny (nce) * exp (— v?/c?}. (24) 


Here, no is the particle number density at x — —© 
while cry is the thermal velocity. Substituting Eq. 
(24) in Eq. (5) and introducing the dimensionless 
variables 


a = eA/Mccr, Ne = Og OR 


Ny = V,y/ Cr, £2 = x?4e*no/ Mcz, 


after integration over vz we obtain 


da ; 2 2 
ae i My exp {— (Ne + Ny)} ANedny- 


(25) 

The region of integration G is determined by 
(9) which, in our case, assumes the dimensionless 
form (cf. Fig. 4) 


(26) 


n> a + 20a. 

Integrating the right-hand side of Eq. (25) over 
Ny we have _ 

ge! \ exp (— a® (1. + £)?/4) dé. 


« 


0 


(27) 


*In assuming that the electrons are cold, as a first approxi- 


mation we assume that the electric field vanishes completely. 
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Whence, using the boundary condition a = 0, a= 0 
at x ~ —”, we have 


S) \= f=27 ale Bae / 4} dé. 


28 
Cap 28) 


Pr 
Integrating once again, we find the explicit func 
tional dependence a=a(&): 


a= = (arf 41 


{exp (— 8 (1 + 8)*/4) 


eae a ey| (29) 

The expression in the right-hand side of Eq. (29) 
is a universal function for a. In choosing the con- 
stant of integration in Eq. (29) we take account of 
the fact that at small values of- a the field in- 
creases with coordinate according to a power rela- 
tion and the point at which the field appears is taken 
to be the origin. Calculating Eq. (29) for small 
values of &, we have 


a == 0.0028 &* (30) 
whereas for large values of & 
a~tV n/2. (31) 


A curve of Eq. (29) is shown in Fig. 5. 


i ai 


| | 


= a 


8. MOTION IN AN AXIALLY SYMMETRIC FIELD 


A. Suppose that a plasma cylinder is formed by 
monochromatic ions (v = vj) and cold electrons 
characterized by a Maxwellian distribution (Te 
< Mv} /2). Suppose further that Ho = Hy = 0, 

H, ~ 0 and that all quantities depend only on r. 
If, in addition, we assume that vj, = 0, the ion 
trajectories in this system will be of the form 
shown in Fig. 6a or Fig. 6b, depending on whether 
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the Larmor radius is greater than or less than 
the radius of the cylinder. 
For the assumptions made above Eq. (11) 


becomes . 
ade dee 4Q / P ae) 08 ae 

( a cr ce Mc /\¥0 Wr 
/ 


dr 
aia (32) 


Here, Q is the radial particle flux while P is the 
generalized momentum: 
P =r (Mv, +eA,/c) = const. 


Sie bP 


Q = enrv, = const, 


(33) 
Introducing the dimensionless quantities 
a = eA,/Mcvo, p= P/Mo,, (34) 
we obtain the following equation for a 
d iidra 4meQ pilr—a 
dr f r dr = Mote? ap eae (35) 


The magnetic field inside the cylindrical tube 
with inner radius r, and outer radius r, is deter- 
mined by Eq. (35), where r, and r, are roots of 
the expression in the radical in Eq. (35). The field 
outside r, and inside r; is uniform. For a known 
value of a, the constant Q can be expressed in 
terms of the number of particles over the cross 
section of the cylinder N: 

Nf = | n2nrdr. 
Using Eq. (33) we have 


ze ap 
a ce 


1 


N= 


(36) 


If the ion current is small, Eq. (35) can be 
solved by successive approximations. In the 
zeroth approximation the field is uniform and 
Ag = Hor/2. In this case the quantity Q is given 
approximately by 


Q = eH N / 20?Mc. (37) 


Substituting the zeroth approximation for A,, in 
the right-hand side of Eq. (35) and integrating, tak- 
ing account of Eq. (37) we obtain an expression for 
the magnetic field H: 


Mas Hy {1— 2e?N 


mMc? 
hy ST fe. 
For the case shown in Fig. 6a we must take 
r,; > 0 in Eq. (838) whereas for the case shown in 


AUS era a 


arc Cos 
aye | 


(38) 
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Fig. 6b, in place of ry we must substitute —rj. 
When rji,.— @~ Kq. (38) becomes Eq. (23). Curves 
of the function in (38) for r; >0, ry; <0 and r, =0 
are shown in Fig. 7. Attention is merited by the 
peculiar variation of the function H (r, rj, Yo) as 
r, goes through zero. 

A similar result has been obtained by Tonks?® 
by numerical integration of Eq. (35). This author 
has considered both dilute and dense plasmas. 
Later, Tonks® generalized these results to the 
case inwhich there is a spread of the momentum P. 

Equation (38) shows that the small parameter 
used above in the method of successive approxi- 
mations is the so-called ‘‘linear proton’’ II 
=e*N/Mc?. It is not difficult to obtain terms in 
the expansion proportional to II* and higher in 
Eq. (38). 

We now consider the motion of particles in the 
cylindrical column. The equation of motion is 


do/dr = ve/ ro,. 


On the other hand, the field equation (dH/dr 
= 47j,,/c) can be put in the following form 
[using (33)]: 


dH/dr = — (4m Qc) (v9! ro;). 
It follows that 


H = — (40 Q/c) @ =—-const. (39) 


Taking account of Eq. (39) and the curves, we see 
that when r; >0 (Fig. 6a), in the first approxima- 
tion particles do not go around the axis of the sys- 
tem, whereas when r,; < 0 (Fig. 6b) they do. 

B. If the plasma is very dilute and the magnetic 
field is very strong, the preceding calculations can 
be applied to a cloud of fast particles in the ab- 
sence of compensating electrons. In accordance 
with Eq. (33), the density distribution is related 
to the vector potential by the expression 


r= ZAP (ea) 


eUg9 ifs 


(40) 


Assuming as the zeroth approximation that the mag- 
netic field is uniform, a = ar, we write the equation 


div E = 47en in the form 


ee (tae 
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Integrating, and substituting the values of Q and p 
and qa in terms of r; and rz, we obtain the final 
formula for the electric field distribution inside 
the annular region: 


ae — ATC COS a (42) 

The field inside the ring r < r; vanishes while 
the field outside the cylinder is E; = 2eN/r. In 
the case r;, = 0 the electric field distribution is 
given by the expression 


p= 4eN arcsin(r / ro) 
oe Irs te ie) 


(43) 
and is shown in Fig. 8. 


4, TWO-COMPONENT SYSTEMS 


As an example of a two-component system we 
consider normal incidence of monochromatic 
fluxes of ions and electrons on a magnetic field. 
In general, the ion and electron velocities will be 
different at infinity, being designated by voj and 
Voe respectively.* After substitution of the dis- 
tribution functions 


f= Quyngd (v? + 2e@/M — vj) 6(vy-+ eA / Mc) 8(v-), 

fe = 2petlpd (v° — 2eD/m — vj.) d(vy— eA/mc) (v,) (44) 
Equation (5) assumes the following form in the re- 
gion of common motion: 


not bo 


dp / de? = (c?/ ve) [(1 + p—a’y * — (1— 8 —péa")"), 
@a/de?=al(1 +p — a?)—2 + Vp 6( 1 — Op — 28a?) ”). 
(45) 
Here 
CAlmipeC = a, 2eD/mv2, =p, &7 = x*4ne?ng/ me’, 
== ref, Gwin) Meare 


The ions and electrons have turning points at 


1+p—a?=0, |] —6y — 28a? = (46) 


If w@ < 1, the electrons come to rest first, while 
if »@ >1, the ions come to rest first. 

If the plasma is nonrelativistic, then C/ Vie 
and in solving (47) we may assume neutrality,t that 


*The case Voi = Voe has been considered by Ferraro." 

fIn general, this procedure is valid only for pressures of 
approximately H*/87; it may not hold if the pressures are 
much smaller than H?/87. 
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is to Say, nj =Ng. Then the first equation in (45) 
gives-a relation between ~ and a: 

yp = (1 — 6) a/(1 + 9). (47) 
Substituting this value of ~ in the second equation 
of (45) we have 


a t= ai, (48) 


d’a | dé; 
where 
= 6 ey 43) 


Equation (48) is identical with Eq. (18). In par- 
ticular, this leads to the result that the thickness 
of the transition sheath is 


6 ~ (mc/4ne*n,) [1 + V pl? 


a=al(l +p)0/(1 + 9))", 


The quantity 6 is of the order of electron Larmor 
radius in the field Hy computed for the mean en- 
ergy of the ions and electrons. 

Similar conclusions can be obtained for a 
sheath of the type considered in Sec. 2C. Here, 
when neutrality obtains the thickness of the sheath 
is of the order of the electron Larmor radius. 


aide Leto iy On al, 


With a Maxwellian distribution the boundary be- 
tween the plasma and the field, as before, will be 
of the order of the electron Larmor radius, but 
the actual pattern of the transition sheath cannot 
be expressed in simple analytic form. 
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A number of general problems in relativistic gas dynamics of charged particles in external 
fields and self-consistent fields are considered. An analog is found for potential motion, and 
the theorem for conservation of magnetic flux along a fluid contour is generalized. The one- 
dimensional problem of relativistic breakup of a charged layer in external fields is solved. 


1. INTRODUCTION 


‘Tae relativistic motion of a conducting gas is 
characterized by a number of features, which can 
lead to effects that are qualitatively different from 
those found for nonrelativistic motion. For example, 
Veksler! has shown that when an ionized gas mass 
collides with a concentration of magnetic force 
lines the ions transfer an appreciable part of 
their energy to the electrons; the electrons then 
become relativistic, even if the initial gas veloci- 
ties are nonrelativistic. At relativistic gas veloci- 
ties this limiting-current effect becomes still more 
important. It leads to a situation such that even for 
negligibly small collision frequencies ver¢ between 
the electrons and ions (i.e., high conductivity), in 
the reference system attached to a given gas ele- 
ment E+vxH does not vanish and is determined 
by the inertia force which, in the ultra-relativistic 
limit, can be large because of the relativistic mass 
increase. The magnetic field flux through the fluid 
contour is therefore not conserved and the ‘‘freez- 
ing’’ of the magnetic lines of force is disturbed. 

Thus, one of the peculiarities of relativistic mo- 
tion of a conducting gas mass is that the magnetic 
lines of force may not be frozen. As a result, the 
description of this motion by equations which con- 
tain the two vectors v and H, the hydrodynamic 
velocity and the magnetic field (relativistic mag- 
netogasdynamics), is no longer possible. The re- 
mark pertains especially to transient processes 
in which the inertia force in the accompanying ref- 
erence ‘system may be large. 

In order to investigate the relativistic motion 
of a conducting gas it is convenient to consider 
relativistic two-component gas dynamics in elec- 
tromagnetic fields. By virtue of what has been 
indicated above, interest attaches in the relativ- 
istic case only to the situation in which the friction 
of one component against the other is negligibly 


small compared with the effect of the interaction 
with the self-consistent field. For this reason, 

we can consider the equations separately for each 
of the components in the electromagnetic fields, 
including in the latter external fields and the fields 
produced by all the gas components. 

The relativistic gas dynamics of a neutral gas 
have been considered by Khalatnikov.* In Sec. 1 
of the present work we extend the corresponding 
results of Khalatnikov to include self-consistent 
fields and external electromagnetic fields. In spite 
of the fact that the magnetic lines of force may not 
be frozen for relativistic motion of an electron-ion 
plasma, it is found that in those cases for which 
the ion current is small it is possible to extend 
the theorem of conservation of magnetic flux 
along a fluid contour. 

In problems which are of interest in accelerator 
technology, for example the case of a charged elec- 
tron gas, either the inertia term in the equations of 
motion is considerably greater than the term that 
contains the pressure derivatives, or else the ex- 
ternal fields have an important effect on the motion. 
In both cases the characteristic dimensions and the 
time intervals, which determine the possibility of 
applying the hydrodynamic analysis, are, to a large 
extent, determined by the initial and boundary con- 
ditions, and by the variations in the external field. 

In the present work we consider one-dimensional 
relativistic breakup of a charged gas layer in vac- 
uum when the inertia term is the principal one. We 
also consider relativistic collisions between a 
charged layer and constant external fields. The 
electric fields produced by breakup of a quasineu- 
tral plasma layer in a vacuum are also analyzed. 


2. SOME GENERAL PROBLEMS 


By virtue of the above considerations, the equa- 
tion of relativistic motion for a gas of charged par- 
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ticles in an electromagnetic field can be written in 
the form of an equation for each component s:3 
) (s) 

a pP Ons 


+(s) 


; 7n(s) (s), iS), (S 
On lox, = (Pine Sie Ts == Oh Pin thls, 


ni / V1 gk » (1) 


where a? is the 4-velocity of the gas, p‘®) is the 
eee of the gas, w‘S) = «(S) + p(S) is the heat 
function per unit proper volume, e{S) ig the inter- 
nal energy per unit proper volume, ie = ef )n(S)ufS) 
is the current produced by particles of a given type, 
n‘S) is the proper density of particles of this type, 
v‘S) is the three-dimensional velocity (the veloc- 
ity of light is equal to unity). In addition, each 
component obeys a continuity equation 


@_ ni) y's) 0. 
Ox, 


(s) 
"ab 


We determine the motion and the fields, by using 
in addition to Eq. (1) the Maxwell equations 


ancl bm vie 


eZ ie 
where j6 is the current that produces the external 
fields. Multiplying (1) scalarly by See and taking 
account of the equations of continuity, the condition 
Me ay iS) = 0, and ufS)u(S) = -1, we find by virtue 
of the thermodynamic law that entropy is conserved 
along the phase trajectories. 

If at any instant of time (or on some hypersur- 
face of the 4-dimensional manifold x,) the entropy 
is the same at all points, then the motion is isen- 
tropic. In what follows we confine ourselves to 
isentropic motion so that Eq. (1) can be written in 


OF Ox, (2) 


simple form (WS) = w'S)/n(S) ) 
F (s) 7 
ioe Wg ae ae Se eth (3) 
x 


; ‘th ) 


We find an analog for the condition for potential 
motion for a gas of charged particles in an electro- 
magnetic field. As shown by Khalatnikov,? the rel- 
ativistic analog of this condition for a neutral gas 
is Wu, = Bp/ OX. It is simple to generalize this 
result to the case in which electromagnetic fields 
are present. Introducing the 4-potential of the 
electrodynamic field Ay, we see that Eq. (3) has 
a solution of the following form: 


(SECS)! 
uy = 


W — eA, + dp) / Ax, (4) 


which is the required generalization. The fourth 
relation in (4) is an analog of the Bernoulli equa- 
tion. 

We show further that (4) is always satisfied for 
the one-dimensional nonstationary case. For one- 
dimensional motion all quantities depend on x, and 
X,4, and Eq. (3) can be written in the form 


VeeNe Tonge OneCall 


2 ow) ate sey, 2G) aA Ane 
laa Lie s Wu, +Wrur ae Cll ( aa = = |} 
. (5) 
Since u, ~ 0, it follows from Eq. (5) that 
Oris Ook ee 
on (Wag eA) an (Wu, + eA), (6) 


and this proves that the motion is potential. 

We now consider the case of one-dimensional 
motion in the presence of a current perpendicular 
to the direction of motion. We assume that the 
charged fluid being considered is an electron fluid 
with charge partially or completely compensated 
by the ion component, whose contribution to the 
current density can be neglected. As before, we 
assume that all quantities depend only on x, and 
x, but u; = 0 and A; = 0. Then, the projection of 


Eq. (3) on the x3 axis gives Xg = —ix,, ul) 
= yee) fe)= yle)2 _ yiej2 ye 1/2 
Vey as (1 
we Wy +0 pi é (Eg G7 Hs). 00 


It follows from Eq. (7) that the inertia force, 
which may be large at relativistic velocities, dis- 
turbs the freezing even if the electrical conductiv- 
ity is infinite, E; = —VvH,. Instead of finding the 
relation between H, and E3, which follows from 
Eq. (7), it is convenient to find the condition im- 
posed on the potential. We write Eq. (7) in the 
form 


rope 


f ta 5 ) (We us? + eAs) = ae -@As) = 0. 
(8) 

Hence it follows that the quantity p3 = w'©) ye) 

+ eA3 is conserved along the trajectory. This re- 

sult is valid not only for one-dimensional motion. 

To satisfy Eq. (8) it is sufficient that all quanti- 

ties be independent of x3 (cyclical coordinate ). 

If the inertia term W‘©)uf©) can be neglected 
the conservation relation (8) reduces to the con- 
servation of flux through the fluid contour (A; ~ 6). 
If ps is the same for all points at the initial time, 
then it remains so at all subsequent times. It can 
be shown that this one-dimensional nonstationary 
motion is always potential motion. The first equa- 
tion in i can n be written in the form 


a 
(44 Ox “ ( 


du'®) 
re) (2), he ai 7 (e) (e) 1 
0x W my Oxy 


= eus” (0A, / 0x, — - | OX it~, OA gyLO Kgs (9) 


We use the identity uf©)? + ule)? + uf©)? = —1 and 


the relation 


ed A, / Oe, — 


us OW? | Oxg= = Wau ory 


which follows from the condition 


Wie? 


+ eA, = const. 
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Equation (9) is then reduced to the form 


fe) = fs) (ey. Ue 
Bx, (WPUa? + es) = = (WOU + eA), (10) 
which shows that the motion is potential. 

Finally, we consider 3-dimensional motion and 
obtain a generalization of the Thomson theorem 
for the conservation of circulation of velocity. We 


use the notation Be = WS)ylS) + eA,, and for the 


4-curl of this quantity Puy = api?) /axy _- apy)/ axis. 


We now find the substantive derivative of ne with 
respect to proper time 
r aus) dus) 


ea eS) x (s) a 
is P. ; 
Pay = Pra Ox, 


(11) 


ds 


In deriving the last relation we have used Eq. (3), 
uS$)au‘$)/ax,, = 0, and the Maxwell equations 


OF yl OXe = OF oy / 0%. + Ota Ohne 30) 


It is apparent that in the nonrelativistic limit 
Wm, uj © vj, u* si, Eq. (11) leads in the ab- 
sence of electromagnetic fields to a relation for 
the conservation of circulation of velocity along 
the fluid contour in differential form. 


3. SOME ONE-DIMENSIONAL PROBLEMS 


a) Relativistic breakup of a layer of charged 
particles in vacuum. The relativistic breakup of 
a layer of neutral gas in vacuum has been con- 
sidered by Landau‘ and Khalatnikov” in connection 
with the hydrodynamic theory for the multiple pro- 
duction of particles. In the decay of a cluster of 
charged particles of the same sign the collective 
effect of the total electric field produced by the 
particles may have a decisive effect on its decay. 

We consider the limiting case of a monatomic 
gas at nonrelativistic temperatures. By virtue of 
the proof given above, the one-dimensional mo- 
tions are always potential, 


Wu, —— —eA, + Og/dxy, Wu, = —eA, ain Og/dx4. 


Making use of gauge invariance, we can write 

y = 0 so that the field and the motion of the gas 
are described by the potentials A, and Ay = —iA, 
only. The electric field is expressed simply in 
terms of W and u=u, (u,= iv1+u2): 


Cs) 
Ox, 


(12) 


Vay ce - Wu- WV1i+u?. 


From the electric field equations we obtain the 
relation 
OE u OE 


0. 


Ox | Yi+ure 1 3 


Rather than seek u as a function of x; and Xp, we 
seek x, as a function of xp and u: x; = p(Xp,U). 


Taking d~/du #0 and y = (e/m) E(xXp,u), we 
transform Eqs. (12) and (13) to expressions in the 
variables xg and u: 


OV ON _ Ho G OY 
Oxnie dum One 
op Op u To op 
eahdeee == ff 
Oxo Ou Vituw © m du ’ (14) 
Gass ce iP 4] ele ye ( On _— On Od / as 
No SU \ Oke Ou Arp / du 
1 Vita (ap i dn 
a} n ( Ou Ou |" (15) 


Here we use W=m + 75 y(n ti) ee where To 
and ng are the initial temperature and density of 
the gas, m is the rest energy and the remaining 
terms are all of first order in T)/m. 

The density n must be inserted in (14) in the 


form 
a 1 Ox / Ou fe e 
es roVituw /ou’ bo Me (16) 
Since Ty) < m, the solution of (14) and (15) can 
be found in the form of an expansion in the param- 


eter T)/m; we keep only the first two terms: 
X% =%o +x%aT,/m, p= po +p 7,/m +... (17) 
The equations for the successive approximation are 
obtained easily from (15). The system for the 
zeroth approximation 
Oyo ey Oke 


Se le es ’ 


OXo 0 Ou 


is found to be linear (the linearity of the equa- 
tions is trivial for the higher approximation). 

The system (18) can be solved successively since 
the boundry or initial conditions for Xo can be given 
independently of physical considerations and apart 
from the constant e/m, yo coincides with the mag- 
nitude of the electric field. From the value of Xo 
we then find the solution for the second equation 

in (18). 

We present the results of analysis of the break- 
up of a charged layer of thickness 21. We assume 
that at the initial time x) = 0 the gas density is 
zero everywhere except for the layer —/ < x; <1, 
where it is constant and equal to the value ny. We 
assume that at the initial time the electric field 
inside the layer is a linear function of x;. With 
these assumptions we find 

tp = ul Nol oXo + (%o/t)( Ve +1—}), 
u=vy =v V1l—v, (19) 
where v is the hydrodynamic velocity. 

Taking ~ = x4, we obtain an implicit expression 
for the velocity v as a function of x, and x9. The 
solution in (19) applies when |~| <1 + (Tarp) 
(v1 + l@ngr¢x§ —1). The equality sign corresponds 
to motion of the layer boundary. The boundary of 
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the layer moves with uniform acceleration when 
Xy K 1/Inprp and inertially when xp > 1/Inprp. 

It follows from Eq. (19) that in the nonrelativ- 
istic limit (y=1+e, « <1) 


GS ere 2 ehakgl 2): . (20) 


The energy of the particles increases as the 
square of the distance from the center of the layer. 
At a fixed point it first increases with time and then 
decreases. This last situation is explained as fol- 
lows: at a given point, for large values of x) slow 
particles start to arrive from the center (these 
may not have high energies in the weak self-con- 
sistent fields at the center) whereas the fast par- 
ticles leave this point. The characteristic time in- 
terval for the growth of energy at a given point is 
¥2/noro. If Xo K 1/lnory and 2nprol? « 1 the maxi- 
mum energy of the particles at the layer of the 
boundary €max = v, nerex?1? < 1 is nonrelativistic. 
When nol? > 1 and 1 > xp) > 1/lnory the energy 
becomes relativistic. 

It is also easy to find the energy distribution in 
the ultrarelativistic case. The results are as fol- 
lows: the energy increases linearly with increas- 
ing x,. The distribution of particle density can be 
found from Eq. (16): 


{] “(Ee =e aia 1 


MN 


No 


eee 
wVl+tw (21) 


In order to determine the region of applicability 
of the results obtained above, using Eqs. (14) and 
(15) we find the next approximation in T)/m. The 
criterion is T)/m < ngrpl?. The method described 
here has also been used to solve the problem of breakup 
in vacuum with other density distributions, in par- 
ticular, a layered structure. 

The other limiting case, in which temperature 
effects are basically responsible for the expansion 
of the layer while the interaction with the self- 
consistent field is treated by perturbation methods 
(high temperatures), is of interest only in consid- 
erations of multiple production of particles and will 
be considered in a separate paper. 

b) Breakup of a neutral plasma layer in vacuum. 
The ions and electrons will be treated as two 
charged fluids which, at the initial time, have the 
same fixed density in a layer of thickness 21. The 
initial temperatures are assumed to be different. 
By virtue of the above, the motion of electron and 
ion fluids is potential motion: 


Wu? = —eA, + 0p / dx, Wu? = eA, + 09 / dx,, 


where the index e refers to electrons while the 
index i refers to ions. Carrying out a gauge trans- 
formation of the electromagnetic potentials Ay 
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= Aj, + dx/8x,, we can write x = y©) and y = g®) 
+ yf), Then the motion of the electron fluid is 
described by the electromagnetic field potentials, 
while the potential y characterizes the total mo- 
tion of the two fluids: 
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The electric fields produced in breakup tend to 
restore the disturbed neutrality of the plasma. We 
consider breakup while the disturbance of neutral- 
ity is still small. Here, as an approximation, we 
can assume the electron and ion velocities and 
densities to be the same. It then follows from 
Eq. (22) that 

(W BW va. = Og/ex,) 1.4, 
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where W) and W‘©) are the values of the heat 
functions at the same densities while Uy is the 
common velocity. Substitution in the continuity 
equations (for the electrons and ions) leads to 
the standard solutions in which, however, we have 
in place of the heat functions WY) + We). This 
leads to a change in the rate of decay of the layer 
because we must substitute here in place of the 
velocity of sound 
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When T‘©) > T@) we have Coe eNes 5T)/3m Qh), 
In other words, the initial stage of breakup is de- 
scribed by a rarefaction wave that moves over the 
layer with a velocity determined by the tempera- 
ture of the electrons and the mass of the ions. In 
later stages, after collision of the rarefaction 
waves, we also have the usual pattern with Cueead 
=51\>/em\ 

It is easy to find, in the next approximation, the 
electric fields and the differences in electron and 
ion density and velocity. For a simple wave we 


have 
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If we neglect the region in direct proximity to the 
edge of the flowing gas, x <5x9T,/m, neutraliza- 
tion starts when xj > 4m“)/9m(©)rony where rp 
= 4re’/m. In the stage described by the general 
solution, the electric fields decay more rapidly. 
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EXAMINATION OF SOME EQUILIBRIUM PLASMA CONFIGURATIONS 


Cc) Motion of a charged layer into a region with 


constant electric field. We assume that at the ini- 
tial time x) = 0 there is a decaying layer of thick- 
ness 21 which is breaking up with an initial rela- 
tivistic velocity ujn > 1 intoa region occupied by 
a constant electric field along the x axis, eEjn /m 
= Xin (X;). Neglecting temperature effects and 
making use of gauge invariance, we have 


du 0 4/>— 
Xt tin + ZVIFE, (26) 
Oe, u He iF 
Ox  VYi+u OO 0. (27) 


As above, we introduce X; = ¥(Xp,u) so that 
Eqs. (26) and (27) are transformed to 
fa) A z i] 
Se + (H+ Xq) SE — 0, no = = 

(28) 

In the problem being considered the solution of this 
system can be obtained in parametric form (the 
parameter t varies within the following limits: 
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t 
where x;,(t) is the initial distribution of the proper 
electric field inside the layer. For an initial den- 


sity ng constant along the layer, we have xjp = noF ot. 


For an external field which increases linearly the 
calculation of Eq. (29) leads to elliptic integrals. 

d) Motion ofa charged layer into a region occupied 
by a constant magnetic field. A magnetic field 
causes current to flow, i.e., produces a component 
us in the velocity of the electron gas. We assume 
that at the initial time u; = 0 and that there is no 
magnetic field within the layer, Aj; = 0. Hence, by 
virtue of what has been shown above, u3; = —eA;/m 
if temperature effects are neglected. 

We consider the case in which the shielding of 
the external field by the produced current is small 
and we can take u; ~ u§ = —e/m A}(x;), where 
A$(x,) is the potential of the external field. Find- 
ing x, = ~(Xp,u) we obtain 
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where H}=-9A$/dx, is the external magnetic field 
and x = eE/m is the proper electric field. 

In the case in which a layer 21 moves at the 
initial time with relativistic velocity ujpn > 1 into 
a region occupied by a magnetic field the solution 
of (31) and (32) is of the form 


Vi +e? + u(y) —V 1+ uh b— 8) Xn), 


vy 
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For an external field which increases linearly with 
distance the calculation of Eq. (34) leads to elliptic 
integrals. When the magnetic field changes 
abruptly, the calculation can be carried out in 
closed form. 

In conclusion I wish to take this opportunity to 
express my gratitude to V. I. Veksler, M. S. Ra- 
binovich, A. A. Rukhadze for valuable discussions 
of the result of this work. I also wish to acknowl- 
edge a number of valuable comments by M. A. 
Leontovich. 
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Peripheral nucleon-nucleon collisions at energies around 10!! ev are considered. As in ref- 
erence 2, the pole approximation is used. The results are compared with experimental data.?»® 
The usual form? of the one-meson approximation is not valid for large values of ‘‘virtuality’’ 
k? and needs to be improved by taking into account the dependence on k? of the tN interaction 


cross section. 


lig Some time ago it was proposed! that inelastic 
nucleon-nucleon interaction processes in the high- 
energy region be described by using diagram tech- 
niques in the pole approximation. It was found? 
that this approximation gives a satisfactory de- 
scription of the experimental data at 9 Bev. At 
this energy, however, only those processes in 
which the ‘‘virtuality’’ of the intermediate pion 
(see Fig. 1) is relatively small, aes rane, con- 
tribute significantly to the cross section; here k 
is the four-momentum of the intermediate pion 
and » is the pionmass. Therefore, of course, the 
conclusion that the pole approximation is applic- 
able is limited to just the region 0 < k®? < (Ty )*.* 
In order to resolve the question of the applicability 
of this approximation for k” > (7y)*, it is neces- 
sary to consider higher-energy processes. 

Experimental data on NN interactions at ener- 
gies Ej ~ 200 Bev’ show that the inelasticity co- 
efficient is small in the majority of cases (this 
immediately indicates that peripheral collisions 
play an essential role). Moreover, these data 
show that there are two types of interaction which 
differ in nature, namely: 1) asymmetric interac- 
tions in which in the center-of-mass system 
(c.m.s.) the secondary pions emerge predomi- 
nantly in the direction of one of the primary nu- 
cleons; 2) the symmetric case in which in the 
c.m.s. the secondary pions are nearly isotropic 
although the inelasticity coefficients of both nu- 
cleons are small. 

In terms of diagrams, the first type of process 
can be interpreted as a special case of the dia- 


*It should be noted that even reference 2 points out that 
the 7N interaction cross section, o7n(k?), might decrease with 


increasing k* for k? 2 (6u—7,). Here, as in reference 2, 
h=c=1; k? =k?—k?, 


FIG. 1. General one-meson dia- 
gram for NN interaction. The num- 
bers of pions emitted from the ver- 
tices can be different. 


A 


gram shown in Fig. 1, namely the case in which 
the nucleons are not equally excited. The diagram 
in Fig. 2 corresponds to the symmetric case. This 
is also a one-meson diagram. 


FIG. 2. One-meson diagram 
for NN interaction with inter- 
mediate m7 interaction. 


It should be noted that such a division of proc- 
esses and diagrams into different categories makes 
sense only for sufficiently high energies. In fact, 
the case in which three excited states are formed 
can be distinguished from that in which only two 
are formed only if their relative velocities v 
(more exactly, the quantities y = (1 —y2)-¥/3) are 
sufficiently large: In y 2 2, where > is the half- 
width of the angular distribution of secondary par- 
ticles in their center-of-mass system: 


dN/di = exp (—A?/ 3), 


“tol tans 


4 = In tg (0/2).* 
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The smallest value of 2 is 1 (which occurs for 
an isotropic distribution) and consequently a nec- 
essary condition for resolving the two cases is 
ye 227. 

For the diagram in Fig. 2, the best conditions 
for the resolution occur when the excited state at 
vertex 3 (with mass ®3) is at rest in the c.m.s. 
and the nucleons are equally excited (their masses 
are ®, and ®,) and move in opposite directions. 
M3 is of the order of magnitude ®, ~ 2you with 
Ye = (1-vd)"¥? and vg the velocity of the c.m.s. 
with respect to the laboratory system. The con- 
servation laws give Ymax = Ye(Ms—U)/My 9. The 
minimum value for the mass of the excited nucle- 
ons is ®,.= 1.3m, where m is the nucleon mass 
(this is the mass of the ‘‘usual’’ isobar which ap- 
pears in the work of Tamm, Gol’fand, and Fain- 
berg’). Then the condition y 2 2.7 leads to the 
inequality yg >4. From this it follows that such 
a process can be observed at an energy Ejap ~ 200 
Bev (Ye = 10). 

2. In order to compute the total cross section 
for peripheral one-meson collisions at the energy 
Elab = 200 Bev, we used expression (5) of refer- 
ence. 1:7 


2 


(Onyp,E2 \ dz \ dy \\d(cos 8) 
0~0O 


Gyn (Eo) = 


V2— mu? Vy?— my?Py _ (2)oay ( 
[pF 2poPr U — cos Bp OM) San (Y), 


where 


z= (M2 — m2 — 2/2, -y = (ME — mm? — p)/2, (1) 


Ep and pp are the energy and momentum of the 
primary nucleon in the c.m.s. E; and P, are the 
energy and momentum of the isobar inthec.m.s. 
x? = QE E, — poP1) — Mi — nr’, 
x? + 2poP, (1 — cos 0) = R’, 
3 is the angle between py and Py; o7n(z) is the 
total mN interaction cross section at an energy 
(inthe pion-nucleonc.m.s.) equal to %,. The en- 
ergy of the pion in the lab system is W jgp = z/m. 

We note that the main contribution to the inte- 
gral comes from o7N(]gp) with wap ~ 7—10 
Bev..On the basis of the data of Belyakov et al.° the 
magnitude of the cross section 0,1 was taken to 
be constant and equal to 30 mb. 

Integration of (1) over all values of y and z 
allowed by the conservation laws gave the result 
CNN = 1400 mb. The values of k* which contrib- 
uted most were k? ~ (504 —100u)?. Such a large 


*In formula (2) of reference 1, P, was set equal to po, 
since there we considered the region in which k? is small. 
Here the exact expression is given. 
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cross section is absurd and shows that the pole 
approximation is not valid for such large values 

of k®. It should be emphasized that giving up any 
one of all the assumptions on which the pole method 
is based* (especially, giving up the equality 
TrN(M, an Tan (M, k? = —y”)) can lead to the 
necessary decrease of the calculated cross sec- 
tion oyyn by almost two orders of magnitude 

(see reference 2). 

Thus, the result obtained above can be inter- 
preted to mean that the cross section OrN(®, k?) 
is not a constant independent of k*, but decreases 
strongly with increasing k?. In order to find out 
the values of k? at which this occurs, expression 
(1) was integrated with the supplementary limita- 
tion that the integral was taken only over the re- 
gion k? < 6?.t 

We give the result of the integration for vari- 
ous values of 6: 


ino limit on k? + 
1400 


O/p: 3 4 5 7 10) 414 
Syy' mb: 8 16 28 80 190 420 


If 6 is determined by the requirement that the cal- 
culated cross section not exceed the value obtained 
experimentally (for E]ap ~ 10" ev, Jexp © 30 mb*?®), 
then we find 6 ~ 4u, corresponding to a value of M 
of about 4 Bev. Previously,! in studying the NN 
interaction at Eyap = 9 Bev, we concluded that the 
pole method is valid clear up to k? ~ (7)? (equiv- 
alent to 6 & 7), which corresponds to M~ 2 Bev. 
By comparing the results obtained here and in ref- 
erence 1, one can conclude that the function o 

(M, k*) isa complicated nonmultiplicative function 
of its variables such that the decrease of o with 
increasing k? begins sooner for larger values of 
Mm. ** 

It should be mentioned that Berestetskii and 
Pomeranchuk’ were the first to point out that the 
cross section oynyj calculated in the pole approxi- 
mation, with the assumption that o,) is constant, 
increases without bound as the energy increases. 
However, in further investigating the problem they 
still in essence assumed that o is muliplicative, 

o (M, kK") = o (M) £ (k?). It seems to us that the 
example cited shows that it is unlikely that o is 


*These assumptions are considered in more detail in refer- 


ence 2. 
tThis is equivalent to approximating the function o(M, k?) 


by the step function 
o (It, k?) =0 (Ut, k? =— p?) fork’? $8’, o (Mt, k?) = 0 for k?>6?. 


tThe maximum value of k? is determined by the conserva- 


tion laws. 
**In the approximation used above, this means that 6 de- 


creases with increasing ‘I. 


940 I. M. DREMIN and 
aofdn 

3 

y) FIG. 3 Distribution of inelastic- 


ity coefficient K. 


multiplicative, but rather that a more complicated 
dependence actually occurs. 

In a comparison with the experimental data,*»® 
it is necessary to consider other features of the 
process besides the total cross section. However, 
this gives rise to some difficulties connected with 
the necessity of taking into account the dependence 
of o(®, k®?) on k?. The step approximation to 
this function seems rather crude and, moreover, 
the choice of 6 is not unique. Therefore, we 
limit our further considerations to those features 
which depend weakly on 6 and on the form of 
o(M®, k*). 

We have calculated the distribution of inelastic- 
ity coefficients K for these events. The results 
of the computation are shown in Fig. 3* (with 6 
=4u). The peak at K=0.0—0.2 stands out. This 
peak comes from the cases in which an elastic 7N 
interaction occurs at one of the vertices. At high 
energies, the elastic part of the 7N interaction is 
basically diffractive and amounts to one-third of 
the total. Therefore, the fraction of such cases is 
about 33 per cent. In this case, the inelasticity 
coefficient of the nucleon at one of the vertices is 
K, = 3/E?, where ®, is the ‘‘mass’’ of the exci- 
tation at the other vertex. In our case, Eg = 10 
Bev, M. ~ 4 Bev, K = 0.16. The other peak in 
the curve is due to the cases in which the mN in- 
teraction is inelastic. There the inelasticity co- 
efficient is K 2 0.5. 

These features of the distribution depend weakly 
on the assumed value of 6 and are essentially due 
to the presence of diffractive tN interaction at 
high energies. These results are in qualitative 
agreement with the experimental data. It should 
be noted that according to this curve the charge- 
exchange probability should be small when the 
energy loss of the particle is small. 

3. In order to obtain theoretical results for the 
so-called symmetric cases which have been ob- 
served experimentally,*® the process represented 
in Fig. 2 was considered. An expression for the 


*In the report we sent to the High-energy Physics Confer- 
ence (Rochester, 1960), results of analogous calculations with 
5 =7p were given (see reference 8). 
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cross section for such a process can be obtained 
by a method analogous to that used in reference 1: 


By 
(2m)® Esl 


( ha the 6 EN, 54 Wal 30° W2E"1252- 
? (Ry + *)? (Ra B*)? (2) 
Here o is the desired cross section, oj is the 
cross section for the process corresponding to 
vertex i (i= 1,2,3),* Ij are the corresponding 
particle current densities, k, and ky are the four- 
momenta of the virtual pions, and E’ and E” are 
the energies of the primary nucleons in the rest 
system of the excited nucleons. 

It is convenient to use the following as inde- 
pendent variables: 


z= 4 (mi — m? — p), y = 5 (M2 


Ms, Ey; B12, Pi,2- 


Here Mj is the mass of the excitation at vertex i, 
E,,2 are the energies of the isobars formed at ver- 
tices 1 and 2, and 3; .. and 4, are the polar and 
azimuthal angles at which the isobars are emitted 
in the ¢.m.s. Then 


m2 2), 


‘ 


2 2 2 2 
Ware A fies (ne xy 


+ 2poP; (1 — cos 0), 


Rs ae = 2 } x i 2PoP 2 (1 =. cos We)is 


nf = 2 (EoE:— poP:) — 02 — mt. .) 

The integration was carried out with the supple- 
mentary limitation ki 2 <6". In this process, the 
values of Mt,» which contribute strongly are 
smaller than those in the process of Fig. 1 for the 
same value of Ey. Therefore, for this process we 
took the larger value of 6, 6=7y. We note that 
the integrand in (2) has sharp maxima at J, = 0, 
vw. = 1; this simplifies the integration. 

On the basis of the expression (2), distributions 
of 4, M,, and ®; were obtained.t It turned out 
that the distributions of M,. were such that only 
values of Mj. near 1.3m contribute significantly. 
The contribution of values of M2 greater than 
1.5m was negligibly small. This is due to two 
circumstances: first, the integrand is a decreasing 
function of M,. and second, o7n(Mj 2) has a 
strong maximum at Mj,» = 1.3m and then falls 
rapidly. 

The ®3 distribution is shown in Fig. 4; clearly 
values of M3; between 2m and 4m are dominant. 
The maximum in the distribution occurs at Ms 
= 3m; we note that its position is determined by 
the condition M3 = (2u/m) Ep. 


*We took the 7N interaction cross sections (o, and 0.) 
from experiment. 0, = 077 was taken to be constant. 


tWe do not give these calculations here because they are 
so long. 
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do/dM, 
J0r 


20+ FIG. 4. Distribution of mass 
of excited a7 cloud (Jh,). 
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The inelasticity coefficients can be estimated 
by using the 3 distribution, the nucleon excita- 
tions M2, and the conservation laws. According 
to this estimate, K varies between 0.2 and 0.4. 
All these quantities depend weakly on the choice 
of 6 and agree qualitatively with the experimental 
data .3»6 

The magnitude of the cross section for process 
(2), on the other hand, depends very strongly on 
the choice of 6; moreover, it involves the unknown 
quantity O77. Therefore the estimate of the cross 
section can be off by orders of magnitude. For 6 
= Tu, the calculation gives o, = 0.16077. If Ogg 
~ Ogeom ~ 60 mb, then o, = 10 mb; this is not in 
disagreement with experiment.*»® 

It should be noted that all these results, as well 
as the experimental data,*»® are still preliminary 
and need to be more accurately determined. From 
the theoretical point of view, the main question is 
the best way of taking into account the dependence 
of the 7N interaction on k’. 


In conclusion, the authors thank E. L. Feinberg, 
N. A. Dobrotin, and S. A. Slavatinskii for their con- 
stant interest in this work, for fruitful discussions, 
and for evaluations of the experimental data. 


1T. M. Dremin and D. S. Chernavskii, JETP 38, 
229 (1960), Soviet Phys. JETP 11, 167 (1960). 

2 Gramenitskii, Dremin, Maksimenko, and Cher- 
navskii, JETP 40, 1093 (1961), Soviet Phys. JETP 
13, 771 (1961). 

35. A. Slavatinskii, Report to the International 
Conference on Cosmic Rays, Moscow, 1959. 

“Tamm, Gol’fand, and Fainberg, JETP 26, 649 
(1954). 

> Belyakov, Wang, Glagolev, Dalkhazhav, Lebe- 
dev, Mel’nikova, Nikitin, Petrzhilka, Sviridov, Suk, 
and Tolstov, JETP 39, 937 (1960), Soviet Phys. 
JETP 12, 650 (1961). 

§N. A. Dobrotin, Report to the International 
Conference on High-Energy Physics, Rochester, 
1960. 

‘Vv. B. Berestetskii and I. Ya. Pomeranchuk, 
JETP 389, 1078 (1960), Soviet Phys. JETP 12, 752 
(1961). 

8], M. Dremin and D. S. Chernavskii, Preprint, 
Phys. Inst. Acad. Sci., 1960. 


Translated by M. Bolsterli 
228 


SOVIb lt PHY SiCs tJ he 


VOLUME 13, 


NUMBER 5 NOVEMBER, 1961 


PHASE-SHIFT ANALYSIS OF pp-SCATTERING AT AN ENERGY OF 150 Mev 


I. M. GEL’FAND, A. F. GRASHIN, and L. N. IVANOVA 


Submitted to JETP editor October 6, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1338-1342 (May, 1961) 


A nine-parameter phase-shift analysis (in which the single meson ‘tail’’ is taken into ac- 
count) is applied to the experimental data on 150 Mev pp-scattering (the cross section, 
polarization, depolarization and rotation of polarization) by aid of a new numerical method 
(the ‘‘ravine’’ method). Two distinct solution regions are obtained, which are similar to 


those previously obtained for an energy of 95 Mev. The solution found by Stabler and Lomon 


6 


lies in one of these regions. The results are compared with the theoretical estimates for the 


peripheral phase shifts. 
1. RESULTS OF ANALYSIS 


A new numerical method (the ‘‘ravine’’ method ) 
has been successfully used for the analysis of data 
on pp-scattering at an energy of 95 Mev. In con- 
trast with the generally used ‘‘local’’ method, this 
new method makes it possible to find the possible 
values of the scattering phases with great accu- 
racy.! In the same paper, analysis was similarly 
carried out of data on pp-scattering at 142 — 147 
Mev; data on the cross section o (6) and polari- 
zation P(6@) for 17 angles of scattering?* together 
with data on the depolarization D(@) for 5 angles? 
and on the rotation of the polarization R(@) for 

8 angles.* 

As independently variable parameters, charac- 
teristic phases were selected with account of 
Coulomb interaction 6)(1S)), 6)(*D,), 6{ (Pp), 
of (3P,), 62(°P,), 68 (3F;), and the matrix elements 


ey Re 1S; 7/21], He =" Rel(S2=2e"%)/21), 


eS RelG,— 2) 20) 

Giae ot is the scattering matrix with account 
of Coulomb interaction, 63; is the Coulomb F phase). 
Here, just as in the analysis for 95 Mev,! it was 
assumed that 


jell Sees Ore a0 


and all higher matrix elements were taken into ac- 
count in the single-meson approximation. 


*The data of Palmieri et al.’? for angles of 18.7, 22.8, 
24.9, 46.5° and also 6 £8.3° and 62 92° were not taken into 
consideration in determining the square deviation, for the re- 
sults are very sensitive to possible inaccuracies in the angles, 
owing tothe large, rapidly changing Coulomb contribution to the 
cross section at small angles (4.13, 6.2 and 8.34°), and the 
remaining data furnish practically no added information. 


As a result of the analysis, two distinct solution 
regions were obtained, which lie within the limits 
shown in the table. The limits for region I are in- 
dicated by the criterion y? < 2x2 (x2 = 38 is the 
mean mathematical expectation), while for region 
Il, which has a larger value of x’, the limits are 
indicated by the criterion x? < 3x2. 

The inclusion of data on R(6@) played an im- 
portant role in obtaining the comparatively narrow 
separated regions. Analysis without these data 
leads to a much broader range of solutions such 
as the region obtained in analysis of the data on 
95 Mev.! Data are also given in the table for two 
points from regions I and II: the points 1, 2 and 
4, 5, respectively; The curves D(@), R(@) and 
A(6@) corresponding to these points are shown in 
Figs. 1—3. More recent, more accurate data, 
containing additional measurements at angles of 
12, 21, and 31°, are plotted in Fig. 1, along with 
the experimental points used by us in the analy- 
sis.? We have not plotted the curves for the cross 
section and polarization, since the different solu- 
tions practically coincide within the limits of ex- 
perimental error. 

Analysis was also carried out with data on de- 
polarization obtained at Harwell (cited by Hwang 
et al.’ and indicated by the dashes in Fig. 1). This 
change of data leads only to a certain shift in the 
regions and to an increase in the values of ,?. 
Data for single points of regions I and II (3 and 6, 
respectively ), which were obtained with the 
changed data, are given in the table. It is inter- 
esting to note that we did not succeed in obtaining 
solutions with larger negative values of the polar- 
ization at angles @ = 70°. 

As has already been pointed out earlier,! re- 
gions I and II are analogs of the corresponding 
regions I and II found for 95 Mev, while according 
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Limits of regions of solution and certain solutions 


Phase | Limits of Points Limits of Points 

shifts | region I ; A region II F 5 A 
x2 <2 y? ol 82 62 <3 2 58 68 70 
1Sp 141-23 16.9 15.9 1652356) 88 268) tas 
1D, o—9 Hell 6.8 ald 3—10 8.0 6.4 Tot 
SPo 4{—14 als aye(0) lil tS, — =) || — 98 — 22.2 —25.1 
UP 0) || SG 8) || SD | ah 0) 2.9—9.5 Deak Pratl Wee 
SP, 14—17 16.0 dlGRe Nee 14—20 18.4 fone Ae 
Ey Doi Ll 9) —2.5 —2.9/—5.5 0.5 4.6 —0.8 —4.0 
ie |g) —1.4 We CkGan)} —0,9 |—3,5—1 0.4 —0.3 —0.5 
BR —{—4 ili == il 1NGe) On =A b=! 5 —2..0 eh) —1.9 
7 Y3 ORS =e 0.08 0.9(r) Osy || l= —0.4 —0.06 | —0.02 
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to the values of the 1S phase the region I is to be 


preferred. The solution found by Stabler Lomon® 


lies in the first region, but the tolerances for the 
possible values of the phase, which they derived, 
by means of the error matrix are far too low. 


2. COMPARISON WITH THEORY 


For energies of 150 Mev, the D and F phases 
and the mixing parameter can be regarded as 
‘“‘weakly peripheral,’’ since the interaction in the 
corresponding states effectively takes place at 
distances reff ~ 1.5/u (yu is the mass of the 7 
meson). The single-meson approximation gives 
a value of 6, = 3.3° for the 'D phase (6, is the 
sum of the purely nuclear and pure Coulomb 
phases ); the estimate Ad, = 1° is obtained for 
the two-meson correction. The results of the 
analysis show that the two-meson phase shift ob- 
tained previously’ gives the correct sign and 
order of magnitude for the correction to the 
single-meson phase shift. If the contribution 
from the next peripheral order of approximation 
(3-meson, and so forth) is unimportant, then the 
conclusion can be drawn that the 2-meson phase 
evidently exceeds the obtained estimate by several 
fold. Preliminary, more accurate theoretical es- 
timates also agree with this conclusion; they show 
that a contribution to the D phase is obtained from 
a rather broad region of integration over the mo- 


mentum transfer t beyond the closest singularity 
t=4u". In this region, the compensation’?® in am- 
plitudes, which is characteristic for the point t 

= 4", ig partially disrupted; therefore, the method 
used previously (removal of the amplitudes from 
under the integral at the point t = 4u”) can lead to 
a somewhat lower result. 


To explain the role of the F phase and the mix- 
ing parameter £5, three additional variants of the 
analysis were carried out in which: 1) these phases 
were ‘‘fixed’’ in the single-meson approximation, 
like the higher phases, 2) the mixing parameter 
was varied in comparison with the previous vari- 
ant,* 3) all phases, beginning with F, and & were 
assumed to be equal to zero. In the first and sec- 
ond variants, it was not possible to obtain solutions 
with x” less than 150. In the second variant, points 
were obtained for the first region with y? ~ 2y2, 
one of which (point 2) is shown in the table, while 
for the second region only points with y2 = 120 
were obtained. 

The results of the analysis thus show that these 
phases are important for the analysis of the data 
at hand, while for the solution I the deviation from 
the single-meson approximation is important only 
in the mixing parameter, and amounts to 20 — 80 


*In variants ‘L) and 2), the two-meson correction was taken 
into consideration for the *F, state.® 
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percent; for solution II, on the other hand, the cor- 
rections to the single-meson F phase and the pos- 
sible single-meson values of the mixing parameter 
are important. If solution I is true, and the three- 
meson and higher peripheral contributions are un- 
important for the tensor forces which make a con- 
tribution to the mixing parameter, then it follows 
that the two-meson approximation exceeds the es- 
timate obtained earlier by a factor 10—50.® Such 
a conclusion requires more detailed investigation, 
since the authors do not see now any possibility 
for such a large increase in the previously ob- 
tained estimate. In this connection we note that 
for the mixing parameter we lack the compensa- 
tion of the contributions of perturbation theory and 
the dispersion terms, which is characteristic of 
all the remaining phases in the region of integra- 
tion over the transferred momentum t ~ 4u?; in 
other cases, this compensation can serve as the 
source of a decrease in estimates in the use of 
the ‘‘peripheral’’ method (see references 7 and 8). 
For a clarification of this contradiction it is also 
desirable to improve the experimental data so as 
to obtain more accurate phase-shift analyses. In 
this case, data on D and R at angles of @ & 90° 
are important for unambiguous choice of solution. 


The authors are grateful to I. Ya. Pomeranchuk 
and Ya. Smorodinskii for discussions and useful 
comments, and to S. L. Ginzburg for help in the 
calculations. 
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Field theoretical methods are used to study a fermion gas with Coulomb interactions at zero 
temperature. We renormalize the interaction lines and the free particle propagation lines so 
that we can take correlation and exchange effects of the interaction into account. We have 
evaluated in the high-density limit (Gell-Mann—Brueckner limit) the momentum distribu- 
tion function of the particles at zero temperature. The applicability of the high-density ap- 
proximation for describing the interaction between the electrons in a metal is discussed. 


A timely problem of solid state theory is the 
study of the interaction between particles in sys- 
tems with a large number of degrees of freedom. 
The use of quantum field-theoretical methods 

(see references 1 to 10 and others) based upon 
the introduction of Green’s functions, i.e., particle 
propagation functions, has turned out to be very 
fruitful for solving this problem. 

The present paper is devoted to a study of the 
effects of inter-particle interactions in a high- 
density electron gas. The first to pose a similar 
problem correctly were Gell-Mann and Brueckner® 
who evaluated the electron gas correlation energy 
as a power series in the reciprocal of the density. 
In the present paper we evaluate the momentum 
distribution function of the particles in the ground 
state (this turns out to be different from the 
Fermi distribution function) as a power series in 
the reciprocal of the electron gas density. We note 
that it turns out that there is an essential need to 
use a field-theoretical technique to evaluate the 
momentum distribution function of the particles, 
as the difference between the distribution function 
and the Fermi distribution function is itself a 
quantum effect. 

We consider a system of interacting fermions 
with a Hamiltonian* 


Hoes \ axis (x) Arpa (x) 


2m 
a 


Bt = yy) | dxdy ps (y) pt (x) 0 (|x —y') we (x) a (y). Q) 


a, B 
Here q(x) and ~§(x) are the field function op- 


-*Here and henceforth we measure energies and frequencies 
in the same units; they are connected. through the equation 
€=@, Similarly, we put p =k (p—momentum; k— wave vector). 


erators in the Schrédinger representation (@ =+ ue 
is the spin index); v (|x|) is the Coulomb inter- 
action potential: 


v (q) =25 


; (2) 


U(X) = - DOE, 
q#0 


(q ~ 0 indicates that we consider a system of N 
electrons in a space filled with a compensating 
positive constant charge density). We note that 
although most equations in the following are valid 
for any v(q) any actual calculations are per- 
formed for Coulomb forces. 

To describe various properties of the interac- 
tion it is convenient to go over to a time-dependent 
form of the theory. We shall use the Matsubara 
field-theoretical technique’? (at T = 0); to do 
this we introduce field functions # q(x) in the 


‘modified Heisenberg representation’’ 
Pa (*) = eF* thy (x) eH, 


(3) 
(4) 


== (05, 0), 
Ow, /0f = [H,. be (x) 


[and similarly ~¢(x)]. 
The single-particle and two-particle electron 


Green’s functions are defined by the usual equa- 
tions 


Gas (5 x) = CT (Pa (x) ¥p-(')) >, (5) 


Gaps (1 Xs x3) = < T (Pa (x1) tho (2) PF (x,) pt (x1) >, (6) 
where (...) indicates an average over the physical 


vacuum, i.e., over that state of the system of inter- 


acting particles with the lowest energy ( ground 
state ). 


One can obtain in the usual way an equation for 
G by starting from the equations of motion (4): 
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Cee a cans 


— S\\ yo (xy |) Gaver (xys x’y) = 84 (x — 2x!) bap. 
2 (7) 

When there are no periodic or external fields 
Gaal; x) =G(x—x') Sap: 
function explicitly we can use a formal expansion 


of Eq. (7) in a power series in v. In the zeroth ap- 


proximation we get 


Ce) 
( t So) 
—y 2) (A) exp {ik (x —x’) — 2? (ft —1’)}, ae 
k 
r I Nl 0) 
eer ne) exp {ik (x —x’)—e) (¢— t)}, t >0 
k 
(8) 
where 
ih eee 
no) (k) os RE 
| 0) BS Be 


is the Fermi distribution function at T = 0. 

The contributions from the first and second ap- 
proximations are given by the diagrams of Figs. 1 
and 2. To obtain the corresponding contribution 


to G from a given diagram it is necessary to write 


FIG. 2 


for each full-drawn line G‘(x-—x’) and for each 
dotted line v (|x—x’ |). The product obtained is 
then integrated over coordinate space at each ver- 
tex and over the time coordinates of the vertices 
with a different time coordinate* and multiplied 
by (- n+l Qe where n is the order of the dia- 
gram, i.e., the number of dotted interaction lines, 
and I the number of closed electron loops. We 


*The times corresponding to the end points of dotted lines 
are the same as we assume the interaction v to be instanta- 
neous. 

tSimilar rules for assignments are, for instance, also used 
in reference 3 for the usual time-dependent Green’s functions. 


To evaluate the Green’s 


note that diagrams of the type of Fig. 1b lead to 
a zero contribution as the momentum transferred 
along the dotted line is here zero while according 
to (2) q # 0. We have omitted all such diagrams 
in Fig. 2. 

As an example we shall write down the contri- 
bution from the diagram of Fig. 1a: 


Gee =a) = = | dindy,o (|X — yi |) G (x — xy) 
x G (x, — 4) GY, — 2’). (9) 


We consider the Fourier-representation of the 
Green’s functions. If we write 


COV DG, 31 \exp ikix- xr 
k 


we get from (5) (dropping for the sake of simplic- 
ity the spin indices): 
—Ht 


ie Als 
P20 
We now follow Galitskii and Migdal* and write the 


operators a, and ay in the energy representation, 
and (10) is then transformed to 


DG@jePexp(—E,— 2), 20 


ee, 
Ge() =! Gee Ge De, 


= 10 
eae a emo ey 


Gp (t) = (11) 
— Di (at)os 2 exp (Es — Ex) t}, <0 

(the sum over s is over all excited states of the 
system ). 

In the first sum in (11) Eg = Eg(N-1), in the 
second sum Eg = Eg(N+1). We have Eg(N-1) 
—E9(N) = €g—y + O(N7!); Eg(N+1) — Ep(N) 
=€g+p+0O(N'), where p = 9E)/ON is the 
chemical potential and €, = Eg(N) — E)(N) the 
excitation energy (€, >0). Hence, 


cata ice Pee ate 

Gi.) = (12) 
[2 DI (a os Be 

Ss 

Gi(t) e#t is thus a regular function as t+ 

and can thus be expanded in a Fourier integral. 


We change thus to the expansion 


Dee 


oO \ Gy, (8) e-ede, (13) 


~ Qni 
6, 
where the integration contour C is a vertical 
straight line in the complex plane of the variable 
€ which cuts the real axis in the point € =p 
Cie ro) 
One can obtain from (12) Lehmann’s expansion! 


G, (&) = \ Pos dE, (14) 


where p(k, E) is a real positive function. G,(€) 
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is a regular function in the upper and lower half- 
plane of the complex variable € but may have 
singularities (poles) on the real axis.* 

It can be seen from Eq. (10) that once the single- 
particle Green’s function G is known, one can eval- 
uate the momentum distribution function of the 
particles: 


n(k) = (ata, > (15) 


using the relation 


n(k) =—lim G, (t). (16) 


i 

n(k) is equal to the quantum-mechanical average 
of the number of particles in a state with a well 
defined momentum k. When there is no interaction 
n(k)=n (k) [see Eq. (8)] which corresponds to 

a filled Fermi-sphere (Fermi-filling). The effect 
of the interaction leads to a transition of electrons 
from the Fermi sphere and occupation of states 
with k > kp; as a result there occur holes (k< kp) 
and particles (k > kp). 

Migdal and Galitskii‘’’ considered the distribu- 
tion function (15) and established some general 
properties of this function. In particular, they 
showed that the discontinuity in n(k) at k=kp 
remains whatever the interaction between the par- 
ticles. This fact is confirmed in the present paper 
by a direct calculation of the momentum distribu- 
tion function of the particles n(k) as a power 
series in the reciprocal of the density of the elec- 
tron gas. 

We turn to the calculation of n(k). We get in 
first approximation from (9) (see Fig. 1a) 


pve 
2n \ (e —p — iv) 


—oo 


dv, (17) 


*We note that the poles of the Fourier component of the 
time-dependent causal Green’s function Gr €) (in the usual 
Heisenberg representation) lie either above or below the real 
axis, which corresponds to the presence of damping of the cor- 
responding quasi-particles. Similar problems have been con- 
sidered by a number of authors.*’*’* In the present paper we aim 
mainly at studying the momentum distribution function of the 


particles for which the technique used here is relatively more 
convenient. 


(1 1 


hem 
ea aay 


(18) 


S| 


3} 0 (4) n (b+ 4). 
q 


Using (16) we get from this for the distribution 
function 


AD Eyre De = = ss (en wie AO) 
The diagram of Fig. 1a leads thus everywhere ex- 
cept at k = kp to a zero value of n (k), while at 
k=kp, n(k) turns out to be infinite. The same 
is true, as one can easily check, for the diagrams 
of Fig. 2c,d, Fig. 4a—e, and so on. 

However, if we sum all such diagrams (i.e., if 
we ‘‘renormalize’’) the infinities disappear. We 
renormalize the free particle propagation lines, by 
taking the sum of the infinite class of diagrams of 
the kind of Fig. 1a, Fig. 2c,d, Fig. 4 a—e, and so on. 
We shall call all such diagrams exchange dia- 
grams.* We denote the corresponding renormal- 
ized propagation function by S(x—x’). In Fig. 5 
we give the graphic equation for S where the thin 
line corresponds to G") and the thick line to S. 
One verifies easily that an expansion of S for 
small v leads to the exchange diagrams for S 
which were enumerated in the foregoing. 


ht 


FIG. 4 
7g obi x 
= + z, MSS y, 
cA ra Ye 
BGs 


The equation for S can also be obtained from 
(7) if we put 


Gag (x; x’) = S (x — x’) 8q,, 
Gaps (X10; %1%2) = Sey — HY S (x, = ey) SaySe5 


= 3) (Xp Xe) Sg 44) Oz One. (20) 


It has the form 


*We call exchange diagrams those diagrams which are ob- 


tained by iterations from diagrams of lower order by succes- 
sively adding to one of the propagation lines the simplest dia- 
gram of Fig. la. 
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Gm 4)Se—*) 
+\dyo(\x—yl) S(@e—y) S y—x’) = 84(x — x), (21) 


Using the Fourier representation we write (21) in 
the form 


4 ew 
(ee — ©) Salt) +7 9M) ae \ Stale’) de’ Sa(e) = 1 
q c+, (22) 
(see Fig. 3 for the integration contour). 
One can easily verify that the solution of this 
non-linear integral equation has the simple form 


1 1 
2, —2— 3) &, — 8 


Sz (€) = : (23) 


where the quantity zi) is according to (18) equal 
to 


a @, J, , e—# 
2 = ah PF |! US ees 


= (24) 


eh 


One sees from Eq. (20) that the renormalization 
which we have performed corresponds to taking the 
exchange effects exactly into account in all orders. 
It is clear from (23), as = is independent of e, 
that when the exchange effects are taken into ac- 
count exactly the Fermi-filling is conserved, i.e., 
the distribution function n(k) evaluated by using 
(23) has the shape of a Fermi step-function; the 
limiting momentum kf is connected with the 
chemical potential uw by the relation* 


5 2 
tke = tt, w = hkp/2m — ~~ kr, 


kp = (302n)'*, (25) 


It will be shown in the following that taking the 
non-exchange part of the interaction into account 
leads to a change in the rectangular form of the 
distribution function. 

We must introduce for the following the energy 
operator M(x-—x’) which is defined through the 
relation (see, for instance, reference 3) 


G (x — x’) = G™ (x — x’) 


ae \atn dx, G (x — x4) M (x; — x9) G0(x2— x’). (26) 


That G is of this form is clear from the structure 
of the graphs for the single-particle Green’s function 
which start or end with a free electron line G‘ 
(see Figs. 1, 2, 4). 

If we write down the Fourier expansion of the 
energy operator 


*We note that Eq. (23) is not a trivial consequence of the 
introduction of the principal part of the energy operator = (see 
reference 4). A similar equation would occur if we summed only 
the diagrams of Fig. la, Fig. 2c, Fig. 4a, and so on. The dif- 
ference lies in the meaning of the quantities p and kr. 


949 
M(x—x')= s De tee) ae \ de e— ett") Mf (27 
x V ni M,(é), ) 
k G 
we get from (26) 
Gx (e) = Gh? (©) + GR” (e) Mn (e) Gi (e), (28) 
where Ge) = (ef —e)7t 
We can now express the distribution function 
n(k) interms of M, using (16), and we get 
M,, (8) 
By san) (b) eee Va eee eee) 
n(k) = n (&) — = \ Ge nap = MOH) + ¥(R). (29) 


@ 
The integral in Eq. (29) can be evaluated by 
means of the residue theorem; to do this we first 
split Mj,(€): 


Mr (©) = Ma (e) + Mx (2), (30) 


where My (e) is that part of M,(¢) which is regu- 
lar (without poles) in the right hand half-plane 
Ree >p (Fig. 3) and M,(¢) is regular in the left- 
hand half-plane Ree <p [if M,(€) contains a 
part which is regular for all ¢€, i.e., a constant, it 
must be contained in M.(€))]. After this splitting 
up we get from Eq. (29) 


4 

2ni \ 
CHE, 

where C, and Cy, are the semi-circles of infinite 

radius which lie respectively in the left- and the 

right-hand half-planes (Fig. 3). Applying the resi- 

due theorem to (31) we get 

(v' (kh), k >Re 


Ne ih 7 


My (e) 


ee (e, —8)? 


Mie F 
es ee ee \ 


(e? =e)? fon 20 


de, (31) 


(32) 


ve (b) = + (4 ME (e)) (33) 


=e0 
One can show that the ground state energy Ep is 
a sum of the energy of the non-interacting particles 
with a distribution function n(k) plus an extra 
term connected with interparticle correlations: 


Ey = 2 Dyenn (k) +26 (A), (34) 
k K 
where by analogy with (33) ¢*(k) = + Mp(ef.). To 
evaluate the distribution function it is now neces- 
sary to start from renormalized diagrams in which 
Gir is replaced by S. The contributions to G in 
the lowest approximation are the diagrams of Figs. 
2a,b (we retain for the renormalized free particle 
propagation function S in the diagrams the previ- 
ous notation of a full-drawn line). One can, how- 
ever, easily verify that the diagram of Fig. 2a 
leads to an infinite contribution; this is connected 
with the divergence of integrals for small momen- 
tum transfers q. These divergences can be re- 
moved by renormalizing the interaction lines (see 
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also references 5, 6, 9, 10, and others). To do this 
it is necessary to sum the class of the most strongly 
divergent diagrams which are given in Fig. 6. Here 
the same momentum q is transferred along each 
of the interaction lines. These diagrams corre- 
spond to virtual creation and annihilation proc- 
esses of electron-hole pairs (k > kp and k< kp), 
as each upward line in the diagram corresponds to 
a factor 1—n°")(k) in the k-representation while 
a downward line correspond to a factor n0(k). 
Gell-Mann and Brueckner® were the first to per- 
form such a summation for an electron gas (ina 
different technique ). 

To sum the diagrams given in Fig. 6 we intro- 
duce an effective interaction potential V(x -—x’) 
which we define by the graphic equation of Fig. 7 


FIG. 6 
a5 
eo -—— 
z Tae Git 
ES TIA 
Y nae 
FIG. 7 


(the wavy line corresponds to V). We have thus 
V5 Cael 1 
+.\ay Cyn (Ex Vo Fev Wy, 


F (x — x’) 


ol 
a! Ne 


(35) 


2S (oe oly 0X). (36) 


For the Fourier component of the function F (x —x’) 
we get* 


ee in (ine a) 
k 


X exp {— (€x1g—e) ¢ }. ‘Glva) 
The function F determined by Eq. (37) is the same 
as the electron-hole pair propagation function in- 
troduced by Gell-Mann and Brueckner.®t 


*We can replace S here by the renormalized function G 
obtained from Eq. (8). 

TF is that part of the polarization operator which takes the 
virtual pair creation processes into account. Similarly, V is in 
the present approximation the propagation function of the Bose 
branch of the excitations in the system of interacting fermions 
(i. e., the. plasmon propagation function). 


KULIK 


If we write 


Fo(t) => \ Fa(w) edo, 


250 


we get from (37)* 
F, (w) -(mRp/it?hr) Ry (u), Ul 


: {1 il (a retg aes | 


2u 


| ; o q Au* + (2 +- q)* 
(1 Nee all In Tifa 


2q 


Ry (u) 


(38) 


(in the last equation we have gone over to dimen- 
sionless variables q/kp, é/€p, u/up, where up 
=hkp /m is the velocity at the Fermi surface Ne 

One can easily solve Eq. (35) if one goes over 
to the Fourier representation. The result is 


Va(w) = v (q)/L1 — 0 (q) Fy ()], (39) 
or in dimensionless variables 
Va(u) = 4a/(q@? + ar,R,(u)], (40) 


a = (4/1)(4/97)¥3 = 0.663. Here rg is the usual 
parameter occurring in the theory of a free elec- 
tron gas (see, for instance, reference 12) which is 
defined as rg = ry/a, where 4mr}/3 = V/N = 1/n; 
ay =h?/me? is the Bohr radius; r,~ e*, At T=0 
the quantity rg turns out to be in the case of the 
electron gas the only dimensionless parameter in 
the theory, and the approximation ry, — 0 (i.e., 
n— ©) the only reasonable physical approximation 
in which there is a small parameter. 

As the function R,(u) does not tend to zero as 
q— 0, but according to (38) is equal to 


Ro(u) = 


the result of the summation is to replace the Cou- 
lomb potential v (q) = 41/q? which leads to a di- 
vergence as q— 0 by the screened potential Vq(u) 
~ 4n/(q* + @rgRo(u)) which no longer diverges for 
small momenta. 

We now shall compute n(k) directly. It is nec- 
essary in the first non-vanishing approximation in 
V to sum the diagrams of Fig. 6. We have in that 
approximation (the summation is over q) 


1 — uw arctg wt, (41) 


F 4 (@) V4 (a) 


0 s 
E+ pig + io 


My (e) = 


{ait 
> 09) \ dw 


[k+q|<hkp ae) 


Fy (@) V,(@) 


ce, ie 
Erg + to 


{ lee) 
he ey v (4) 52 \ dw 


[k-+q|>kp 


M, (e) = — 


—oo 


(42) 


whence we get, using Eq. (33) (the summation is 
over q) 


*arctg = tan-'. 
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vi (k) = 7 > Os 


k+q|<Rp 
cs F 
x | feo ak Be, 
wh le theg th 10)? 
a 1 Aree on 
wee) sa >) | 079) 5 
[k+-q| <p 
. F, (@) 
= q das Php, (43) 


(Cig —e} + io) 
It is clear, first of all, that the relation 
Die (ji: 
k<kp k>Rp 
which expresses the conservation of particle num- 
ber, is satisfied. This relation is also valid in the 
higher approximations. 


Changing in Eq. (43) to dimensionless variables, 
we get 


ye (ey a= OF \ du \2 \ as 


(= kx 4- G/2—- in)? 


q 
FtorRw’ | ee 
= (b) = Br? 7 dq dx 
ON a ee eerrerer per 
—oo [k+ql]>1 
R(u) 
q Le 
Sree i oe 
where 
B = (2/3) (4/9x)* = 0.0175, x = cos (k, q). 


One can immediately easily evaluate the mag- 
nitude of the discontinuity A = v*(1) -— vy (1) 
from (44): 

co co J 
A= —8r5 \ du \ qdq \ : 
—oo 1 


0 = 


dx R, (x) ae 
+ i (x + 4/2) (q?-+- ar Ro (Coen 
(45) 
Integrating over x and replacing Rg(u) by Ro(u) 
we get the main term of the expansion of A as rg 
— 0 in the form 


(IN eS Ne 
where the numerical constant A is equa! to A 
3° Row) 7 
A= 5 \ RG) arctg du 
0 
6B In Ro(u) ( 46 
ze a Tow du (A 20). (46) 


0 


One can also obtain from (44) the asymptotic be- 
havior of v*(k) near k=1. It is of the form 


eo (S) = 1 + yin &, 
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Vee (ees SF Ar eo (ie —— i Var) [k—1|<1, (47) 
where the function g(&) is equal to 
Py meh) 
g(§) = i@) * 
Eien Ri (u) 
Se are err 
0 
op (48) 
: Ri 
x jarctg ante WE aretg a du. 


One can find the asymptotic behavior of g(é) as 
i << ile 


y = (B/aA) (x/2) (1 4-4 V Sin) (49) 


(in practice, this asymptotic behavior is, however, 
insufficient as one needs to know g(é) as é~ 1). 

It is clear from (47) that the particle distribu- 
tion function v*(k) and the hole distribution func- 
tion v-(k) near the Fermi surface will be symmet- 
rical (Fig. 8). The magnitude of the discontinuity 
of the total distribution function n(k) = n!(k) 
+v(k) at k=1 is equal to Z=1-Ax1-2Arg, 
(iar). 


In conclusion we determine the total number of 
particles outside the Fermi sphere (which is also 
equal to the number of holes inside the Fermi 
sphere) N’ = 2Dv*(k), k >kp; this can be done 
conveniently by starting directly from (44). The 
main term in the expansion as rg — 0 is of the 
form 


n= N'/NZBre, (50) 
3x8 c 1\ R,(u) 
a ere : 
B fae \ in( =a) ve u du (51) 


A numerical integration of Eqs. (46) and (51) leads 
to the following values of the constants A, B, and 


y: 


A = 0.089, Br 00515 v= nO) 


The dimensionless quantity € = Br? character- 
izes the degree of deviation from the perfect degen- 
erate Fermi gas. rg changes for different metals 
between the limits rg = 1.8 to 5.6, whence € = 0.12 
to 0.67. One may thus expect that for metals with 
the highest electron density the approximation con- 
sidered here is sufficiently good (there remains, 
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of course, the additional circumstance that we re- 


placed the metal lattice by a uniform positive back- 


ground ). 

In conclusion I express my sincere gratitude to 
I. M. Lifshitz and G. E. Zil’berman for a discus- 
sion of a number of problems and also to I. E. 
Dzyaloshinskii for his interest in this paper. 
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Conditions for the existence of acoustic excitations are studied on the basis of the quantum 
dispersion equations for electron-ion plasma oscillations. It is shown that in strong mag- 
netic fields longitudinal ultrasonic vibrations with a wave vector perpendicular to the mag- 
netic field degenerate into ionic vibrations, inasmuch as the screening radius becomes in- 
finite in this case. The decay frequency of ultrasonic waves moving along the magnetic 
field, as well as across it, is calculated. The decay frequency thus determined is found 

to oscillate, depending on the magnetic field strength. 


l. Classical theory of longitudinal low-frequency 
oscillations of an electron-ion plasma in a mag- 
netic field with a Maxwellian energy particle dis- 
tribution in the ground state was considered in the 
work of Stepanov.! An attempt at the construction 
of a quantum theory was made in the research of 
Yakovlev and Kalyush;? however, since they did not 
take into account the quantum energy of the orbital 
motion of the particles in the magnetic field in the 
ground state, their results did not differ essen- 
tially from the results of the work of Stepanov. 
Moreover, the limits of applicability of the result- 
ant formulas were not given in reference 2, and 
the damping was not calculated. The final results, 
with the exception of quite insignificant tempera- 
ture-dependent corrections, are, in point of fact, 
the consequence of the hydrodynamic approxima- 
tion in the description of the motion of ions inter- 
acting according to a screening law. Finally, it 
should be remarked that the assumptions made 
therein for the calculation of the acoustic branch 
at low wave numbers, for waves propagating across 
the magnetic field, contradict the result obtained. 

The purpose of the present research was to con- 
struct a theory of low-frequency oscillations of the 
electron-ion plasma which would take into account 
the quantization of the energy of the orbital motion 
of charged particles in the magnetic field, and also 
to explain the dependence of the ultrasonic attenua- 
tion coefficient on the direction of the magnetic 
field. 

2. We pause briefly to consider the specific 
case of absorption of ultrasound in a metal, which 
we shall approximate in what follows by an electron- 
ion plasma. We shall represent schematically three 


Ultrasound 


mutually interacting subsystems: the ultrasonic 
wave, the electrons, and the lattice (ions). The en- 
ergy of the regular motion of the ultrasonic wave 
can dissipate via the channels shown in Fig. 1. For 
metals, the relaxation time 73 is always large in 
comparison with T, and 7); therefore, in what fol- 
lows, we shall not take it into account. 

Two limiting cases can be separated, depending 
on the ratio of the ultrasonic wavelength A and the 
mean free path of the electron 1, which is deter- 
mined by the collisions with the lattice. The first 
case occurs when 7, > 7T;. Here, the slowest proc- 
ess is the transfer of energy obtained by the elec- 
trons from the ultrasonic wave to the lattice. This 
case corresponds to a wavelength A >J1. The elec- 
trical conductivity of the metal plays the principal 
role in such a case. In the second case, T2 X 7}. 
This situation is realized when A Kl. Here, the 
slowest process is the process of energy transfer 
from the ultrasonic wave to the electron; therefore, 
collisions of electrons with the lattice do not play 
any role and can be neglected. 

In the second case, we can consider the electron- 
ion system in the plasma approximation. The mech- 
anism of energy transfer from the regular collec- 
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tive motion of the plasma to the individual, random 
motion of the electrons was first established by 
Landau? in the case of damping of plasma waves. 
Further investigation of this mechanism in the 
study of ultrasonic damping was undertaken in the 
researches of Silin‘ and Kittel.? The effect of the 
magnetic field on the damping was not studied in 
these researches. An attempt is made below to 
study the effect of the magnetic field on the ultra- 
sonic absorption coefficient within the framework 
of the plasma model of the metal. 

3. The quantum dispersion relation was found 
earlier for longitudinal oscillations in a system 
of particles of one kind.® The result is trivially 
generalized to the case of several kinds of par- 
ticles interacting with one another by Coulomb’s 
law. For the case of an electron-ion plasma, the 
dispersion equation has the form 


. alee. N= fy (E 
f Tor ( ko+qz,n OL } 
= ay at > Panel x qx) qx) \\dkz EQ EO "e hy 
nn’ +z)" kz, n ‘ 
(2 
\ Ze dk. ees ko+ mae foe (Ee n) | (1) 
2 £2), EC) =k Ie 
De abe, Spee, oe w +- thy 
where 
G (q) = 4ne?/q?, OF == Opal. Oj, = elm, 
Eee em) hoje dn 4 2),) 


(j = 1,2; 1 refers to electrons and 2 refers toions), 
ey = —e, ey = Ze; 


Fant (4x) 
= (niin!) * exp (— 0°g7/4) (—agy/ V2)” “Le * (0797/2), 


La? (3) = (Unt) ex" Sern), on! Sen, 


dx” 


fo, is the degenerate Fermi function, fy, is the 
Maxwellian distribution function of the ions. 

For simplicity, we shall neglect the chaotic mo- 
tion of the ions, although consideration of this mo- 
tion does not present any difficulties. In the de- 
scription of the ions, this approximation is equiva- 
lent to the hydrodynamic approximation. In such 
an approximation, we have 


ped EO) 
ene G (q) eso tee eae n’) — fo (E elie 
= iim I Th2q2 nn! qx) \ dk 7 0) EW h ih 
nel mag kz+qz,n' Reh AN 
02 OF 
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Wo. = 4me3Noe/tm2, cos & = cos (q H), (2)* 


where No, is the mean number density of the ions. 
From Eq. (2), under the condition 


wo > Woe (3) 


*(qH) = q-H 


7 VOR Y AON OW 


it follows that 


1 = — 3 (dx, ©, 92/F + w/o? + ie” (qx,0, G2), (4) 
where 
i G (q) ; (1) 
= se S) Fan’ (qx) )\ for (FR. 0) 

nn’ 

x {6 (Ee aan ieee n AF ho) = 6 (Bee, rl 

= 2. n= AO) dks, 

9 fox ( Eee n’) — hos (Exe, n) 
a aE ea) Fan’ ( an) \ dhe EY 1 eB ye Gee, BO 

nin’ a Zz 2 (4a) 


The symbol P means that the integral is taken in 
the sense of the principal value. 

Neglecting damping entirely, we find from (4) 
that 


wo" = weog?/ Iq? + ki (Gas @, gz)), (5) 


Wo. is the Langmuir frequency of the ions, while 
Wo, is the Langmuir frequency of the electrons; 
the quantity lene can be interpreted as the screen- 
ing radius. Introducing the longitudinal complex 
dielectric constant of the electrons in the magnetic 
field 


(6) 


we can interpret Eq. (4) by a clear cut elementary 
model. 

Actually, let us consider the oscillations of the 
ions, which are described in the Fourier represen- 
tation by the equation of motion 


ko (4x,0,92)/ @? + i8’’ (qx, ®, Gz), 


Gas bye" = Il 


OV, = (Ze/me)q@, (7) 
by the equation for the potential 
Po(q, ©) = (4Ze/e (q.,0,92)) P(g, ©) (8) 


(p is the number density of the ions), and by the 
equation of continuity 


Nog: Vv, +09 = 0. (9) 
From Eqs. (7) — (9) we find the frequency: 
@)? == to.) £0,004.) (10) 


If we assume that «’ > €”, we immediately obtain 
Eq. (4) from (10) with the aid of (6): 

For the existence of an acoustic branch of the 
vibrations, we must find such a solution for € 
which has the following asymptotic behavior: 

lim e’ ~ const / q?. 

q>0 
Thus the role of the electronic system reduces to 
screening the Coulomb field of the point ions and 
to damping of the acoustic oscillations. In the ab- 
sence of a magnetic field, the plasma is isotropic; 
if the ion velocities are small in comparison with 
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the electron velocities, then the screening is 
spherically symmetric. The screening is aniso- 
tropic in the presence of a magnetic field. As is 
seen from the definition, ky depends upon the 
angle J between the vectors q and H, and on the 
frequency w. Inasmuch as the sound velocity is 
determined from ko, it is clear from (5) that the 
magnetic field leads to space-time dispersion of 
the acoustic oscillations and to anisotropy in the 
sound velocity. 

We shall consider below the dependence of ky 
on the parameters of the system in different lim- 
iting cases, since the general formula for kp is 
too complicated for investigation. 

4. We shall consider first the conditions under 
which we can neglect both the space and the time 
dispersions of the sound velocity and its aniso- 
tropies. In the case of a completely degenerate 
Fermi function, the expression for k} can be 
written in the form 
| 


2mye 


— Ry mee SY} Fan (4 ore 
wt i” 
| Q - Vato nyt ee 2—(n’—n) 
jIn —— a 
SN Gh Ca) is a ee (n’ n) 
O V2 Ja (ro n) 2 - qz 2—(n'—n) 
pee ae ae Wa \s (11) 
O— V2 qa (mo — n)"*— G5 /2—(n'—n) } 
where the dimensionless quantities 
Q OM / Wyre qi Aq x, 
G2 — dg7, av = wo [hoy —* 


have been introduced (py, is the chemical potential 
of a degenerate Fermi gas in a magnetic field). 

For q, and q,, and 2 « |n’—n|, and also 
n> 1 (large quantum numbers), it follows from 
(11) that 


(12) 


2 Q,.2 2 
les OMe | Cos 


where vy is the Fermi velocity. 

It is easy to see that these conditions corre- 
spond to the case in which the Larmor radius of 
the orbit is small in comparison with the sound 
wavelength. Only in this case can the dispersion 
of the sound velocity and its anisotropies be neg- 
lected for q? « kj. 

We now return to a consideration of the depend- 
ence of ky on the magnetic field and on the angle J 
between the field and the wave vector of the sound 
wave. It is shown that ky vanishes for ¥ = 7/2 in 
the case of very strong magnetic fields. Actually, 
it follows from (11), for the case q, = 0, that 
4 V2 mye" 


1 , Vf, 
poy aes =, (No— 2) (vig 98 ) = 
0 ia ieed 


Q —(n'—n) 


(13) 


Di Fag (qi) 
The quantity ky vanishes for ny< 1. This means 
that the screening radius becomes infinite in a di- 
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rection perpendicular to H. This was also to be 
expected, since the frequency of plasma oscilla- 
tions vanishes for ng < 1 in the direction J = 71/2 
(see reference 6). 

The vanishing of the frequency of plasma oscil- 
lations for 3 = 1/2 can be illustrated by analogy 
with the oscillations of plasma in a periodic field. 
In the case no < 1, all the electrons are found in 
the level with n = 0, and the nearest level n=1 
is separated by an energy hw1c> Ey (for metals, 
Eo ~ hwo;,). In the band model, this is analogous 
to the situation in which the completely filled band 
is separated by an energy gap AE from an empty 
band, and plasma oscillations are impossible if 
AE > fiw ;. We note that the screening radius in 
the direction of the magnetic field does not depend 
on the field, since au Fyn’ = Opn’, and the mag- 


netic field falls out of the expression for k%. 
Thus it is shown that the screening radius, 
which has a constant value (independent of the 
magnetic field) along the field, can become infi- 
nite for ¥ = 7/2 in strong fields. It follows from 
what has been shown that the acoustic vibrations 
degenerate into ion vibrations with a frequency 


(14) 


1 q)2 


9 
OB Oy 2c 


in the case ny <1 and $= 7/2. 

The development of acoustic oscillations for 
3 = 1/2 comes about abruptly when ny reaches a 
value equal to unity. Upon further decrease in H, 
the dispersion of the sound changes abruptly every 
time ng increases by unity, since new components 
appear in (13). 

5. We now proceed to our fundamental problem 
— the investigation of the attenuation of ultrasonic 
vibrations. The damping frequency y is expressed 
in accord with (14) by the following formula 


aaa Y Fin) ){ defor (Ex,n) 
% {8 (Ex 9, 2 — Et, n + 2) — 0 (Ect a,» — Ex n— 2) 
(15) 
for w > y (which is confirmed by the result). For 
q, = 0 and hw <« Ep, it follows from (15) that 
eg = te (16) 


If we neglect the dispersion of the sound velocity 
n (16), then (16) goes over into the following for- 
mula 


IU my _ 
=e iC 
Me 04> 


To — (2 (16a) 


which was first obtained by Silin,* and later by 
Steinberg.’ It also follows from (16) that y does 
not depend on the magnetic field for a longitudinal 
ultrasonic wave with q Il H. 
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The greatest interest attaches to the ultrasonic 
wave with q 1H, since the properties of the elec- 
tron plasma in a direction perpendicular to H 
change appreciably in a magnetic field (in con- 
trast with its properties in a direction parallel 
to the field). It follows from (15) that in this case 
y has the form 


Ny—Q 
~~ —  mo®G(q) 2 PF? ra anes 1/y 
iG |9= n/2 oh a V2 7h2202, ay n,n+Q2 (q) {( 0 ) 
=p n=O) "8 (17) 


This expression is very complicated in the general 
case. 

For small values of the quantum number (n~ 1), 
the value of y, undergoes a discontinuous change 
upon change in the magnetic field strength, since 
the number of components in (17) changes abruptly 
upon an increase or decrease of ny by unity. For 
large quantum numbers n > 1, the asymptotic 
expansion 


een (G)=Jalg (ont O-- 1)7), (18) 


can be used where JQ(x) is a Bessel function of 
the first kind of order &. If we take into account 
the inequalities n > 1 and np > &, we can convert 
in (17) from summation over n to integration and, 
expanding the term in curly brackets in a series 
in 2, we obtain 
4d Gam fa 
= een Ja(reqsing)singdg, (19) 
where ro =Vo/wic. The last expression can be 
rewritten in the form 
re r/2 
“2 = 26g \ Ja (req sing) sin g dg, 
0 
where yo is determined by Eq. (16). 
Upon removal of the magnetic field, Eq. (20) 
changes to the equality 


(20) 


ve — ioe (21) 
since the anisotropy disappears. 

For large values of the argument, or, more pre- 
cisely, for req > 2, the Bessel function can be re- 


placed by its asymptotic expansion: 


Ja(x) = V2/mx cos (x — aQ/2 — 1/4); (22) 
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FIG. 2. Dependence of y, /y. on req for Q «1, according 


to Eq. (20). 


We then get in place of (20) 


r/2 
d, 


a = = ( cos? (reg sin pao +) dg. (23) 
0 3 : 

The latter integral is equal to 

1, /%o = 1 + sin aQJ,(27,9) 


+ cos m2 [2Q, (2r.g) — So (27-q)], (24) 


where 2) and S) are respectively the Lommel- 
Weber and Struve functions. 

For H—0 or r —, the ratio yj /y) = 1. 
This is seen immediately from (23), since cos? (x) 
can be replaced by its average value (equal to +e) 
for ra 

The dependence of y, /yy) on req, which fol- 
lows from (20), is shown in Fig. 2. 

In conclusion, we note that Eq. (20) is valid 
under the assumptions A « 1, Ey > hwje¢ and 
Ey) > hw(q). 
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A nonlinear spinor equation of the Heisenberg type! is considered. A procedure for the de- 
termination of the “‘mass’’ values of the eigenstates of the spinor field is proposed which is 
based on the following assumptions: a) the number of ‘‘incoming’’ and ‘‘outgoing’’ lines in 
the diagrams describing the eigenstates of the field are sufficiently large, and b) only irre- 
ducible diagrams are taken into account. The procedure is carried out by means of the self- 


consistent field method. 
1. INTRODUCTION 


One of the fundamental problems of present-day 
elementary particle theory is the determination of 
the eigenmasses of the particles. 

Recently, Heisenberg! proposed to describe all 
elementary particles as eigenstates of a single 
spinor field yw. In the general case, this problem 
consists in the determination of a functional Poy 
which satisfies the equation 


PO, 27.0; () 


where Py, is the operator of the four-momentum 
which is related to the energy-momentum tensor 
Tj, and the Lagrangian in the usual way. The 
eigenvalues py, or more precisely, the quantities 
¥—p* =® represent the eigenmasses of the sta- 
tionary states. The lowest states with the lowest 
values of the eigenmass and spin will correspond 
to the ‘‘elementary’’ particles. However, in cal- 
culating the mass values ® Heisenberg was con- 
fronted with the usual difficulty in this type of 


problem: the appearance of divergent expressions.* 


We note that, in solving the problem of the ei- 
genmass of the particle, one usually (and in the 
paper of Heisenberg, too) makes the additional 
assumption that the interaction is adiabatically 
switched on and off at t=+. That is, the func- 
tional ®p,, is written in the form 


D,, = ;,, = 1p’ (p,,) Po for {=— o, 


ener Oe — Dip” (p,) LOL 4h == 06 


(here 6) is the functional of the vacuum). In the 
language of diagrams, this means that one consid- 
ers a diagram of the type shown in Fig. 1, in which 

*To circumvent this difficulty, Heisenberg proposed to use 
a Hilbert space for the functionals Can with an indefinite 


metric.’ 


ce I 


FIG. 1. Diagram of the energy for an interaction which is 
switched on adiabatically. 


there is only a single thin line on the left (t = —~), 
depicting a single ‘‘undressed’’ particle. It is well 
known that attempts to calculate the eigenvalue of 
the energy lead to infinities in this case. 

It is of interest to try to consider this problem 
without the assumption of the adiabatic switching- 
on of the interaction. It is, of course, impossible 
to solve this problem without any additional as- 
sumptions whatsoever. However, one can make 
different assumptions. Thus let us assume that 
the occupation numbers characterizing the func- 
tional $p,, are always (i.e., also for t = —~) 
large.* In the language of diagrams this means 
that the number of incoming lines (on the left) as 
well as the number of outgoing lines (on the right) 
is sufficiently large, i.e., the diagram is ‘‘many- 
tailed.’’ 

We note that the ‘‘many-tailed’’ diagrams can 
also be divided into the class of completely irre- 
ducible diagrams (Fig. 2a) and the class of reduc- 
ible diagrams (Fig. 2b). In the latter, one of the 
lines contains a self-energy part of lower order 
(Fig. 2c). It is therefore of interest to consider 
the problem of the eigenvalue of the energy by 
taking only the completely irreducible many-tailed 
diagrams into account. This will be the subject of 
the present paper. 

It is impossible at present to justify convinc- 
ingly the procedure of separating out the irreduc- 
ible many-tailed diagrams. However, arguments 
can be advanced which make it more or less likely 
that this procedure is sound. First of all, it is 


*This assumption is, in a certain sense, the opposite of the 
assertion that the functional ®,, = ¥®, for t=--~. 
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FIG. 2. a — ‘‘many-tailed’’ irreducible diagram for the energy, 
b — many-tailed reducible diagram, c — self-energy diagram of 
the lowest order. 


relativistically invariant. Second, it can easily be 
shown that the number of reducible many-tailed 
diagrams is only a small fraction (~ 1/v, where 
v is the number of external lines) of the number 
of completely irreducible diagrams (it is true, 
however, that this does not necessarily imply that 
their contribution will also be small). Third, in 
renormalizable theories (to which, unfortunately, 
the Heisenberg theory does not belong) the re- 
ducible diagrams are automatically excluded after 
renormalization.* In order to carry out this pro- 
gram, it is convenient to use the method of the 
self-consistent field (Hartree-Fock method): 
first, this method has proved its usefulness in the 
investigation of nonrelativistic systems consisting 
of many particles and second, it is comparatively 
simple to exclude the reducible diagrams within 
the framework of this method.t 

It should be noted that what we propose is basi- 
cally only a program of action. The aim of this 
program, so far, is only to determine the func- 
tionals which correspond to the lowest states. We 
do not pretend to be able to describe the scatter- 
ing and the interaction among ‘‘real’’ particles. 
In our formulation, the scattering problem will be 
analogous to the problem of the interaction of com- 
posite particles. It can be said beforehand that the 
phenomenological operator for the interaction of 
real particles (if it can be written down at all) 
will be complicated and nonlocal, and will differ 
greatly from the Lagrangian describing the inter- 
action between quanta of the field y. 


2. METHOD 


Let us consider a Lagrangian density of the 
form (i= ¢= 15 


*We note that the meaning of the renormalization of the bare 
constants (e.g., the mass m, and the charge g,) is.in our case 
different from the usual one. For even after renormalization, the 
quantities m and g do not represent the observed values, but 
have the meaning of ‘‘bare’’ constants as before. The observed 
““mass’’ is in this case given only by the quantity Tt. 

tStrictly speaking, the large number of particles in the sys- 
tem is a necessary condition for the applicability of the Hartree- 
Fock method, not a sufficient one. But at the present moment it 
is difficult to justify the application of this method more rigor- 
ously. It is possible that this can be done more easily later on. 


Di. Ss) *CHERNAVSKAT 


L (x) = (x) yO. P(X) -E mp (x) (x) 
L AZ (ap (x) Op (x) QP (x) Ow (2), 


where p(x) and w(x) are operators of a spinor 
field; m is a constant with the dimensions of a 
mass; A is a coupling constant (with the dimension 
of a length); and O isa spinor operator which de- 
pends on the form of the interaction: in the case of 
scalar coupling, 0 = 1, for vector coupling, O= yy, 
etc. We note that the expression (2) is a generali- 
zation of the Lagrangian of Heisenberg and reduces 
to it for m= 0. 

Our discussion will be in the ‘‘rest’’ system, 
where 

p= 0, a ne (3) 

It is entirely possible that one can develop a co- 
variant method of solving the problem under the 
assumptions made. For the moment, however, it 
is more convenient to work in the Schroédinger rep- 
resentation in the ‘‘rest’’ system. We note that 
the time and the space coordinates are not treated 
in the same way in the ‘‘rest’’ system. This should 
not worry us, however, since the four space-time 
coordinates are in general not completely equiva- 
lent in our problem, which is characterized by the 
constant vector p,. Indeed, in an arbitrary sys- 
tem of coordinates we can choose as the four inde- 
pendent variables the quantity T= —pyX, /® and 
the three quantities é = x, + XpppPy /m*. Itis 
easily seen that the variables €, represent the 
projection of the vector X, on the plane perpen- 
dicular to Py, SO that only three of them are inde- 
pendent. It is natural that the variables 7 and é, 
do not necessarily enter in the solution in the same 
way in an arbitrary system of coordinates. In our 
“rest”? system, T=t, £,=0, and €; = x;.* 

Let us formulate the problem in the Schrédinger 
representation, where 

Dp = el Dp, lx) = eft (x) et 

Here H is the Hamiltonian, which is equal to 
H = \d8xap (x) yep (x) + m\ 29h (x) p (x) 

7B \ax(PX)OVD)) (PRO) (i 


The equation which determines the functional @p 
ist 


(2) 


(Dg =e, 


(4) 
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*We note, incidentally, that the possibility of choosing 
such variables was ignored in the solution of the ‘‘classical’’ 
equation (i.e., assuming that yp and Ww commute) in the papers 
of Heisenberg et al.” and Kurdgelaidze.* These authors, there- 
fore, left a whole class of solutions out of consideration. 

TIt is, in general, necessary that the functional Dp satisfy 
the condition PjPz = 0 besides the equation (5) (P; is the op- 
erator of the space components of the momentum). However, if 
the number of ‘‘external’’ lines is large, vy > 1, this condition 
is not important and does not affect the final result. This can 
be seen by considering the problem in momentum Space. 


ON NONLINEAR QUANTIZATION OF A SPINOR EQUATION 


H®, = Ez. (5) 


We shall assume that the commutation relations 
have the usual form 


CCR ACS AON eae a (6) 


In this connection, the question of the value of the 
anticommutator for different times comes up. We 
shall not discuss this point, since these commuta- 
tors do not appear either in the final expression or 
in the course of the investigation (see below). 

The solution of Eq. (5) is conveniently found by 
the variational method. Let us write down the av- 
erage value of the energy 


B= OLA, = \ dx h(x) (m + ¥:0) ¥(x)>e 


(7) 


where )g = fp and p( = Sf. It is seen that 
minimizing this expression with respect to the 
functional }— (with account of the normalization) 
is equivalent to solving Eq. (5). 

For the following it is convenient to expand the 
functions ¥(x) in terms of some complete ortho- 
normal system of spinors W(x): 


(x) = lan Wn? (x) + On Ve? (x)1, 


Wixi lo, Pe (xp, We (x1. 
(Here W{ and Ww) are the positive and negative 
frequency parts of the system of functions Wp.) 
The operators ay and by satisfy the usual com- 
mutation relations 


+} = + = = = == Ban eee 
tO Opt =A Onis Ory = Oran, {a ,» a y=(0 50 ne. 


We shall not specify the form of the functions 
Wy(x) any further, since it will be determined 
by. (). 

Up to this point the discussion has been rigor- 
ous. In accordance with what has been said above, 
let us now apply the method of the self-consistent 
field (Hartree-Fock method) and choose the func- 
tional @f of the form* 


b.=SC.]] a fom. 
v £ ij 


where &y is the functional of the vacuum. The fac- 
tors aj and b?# are distributed such that the indices 
i and j are in natural order; v’ and v” are occu- 
pation numbers such that p’+v” =v. They are 
connected with one another in the following way: 
~__*It is easily shown that this form of the functional is equiv- 
alent to the usual form of an antisymmetrized product, employ- 
ing the usual method of quantization in momentum space. 


(8) 
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if the functional @g describes a state with integer 
spinvand zero: ‘charge,’ y’ = 7" =p 2. it it-de= 
scribes a state with half-integer spin and ‘‘charge’’ 
ce then Dp, =p 2real , 

The functions C, must satisfy the condition 
> 'Cy|2=1 and must; according to the assumption 
made above, be different from zero only in the re- 
gion vy ~ vy > 1. In view of this circumstance, we 
shall in the following neglect terms of order 1/v 
as compared to unity. Moreover, we shall not take 
into account terms which correspond to reducible 
diagrams. 

Substituting the functional (8) in (7), we obtain 
(we omit the intermediary calculations in view of 
their complexity ) 


B= Cie [\dx 3H Ooiar 20) Vien) 
i k 
— \ x3 Ww) (x\(m + yi0;) Vy (x) 
l 
z 1a x [SUCH OF, CEP OW ) 
Iie Uf 
OW ow 
q SCH Qe lL Ost 
k 
= ce OE a0 Wa 


2S ON a PrnOrrs) 
k l 
= (VOU) Ore I. (9) 
We note that we have omitted terms of the type 
(azajz), (apajapajy), etc.,* in deriving this ex- 
pression, since their contribution turned out to be 
small (~1/v) in comparison with the contribution 
from the remaining terms. Another important step 
in the derivation of the expression above is the 
omission of terms of the type (aja,azaj ). These 
terms are related to the reducible diagrams of the 
form shown in Fig. 2b. The number of such terms 
is small (~1/v) in comparison with the number 
of the remaining terms, but the contribution from 
each of these terms may be infinite. These terms 
have been discarded on the basis of the considera- 
tions above. The terms remaining in (9) do not 
any more contain the self-interaction (i.e., reduc- 
ible diagrams of the type shown in Fig. 2c); for 


*Terms of this type describe the change of the energy if 
there is additional creation (or absorption) of particle pairs. 
The circumstance that their contribution is small is, apparently, 
connected with the fact that the chemical potential of a pair is 


equal to zero. 
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k =1, the interaction terms reduce to zero by vir- 
tue of the antisymmetrization. 

Expression (9) must be varied with respect to 
two physically distinct groups of parameters: ex- 
pression (9) must be minimized 1) with respect to 
the occupation numbers (i.e., with respect to the 
parameters of the function C,,), and 2) with re- 
spect to the parameters which determine the sys- 
tem of functions W(x). As a result of these vari- 
ations we determine the specific form of the func- 
tions W,)(x) and the function C,. For example, 
in the crudest approximation we may write Cy 
= 6,,, (where vg is the variational parameter ) 
and take for the complete system of functions 
W(x) the system of spinor functions for a par- 
ticle with mass mp in a potential well with depth 
Up and width rp (mo, Up, and rp are the varia- 
tional parameters ). 


CONCLUSION 


We have seen that the problem of the eigen- 
mass of an elementary particle reduces in our 
case to the problem of the formation of a bound 
state of a system of many ‘‘virtual’’ particles. 
Analogous problems concerning the formation of 
a bound state through the interaction of several 
particles with one another have been discussed 
many times. They usually lead to a finite expres- 
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sion for the energy of the system. We therefore 
hope that the minimization of expression (9) leads 
in our case also to a finite result. 

We hope to carry out this program in the future 
and also to discuss other problems related to it 
(for example, the problem of the properties of the 
physical vacuum ). 

We also note that an analogous program can 
also be applied to the ‘‘usual’’ theory which starts 
with two interacting fields (fermions and bosons ) 
with the ‘‘usual’’ linear coupling between them. 

In conclusion, I take this opportunity to express 
my gratitude to E. L. Feinberg, D. A. Kirzhnits, 
V. Ya. Fainberg, and G. A. Milekhin for valuable 
advice and fruitful discussions. 
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The vertex part in electrodynamics is found for a certain range of momentum values. 


4n 


ee vertex part in electrodynamics ADs. 2) pe) — 2! - du dv dx 4 
was obtained by Sudakov’ in the region /? > p?, Sie vo ee ere may he 
q? > m’, e? In(/2/m?) «1. By using the renor- Here 
malization group method Blank and Shirkov? gen- 8 eed 

= 0), =) Rll | 2 ak. = €7/ om, 
eralized this result to the region in which vacuum = ee ; ge bogies han 
polarization plays a role. They considered in ad- and the relevant region of integration is given by 
dition to the terms of order ~ e? In (1?/p?) In (1?/q?) on P/E | ee ie Os | 7/7? | ee le 
treated by Sudakov also terms of order e? In (17/m?*), 
e* In(p*/m?), and e2 In (q?/m?), however assumed, O0<x<min{|u], [a]. 
as is customary, that 


We integrate first over x. For uv < 0 the sin- 


Call) ase [1 a In ( PI m2) <1, gular point x = uv lies outside the contour of inte- 

gration, for uv > 0 we deform the contour of inte- 

as well as that e* In (1?/p?) «1 and e’l1n (77/q") gration into the complex x-plane so as to pass the 
«<1. As a result of an insufficiently correct ap- point x = uv from below along a semicircle of ra- 


plication of the method the result obtained by Blank dius uv. Taking into account that 67 « 1 we find 
fA 2 ; : 3 : ; 
and Shirkov,“ also cited by Bogolyubov and Shirkov, pe) — 3! \<\ do Q (uv) in + f({uo 1)| 


turned out to be erroneous. Since the problem may Sere i B; * —Inwo 

be of some interest as far as the method is con- —__ 3, ( du do p-1 ay (3) 
oe : =—F70\ S\ 2 @— Ine), 

cerned we present in this note a correct version sees 


of the Blank and Shirkov result. We make use of 
the method and notation of Sudakov.! 

At first we set the longitudinal part of the photon 
Green’s function dj(k”) equal to zero. Then the 
skeleton diagram of lowest order in Ig (p, q, /) 
has the form 


Weer GiGs) =O itor ox <O, Osx) =i ore x SO, zine! 
where f(x) is a certain function which drops out of 
the answer after integration over an even interval 
of u or v. According to Sudakov,? in the 2n-th 
order relevant contributions to [g come from 
those diagrams in which all virtual photon lines 


po 22 \% leas peas eae cat (du. fy = surround the point at which the real photon J is 
ee Pree RAPP Sk i y emitted. Each such term, in a manner analogous 

x(1 - nae =a (1) to that described above, is reduced to the form 

sc ‘i 3\2( duydu, Up, d0;, dd, sles 

It was shown by Abrikosov’ that the longitudinal = z) aor ete Uyy eam 
term ~ kk, in Eq. (1) gives, after integration in x (B72 —[In wy0,)2 (G7? — In uv)". «- (872 — In upon), 
the region |k?| < |2*|, only singly logarithmic a 
terms ~e In(I?/p*), e” In(1?/q?); whereas the re-_ where the integration is over the region 
gion |k?| > |J?| gives no logarithms at all. One may Ge ee ta ee = 
therefore dropthis term in Eq. (1) and restrict the ee ee 
integration to the region |k?| < |/?|. 

For the sake of definiteness let 1? < 0; the oppo- If diagrams with all possible distributions of 
site case will be obtained by analytic continuation. photon lines are combined, then the inequality for 
Following Sudakov we introduce the variables u, v, the Vix of Eq. (4) is supplemented by all other pos- 
xs sible inequalities among the vj; consequently one 

Cp ae may integrate over all vj from @, to unity inde- 
eT eran EN aioe pendently. If one further symmetrizes over uj 
and transform ime to the form one arrives at the result 
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nt ML 
ny (0 - A m ry 
| ne ea Inwo) | == 


The physical reason which makes the above sim- 
plifications possible is connected with the identity 
and ‘‘infrared’’ smallness of the momenta of the 
relevant quanta. From Eq. (5) we obtain 


I, = yo exp (— J), 

In“) in (p-a—In 2) 
(Bi 
— (2 — Iny)In (84 — Ing) |. 


Here z = —/?/m?, x = —p*/m’, y = =q-/m*; 
xy/z >> 1 in accordance with the assumed approxi- 
mation 


BiIn>, Bln> <1, 


+ (8-4— Inz) In (8-1— In z) 
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The result (6) is easily generalized to an arbi- 
trary dj(k?) = 0. At that one should use for the 
functions G and I’, in internal parts of the dia- 
grams their asymptotic expressions 


G(p) =o (— ptm), Ta (Pry Pas #) = Toor (— Pm), 


ina {2 t oF, ik |), 
a (x) = exp (f \ di (&) dé). (7) 
Inx 


It is easy to see that the change in T',, accord- 
ing to Eq. (7) is compensated by a corresponding 
change in the function G at all vertices except for 
the point at which the external photon J is emitted. 
Therefore each term in Eq. (5) gets multiplied by 
a(—1*/m?) so that the answer is given by 


Py = yoexp(— J += \ dy(8) dé ). 


Inz 


(8) 


The connection between Eqs. (8) and (6) corre- 
sponds to a usual gauge transformation of Ig as 
a result of a change in the gauge of d7(k”).® 

The renormalization invariance of expressions 
(6) and (8) is easily verified directly from the 
equations of the renormalization group [Eq. (3) 
of Blank and Shirkov’ or Eq. (42.33) of Bogolyubov 


Via Gr eVAIs 


and Shirkov?]. For e? lnz «1 we obtain from 
Eqs. (6) and (8) Sudakov’s result 


Deena eXD sq in In—=). (9) 

We note in conclusion that the exponential form 
of the expressions (6) and (8) indicates that it must 
be possible also to obtain the answer by the renor- 
malization group method. The correct prescription 
is as follows: making use of a renormalization in- 
variant expression for 


aq de (F*) = 8 (I 


one must calculate the correction to Ig in lowest 
order, and then go over in the usual manner? from 
this ‘perturbation theory’’ formula to the exponen- 
tial expressions (6) and (8). A proof of this pre- 
scription in the general case would make it possible 
to solve in a simple manner certain other problems, 
such as for example the taking into account in the 
vertex part Ty (p, q, 7) under discussion of “‘singly 
logarithmic’’ terms of order e* In (177 p7) and 
e” In (12/q?). 

The author is grateful to D. V. Shirkov for a dis- 
cussion of the results. 
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By using the Racah technique we investigate the group properties of relativistically invariant 
equations of the type Qg8g) +ky = 0. The treatment presented is a further development of 
the work of the author.” A consistent procedure is given for finding the commutation relations 
which completely determine the algebra of the a matrices, by using the technique of j sym- 
bols and transformation matrices. As simple examples we give the complete commutation 
relations for the Duffin-Kemmer equation with spin 1 and for the generalized Pauli-Fierz 
equation. A classification is given of covariants which form a U(a )-algebra with respect to 
reflection and charge conjugation. We obtain relations by means of which the infinitesimal 
matrix Ijj is expressed in terms of the @ matrices. We discuss the structure of the com- 


plete interaction Lagrangian. 
1. INTRODUCTION 


Durine the past few years the methods of the 
theory of angular momentum which were first 
treated by Racah! have been developed further in 
the form of the theory of j symbols, transforma- 
tion matrices, and irreducible tensor operators. 
At the same time, these methods are finding a 


wider and wider range of application. In particular, 


they are the basis for the theory of atomic and nu- 
clear spectra, for the scattering of particles, and 
the theory of parentage coefficients. In the pres- 
ent paper these methods are applied to the theory 
of relativistically invariant equations of the type 


adop -- xp = 0. (1.1) 


In a definite sense the proposed approach is a 
further extension of previous work of the author.” 
The algebraic method of investigation? in which 
the matrix aj is treated as a unit symbol has a 
definite advantage with respect to the writing of 
the matrices in explicit form?® or in the form of an 
expansion in terms of some known matrices.’ 

From the products of the matrices aj one con- 


structs’ covariant quantities (called symmetrizers ) 


which transform according to irreducible repre- 
sentations of the Lorentz group. The matrix aj 
transforms with respect to the index i like a vec- 
tor D(44%4). For example, from the products of 
two matrices ajQ, one can select three symme- 
trizers corresponding to the expansion 


D (/s3[2) X D (s![2) =D (11) +D (1001) +D (00). 


(1.2) 


In reference 2 we gave a procedure for con- 
structing symmetrizers (in tensor and canonical 
bases ) corresponding to the expansion (1.2), and 
analogous expansions for the products of three or 
more matrices. 

In the U(a@)-algebra there are contained basis 
vectors which transform according to the repre- 
sentation 


Pea oas, (1.3) 


where §S is the representation according to which 
y transforms in equation (1.1). Equating to zero 
the basis of the representations contained in the 
products of the type (1.2) and not contained in (1.3), 
we obtain a series of commutation relations. How- 
ever, there is a difficulty in separating identical 
representations since, even when one includes 
supplementary symmetry conditions, not all the 
representations are sorted out. 

In Sec. 2 of the present paper we treat a tech- 
nique based on the theory of angular momentum 
which enables one, from the representation S and 


' the values of the independent constants in the 


matrix aj, to obtain the complete commutation 
relations and to find all independent covariants of 
the U(q@)-algebra. In Sec. 3 we consider the 
classification of representations with respect to 
reflection and charge conjugation, and also formu- 
late various physical requirements in the language 
of the Racah method. In Sec. 4 we give a table of 
representations which enables one relatively easily 
to obtain the commutation relations for equations 
with spins not exceeding oh As an example we 
treat the complete commutation relations for the 
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generalized Pauli-Fierz equation. Finally, in the 
last section we discuss some specific simplica- 
tions which arise when the method is applied to 
equations with interaction. 


2. RACAH’S METHOD AS APPLIED TO RELA- 
TIVISTIC EQUATIONS 


The application of the methods of the theory of 
angular momentum to relativistically invariant 
equations is based on the specific structure of the 
matrices aj. Since y transforms according to a 
finite dimensional representation S, 0; according 
to the representation D(44'4), and Ag Ogi as 
does »~, transforms according to the representa- 
tion S, the matrix aj is an aggregate of Clebsch- 
Gordan coefficients (with certain arbitrary con- 
stant factors) which project the space S x D( ay, Ye) 
on S.° 

Equation (1.1) can be rewritten in the form 


> 


P'Q’s'p’q’mn 


OS). pig (P1/op'm | Pp) (Q’/29'1 | Qq) Amn p?,9" 


+ Hiph? = 0. (2.1) 


Here PQ and P’ Q’ are the weights of the repre- 
sentations, pqp’q’mn are indices of the correspond- 
ing basis vectors, and the index s numbers the 
identical representations. 

According to (2.1) the matrix aye We is broken 
up into individual blocks apqQ; p’Q’, which are 
Clebsch-Gordan matrices multiplied by a certain 
constant coefficient abQ: P/Q” 


pq; Pg" = ApQ; pg’ (P"*/2p'm| Pp)(Q"/2q'n | Qq). (2.2) 


In the process of investigation of the equations 
—in finding the commutatian relations, consider- 
ing various physical requirements, and computa- 
tions — we deal with products of the @ matrices, 
i.e., with combinations of Clebsch-Gordan coeffi- 
cients. In the general case any such combinations 
can be represented as a complicated expansion in 
generalized Wigner coefficients; the coefficients 
of this expansion are the j-symbols.® For the 
theory of relativistic equations the corresponding 
formulas which are considered below are not very 
complicated. 

If we multiply two matrices with matrix ele- 
ments of general type 


oMiNs — ap, Q;; PrQr (PrM prim, | P pi) (QRN 19nhy | Q:9:), (2.3) 


aM:N2 = Ap, a,; Pa, (PiM opine | Prpr)(QiNeqit2| Qrqn) (2-4) 


[for My = Ny = M, = N, = 44, we have the special 
case of (2.2)] the matrix element of their product 
has the form 
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aMiNigMiN2—= >) AP; 0;; Ppp EP pOn3 P12, (PeM Prim | Pipi) 
PrQRPRIR 
x (PMePm| Pepr)( QaN19ntts | Q:91)( QN 29iN2| Qe9e)- 


(2.5) 


From the product (2.5), according to reference 
2 [ef. formula (1.2)], we can separate out a sym- 
metrizer characterized by the indices MN. To do 
this we can make use of the well-known formula® 


YS} (PeM pets | Pipi) (PM op itt | Pepe)(M2M mgm, | My2M2) 
= W,(PiMPM,; PM y2)(PiM opi. | Pps). (2.6) 


The coefficient W,, which has been treated by 
Jahn,’ is related to the Racah coefficient by the 
equation 


W, (PiM2PiMy; PrM yp) 


= V(2Pe+1)(2My2 +1) W (PiM2P:M1; PrMa2). (2.7) 
Thus the matrix element of the irreducible sym- 


metrizer MN, obtained from the product of the 
two matrices (2.3) and (2.4) has the form 


A 
yi AP; Q;5PpQpFPpQp; P12 Wi (PiM2P:My; PrMy2) 
PRR 


X W, (QiN2Q:Ni; Qu 42) 


X (PM y2pitMy2 | Pipi) ( QN 1241712 | Q:9:). (2.8) 
If we consider the product of three matrices a, 


then for the symmetrizer with indices MN we ob- 
tain the formula 


pa 


PpQRP1Q) 
XW, (PiM2P:My; PrMy,) Wi(PmMsPiMi2; PiM) 


*~ Wi (QiIN2QN 4; QyN 12) Wi ( QmNV3 Q:N12; Q,N) 

X (PmM pm | Pipi) (QmN Amt | Qi4i). 

In the most general case the symmetrizer 
formed from products of a@ matrices is made up 
of Clebsch-Gordan coefficients with constant fac- 
tors apQ, p’q’ not depending on the projection. 
The factors APQ, P’Q’ depend on constant factors 
in the matrix aj and on the specific set of j-sym- 
bols. Thus, the quantities D(11) formed from 
products of two a matrices and from products, 
for example, of twelve a matrices differ only in 
the particular values of the coefficients 2pQ, P’Q’: 
Any matrix element can be immediately written if 
we give the number of matrices in the product, 
the representation, and the method of combining 
the angular momenta. 

To each matrix element there corresponds a 
simple graphical rule. Thus, for the successive 
products of two matrices (2.8) and three matrices 
(2.9), we have Figs. la and b. The process of 


IP Qj; PRQp FP RQ; PQ, FP {Qi Pm 


(2.9) 
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A Faby 4G, AG Am Aa, fn &p 
MN, M, 
My Mz MN 
eI b 
BIG. 1. 


writing symmetrizers by using graphs is standard 
and does not present any difficulties. 

If the separating out of irreducible symme- 
trizers is not done in sequence, any j-symbols 
can occur. Thus @gQ, @g in canonical form 
corresponds to Fig. 2. 


PIG. 2. 


The 9j-symbols appear explicitly in the matrix 
element. However, for the investigation of rela- 
tivistic equations it is sufficient to consider ex- 
pressions corresponding to successive addition of 
angular momenta, in terms of which all others 
are expanded corresponding to any other law of 
addition; i.e., it is sufficient to know the coeffi- 
cients W,. Moreover, for this investigation one 
needs only a very restricted set of the W, coeffi- 
cients. In considering these coefficients we must 
remember the symmetry rules for the Racah co- 
efficients: 


W (abcd; ef) = W (badc; ef) = W (cdab; ef) = W (ac bd; fe) 
Si 1)? W (ebef, ad) =) W (ae jd bo), 
(2.10) 


In addition, if e and f are defined uniquely by the 
assignment of a, b, c, d, the corresponding W, is 
equal to unity. For example, 


Wy (*/2*/2 12; 1/2) = Wi (*/2 7/2 9/2 */o3 11) = 1. 

Then in investigating the products up to six 
matrices and equations with a maximum spin of 
/,, we need to know altogether 25 W, coefficients. 

The symmetrizers which can be formed from a 
specific number of a matrices transforming ac- 
cording to a single representation differ from one 
another in the coupling scheme. Thus from three 
matrices one can in general form four linearly in- 
dependent symmetrizers transforming according 
to D(¥,¥,). In their coupling methods we distin- 
guish coupling schemes which are determined by 
how the angular momenta add (the graph) and the 
order of coupling, which is determined by the ar- 
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rangement of signs on the added angular momenta 
(cf. reference 6). The transition from one coupling 
scheme to another is accomplished by means of 
transformation matrices. To investigate equations 
(1.1) it is sufficient to choose one coupling method 


(Cio) fiefs) fiesfa)fieaa « «5 (2.11) 


i.e., one method of successive addition of angular 
momenta. Since the matrix transforms according 
to the representation D ee Y,), each of the suc- 
cessively added angular momenta is equal to v5: 
Therefore, the symmetrizers differ only in the 
quantities jy, jqo3, j1og34. Their assignment com- 
pletely determines the symmetrizer for which we 
introduce the notation 


; foal alee me) (2.12) 


F (fisfresfiesa-+- 


In the notation (2.12) we write a complete set 
of basic symmetrizers for the products of two, 
three, and four matrices: 
two matrices: 


F(l; 1), F(l; 0), F(0; 0); (2.13a) 


three matrices: 


F (19/x; 19/2), F (1?/o; 1*/2), F (19/2; 0*/2), F (1*/o; 14/2), 


P (14/59 04/,), F (OU 14.) F (Ole: 04/5); (2 o1ab) 
four matrices: 
PUsG2. 12) F (132) Lyle (i poe ele 
F (19/52; O*/ol), F (19/22; 17/,0), F (19/22; 07/20), 
F (1801; 1941), F (2/1; 1)1), Fale Oly, 
(EAR WANA san Mie WEVA. 16 (oles le nyeihp 
F (O%/a1; 1/21), F (O*/el; W/el), F CO%/al; O*/21), 
F (19/51; 17/00), F (1*/ol; 1/20), F (O"/21; 17/20), 
F (1?/s1; 01/20), F (17/21; 07/20), F (O/2t; 0/20), 
F (12/.0; 1/,0), F (14/20; 04/,0), 
F (04/,0; 13/,0), F (0%/,0; 04/,0). (2.13¢) 


For the representation D(mnnm) we have here 
written only D(mn). The symmetrizer F for 
D(nm) is obtained by an obvious permutation of 
the arguments. 

The U(a)-algebra is determined by the rela- 
tions between the matrices F. According to Ref. 
2, that part of the matrix F is equal to zero which 
refers to representations not contained in SxS. 
we for S=D(1001) +D(¥,¥,) we have 

(1%; 1%) =0. To find the remaining commuta- 
ee relations by use of the graphs, we write the 
corresponding coefficients in the matrix elements 
of the symmetrizers, which transform according 
to the same representations, and compare them to 
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one another and thus find the required relations. 
Thus, for D(¥,4¥,%), if the constant coefficients 
in the matrix a are equal to unity (Duffin-Kemmer 
equation), we have F(1%; 1%.) =V3F (1%; 0%) 
etc. for all products of three matrices. 

In order to find the complete set of commutation 
relations we must see how the relations between 
symmetrizers with a larger number of matrices 
are consequences of the corresponding formulas 
for symmetrizers with a smaller number of 


matrices. Thus, when 
ee ae a ye) (2.14) 
the symmetrizers 
F (19/22; 15/92) = F (1%/o2; 18/1) = F (18/al; 19/22) 
seer (12/5165 12/50) 0 (2.15) 


correspond to the multiplication of F(1%/; 1°/,) 
by a@ from the right; the result of multiplication 
from the left is also equal to zero. In this case 
we have in place of 


F ((Gsfa)fsebaiaoshals (i) eliestal) (2-16) 


a different order of coupling: 


F (fx(Vass)fosia)fesals RUBS Mineo) . (2.17) 


By the use of the transformation matrix, which has 
been discussed in detail by Yutsis, Levinson, and 
Vanagas®, quantities of the type (2.17) can be ex- 
panded in the basis vectors (2.16). Using the 
properties of the transformation matrix® we obtain 
for functions of the type 


®* (jiofiesf) = © (f4 (iio) frets) Ii2s/), 


the relations 


®* (j53/) = yt Wi (iijotiss fietes) ® (hii), (2.18) 
tio 
O* (Josfosa/) 
== os W, (fafosifas resfesa) Wa (fafofsosf 93 Iiefes) ® (f12/193/), 
Jiz/123 (2.19) 
®* (josfosafosa5/) = » W, (fsfosaiiss f1234] 0345) 
Jtzhrea/ 1208 
X W, (iilesfreaas as 12af 28a) 
X W, (fifefiesis} J1efes) ® (i1e/12af 1224])- (2.20) 


The quantities F* are then obtained in an ob- 
vious way: 


iB’ (soi jot) SVD), 
Fotis 
se Chea (2.21) 


Using these formulas we find from (2.14) the 
relations 


W, (jrjeiis; hiejes) Wy Giana AE) 


ls Ay SHE LE PIN 


z z 
Fg el pe Foe SV aie Pe ae Fa 


aes = Dyes (Fiz -+ Fei) + + Yo (Fs + Fs1) 


Oe. 
quel 


(Fes + Fse)- 


where the subscripts 0, 1, 2, 3 replace 1 */, 2 
Asay cae th, 750 

After having determined the consequences of 
the commutation relations between symmetrizers 
with a smaller number of matrices, comparing the 
symmetrizers which remain independent we find 
additional commutation relations between them 
(cf., for example, formula (4.4) later on). 

Later, in Sec. 3, in the classification of repre- 
sentations with respect to charge conjugation, it is 
important to know symmetrizers when the order 
is changed to the reverse order; i.e., it is nec- 
essary to know the expansion in basis vectors of 
quantities of the type 


: jer = 5 aye iB ; Fs3-==-0, (2.22) 


D* (jasisas/osasi) = D ((((isia) jasis) Jsass2) Josasj1J)- 


The appropriate formulas are obtained by using 
the transformation matrices: 


* ((joj:) j) = (— 1) "0 (j), (2.23) 
O* (jo3j) = >| if Loe Wy (isjeffis jeai12) D (jaf), (2-24) 
fiz! 
D* (jsajosai) = 51 (— 1)" W, (jsafodiri fosaire) 
hiofies 
X Wy (Jajssiies Isajies) D (freji28/)- (2.25) 


The quantities F* are found in a manner similar 
to 42.21). 

The method developed above makes it possible 
to obtain the complete system of commutation re- 
lations. In various cases, their determination is 
considerably simplified by considering various 
symmetry conditions and physical requirements 
on the equations. 


8. SYMMETRY LAWS AND PHYSICAL 
REQUIREMENTS 


In the theory of relativistic equations, in addition 
to the requirement of relativistic invariance, vari- 
ous symmetry laws and physical requirements play 
an important role, among them invariance with re- 
spect to reflection, charge conjugation, time re- 
versal, Lagrangian symmetry (the existence of a 
bilinear nondegenerate Lagrangian function ), defi- 
niteness of the charge density or energy, presence 
of various spins and mass states. Various ques- 
tions are related to these requirements; for ex- 
ample, concerning supplementary conditions, con- 
cerning the infinitesimal group ring, and equivalent 
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representations. Various physical requirements 
impose particular additional restrictions on the 
coefficients apQ, p’Q’ in the matrix a. In addi- 
tion, each symmetry permits one to introduce a 
distinction between identical representations and 
thus to give an additional classification of the sym- 
metrizers constituting the U(a@)-algebra. In the 
following we consider symmetry with respect to 
reflection, charge conjugation, and Lagrangian 
symmetry. 

The reflection operation corresponds to the 
transformation 

D (PQ) D(QP). (3.1) 


For equations which are invariant with respect to 
reflection we have 


(3.2) 


We note that, for quantities F corresponding to 
(3.1), there must be one and the same type of coup- 
ling. If P and Q are different, the representation 


of the full Lorentz group consists of two representa- F*(l*/2; 0's), =2 V3 [F* (14/2; 


tions of the proper group: 


FG ia j). (3.3) 


If P and Q are identical, we can have two types 
of representations: tensor or pseudo-tensor. For 
example, among the four symmetrizers D(¥,%/), 
consisting of three matrices, we have three vector 
symmetrizers 


F (17/2; 1/2), F (O%/25 0°/2), 
F (17/23 07/2) + F (O¥/23 V?/2) = F* (1/23 0*/2) 


F (iije. ++ fs hig. +1’): Ts hija... 


and one pseudo-vector 
F (1/2; O"/2) — F (O*/2; 1*/2) = Fo (17/2; 0"/2). 


We denote even representations by D*(P; P), 
and odd representations by D (P; P). Then it is 
not difficult to carry out a classification of the 
symmetrizers of the U(q@)-algebra if we remem- 
ber that products of two even or two odd repre- 
sentations give only even representations, while 
products of even by odd representations give odd 
representations; products of two representations 
of the type (3.3) give equal numbers of even and 
odd representations. Thus, for S=D(1 vy We 1%) 
+D(¥%, 00 Y,) we have 


L =D (2112) +D (2002) +D* ?/s%/s) + D- (/2 */2) 
+ 4D (*/2 4/2 1/2 8/2) + 3D* (11) +3D> (11) + 5D (1001) 
+ 4D* (He 4/2) + 4D> (2 4/2) 4+ 2D* (00) + 2D~ OE x 


The operation of charge conjugation is associated 
with a transformation of the matrices. For equa- 
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tions which are invariant with respect to this oper- 
ation, 


“pa; pro = E Arar, pa: (3.5) 


Using a function F* with the reverse order of 
addition of angular momenta, we can write the 
charge-even function D(jj’), as 


PGi feel ilaars) EF Guise lager 
and the charge-odd function D(jj’) as 


sn (3.0) 


i OI So etindiin oH eEU) 
Using the notation we have introduced and the 
formulas of Sec. 2, we give the four independent 


symmetrizers D(¥,¥,), consisting of three 
matrices; 


aca IES Sea) es 
Teg OEM ye 
The relations 
Ee (Oto 0/2) — F* (14/2; O'/2) = — FY (ee 1 /s)e, 
14/2), — F*(O'M2; 04/2) ,] 


iMG ioe b SAAGE 


F*(O*/3; 01/2) ,, 
PUI snOt ey, 


are valid. 

For the classification of the symmetrizers of 
the U(a)-algebra with respect to charge conjuga- 
tion, we consider the matrix elements pq; p’q’. 
The non-diagonal elements ap@; p’Q’, @p’Q’; PQ 
correspond to twice as many equal representations. 
Half of them are even. To the diagonal element 
2pPQ; PQ: since under charge conjugation there is 
a change in the order of addition of the angular 
momenta to the reverse order, there corresponds 
a factor (— 1)2Pi-P (- 1)%21-@ A, where P,Q, 
are the angular momenta characterizing S in 
SxS. The factor A is equal to +1 for tensor 
representations and — 1 for spinor representations. 

According to the above rules, we give the 
U(a@)-algebra with a classification according to 
reflection and charge conjugation for the following 
equations: 

1. Dirac equation, S =D(¥, 00 4): 


L =D (1001)_ +D* (/2 4/2), +D> (*/2 */2)_ 
+-D* (00), +D- (00),. (3.8) 


2. Duffin-Kemmer equation (spin 0), S =D( To) 
+D(00): 


i= D+ (11), 4D (1001). + 207 (00), 


+D*(/e Ye), +D* (Cle ‘V/2)_. (3.9) 


3. Ginzburg equation (spin %, %), 
S=D(1¥,¥%,1) + 2D (% 00 %): 
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L = D(2112)_+ D(2002), --D* (/2 8/2), +D~ (@/2 3/2)_ 
3p Cll) 2D" (11). 2p (11), oD (11)_ 
4. 3D (%/s Ys Me 8/2), +3D (/2 Ys Me 3/2)_ + 2D (1001), 
48D (1001)_ + 7D* (42/2), + 2D* Pe Ve) 


+. 2D- (Hs Y2),+ 7D” G/e Yo). + 5D* (00),+ 5D™ (00), 
(3.10) 
For equations which are invariant under La- 
grangian symmetry, 


ees) (3.11) 


pq; PQ’ Q’P’; QP* 
According to (3.2), (3.5), and (3.11) Lagrangian 
symmetry is a consequence of symmetry with re- 
spect to reflection and charge conjugation. 

The metric matrix n, by means of which we 
form an invariant from the product ~*ny, can be 
expressed in terms of the basic covariants, if we 


consider that its matrix elements have the form 
a (Pep p00). (3.12) 


In treating the spin properties of relativistic 
systems, the investigation of the infinitesimal 
group ring constructed from the infinitesimal ro- 
tation matrices Ij j plays an important part. 

The infinitesimal matrix Ij; satisfies the well- 
known relations 


Wins Lie 1 = — gijlne + Selay + Srila — Sriliz, (3.13) 
loz, Ij] = Gijon — Sindy. (3.14) 


These relations can be written in covariant form 
in the tensor basis. For example, (3.13) has the 
form 

Liel om — Ime lor = 2lim; 


Tindim—Fimlin = 9, Tinta — Tuilin = Vmelim — Tm! mn 
(3.15) 
In the canonical basis the matrix Ij; can be 


written as ee ie The symmetrizers from I 
and I, @ are made up in a manner analogous to 
the symmetrizers from a@ (Sec. 2). We denote the 
corresponding quantities by Fj, Fjg. Then the 
conditions (3.13) and (3.14) take the form 


Fl) 0, °F, (1,0) = 2°, oF, Os 1) city (3.16) 
F ya 7/24/22 %/o), = 0, Fiq (Cle 1/2), = 0, 


BigCins) eo, (3.17) 
The relations (3.16) and (3.17) enable us to deter- 
mine the explicit form of the infinitesimal matrix 
for ay transforming according to a given repre- 
sentation S. The numerical values of the coeffi- 


cients in the matrix elements of the matrix 
qt0 ( yt ) 


bP 0;; Pp, (Pri pal | Pipi)(Qn0920 | Q29n) (3.18) 


are determined from the relation 
bp; PrOnOPrOns P1Q Wi (Pil Pal; Pxl) Wy (Q,9Q,0; Q;0) 


= bp, Q5P/Qr (3.19) 
For the Duffin-Kemmer equation (spin 1) we have 
by, YEO SYS V6/2, Dyo, 101== Ze (3.20) 


For the Pauli-Fierz equation 
by), 9; UE = vo O11; Vea, = V372, 


Dy) 14), = Lo oo t= Dy; o/, = 0. (3.21) 
Using formulas of the type (3.20) and (3.21) and 
also the basic symmetrizers of the U(a)-algebra, 
it is not difficult to find the expression for the in- 
finitesimal matrix Ijj in terms of the matrices a 
(cf. Sec. 4). Knowing it, we can find the supple- 
mentary restrictions which are imposed by the 
presence of definite spin and mass states. Using 
the spin operator Z = — (Ij. + If, + I8;),4 we sepa- 
rate out the parts of the wave function with definite 
spin (Z —& (€ +1))%, and by using a) the part 
with a definite mass state. The general appearance 
of the formulas which describe the spin-mass 
states of the system is the following: 


[Z—§.(& +1))...1Z —&, (& + 1)] (a3— mj) 


. (eg nt) 0) (3.22) 
The minimal equations for spin and for mass 
states are special cases of (3.22): 


(Z—=.(, = DLIZ— 2. See eee 


(ag— me) (og— mg)... = 0. Beh 


By virtue of relativistic invariance all these 
formulas can be represented as a definite sum of 
covariants. Writing formula (3.22) in covariant 
form and expanding the left side into basic sym- 
metrizers, and equating each of them to zero, we 
obtain all the relations caused by the presence of 
specific spin and mass states. Thus, from the 
relation a} — a) =0 it follows that F(1%; 1%) 
=0 and a, aj + AgQjiQAg + aja’, = 9aj 

If we write (3.22) in canonical form, the corre- 
sponding expansion can be obtained by means of 
the usual Clebsch-Gordan coefficients. The treat- 
ment of other physical requirements also is sim- 
plified considerably in the present formalism. 


4. EXAMPLES 


As simple examples of the application of the 
method described, we find the commutation rela- 
tions and write the basis vectors for equations of 
which the Pauli-Fierz equation is a special case, 
and for the Duffin-Kemmer equation (spin 1) (cf. 
also reference 4). In finding the commutation re- 


THE RACAH METHOD IN THE THEORY OR RE LATIVIST 1C EQUATIONS 969 


lations it is very important to have a table of sym- 
metrizers with an additional classification with 
respect to reflection and charge conjugation. Such 
a table, formed from the products of two, three, 
four, and five matrices, enables one immediately 
to find the commutation relations for particles with 
maximum spin ¥,, 1, and ¥,. For the investigation 
of higher spins the table must be extended further. 


In order to write down immediately the commu- 


tation relations for equations with spin Vis ane 
the generalized Pauli-Fierz equation, it is suffi- 
cient to give the classification for products of no 


Two matrices: 


JONG De den eas Ns |G 
D (4001): D (A0)_, LO GIS A= PG 
D (00): D=(O0)25)  F'(0; O)}Seatsie 
Three matrices: 
D (3/2 7/2): D(@js2)s)e5 Foo [415 
1), 1/5 3/5): DP /2%/2)41 For — V3 Fos, {F (13/2; O/2)4}, 
D Cia a *la%/ak: DER), Varu Fu, @%: Oy)», 


D* (?/2*/2)4, Fir + V3 FS, + 3F oa, (F (1/25 12/2)4}, 
D* ("2%/2)4, 3Fir— V3 FS, + 5F 22, (F (O¥2; O¥2)4, 


1/2 . 
SPN peep ayy 3Fu — V3 FS, —3F 9s, {F (44a; 11/2)_}; 


[2]; 
[3]; 
[4]; 
[5]; 
[6]; 


{F (13/22; 413/o1)4}, 
UE pas aU EA) isc 
{F (13/22; O¥/21)_}, 


more than four matrices. In thé table, to save 
space, for the products of three matrices the 
functions F are written in the form Fj,, for four 
matrices in the form Ejx. For three matrices the 
indices 0, 1, 2 replace the pairs 1%, 1%, 04; for 
four matrices the indices 0, 1, 2, 3, replace 1 ¥ 2, 
1%, 1, 1% 1, 041. Below we give the classifica- 
tion, where we have written the independent basis 
vectors and given their order numbers in square 
brackets. In the curly brackets, we give the origin 
of the symmetrizer (to within a factor ). 


(2]; 
[3]; 
[4]; 


[5]; 
[6]; 


Ue (GE pul Ses oily), 
[8); 


D~ (/2 1/2)_, gett {F (44/2; O¥/2)_}, [7]. 
Four matrices: 
Di(22); Dt (22),, Boo, {F (12/22; 47/22),3, [1]; 
D(24)s,  —2En + V2 Eo + V6 Eos, 
D (2412): WS) OV 2a bbe VS Eos, 
D241 es V2 Eun — Eo + V3 Eos, 
5 D(20)4, Eos, {F (43/22; 14/20),}, 
oe eon. Evs, {F (19/22; 04/20),}, 
( Dt (11)4, 2£ + Eo + 3E%—V2E5,, (F (Oot; O'st)4}, (7); 
Dt (44)4, 4E1)+8E22—12E 93-113 V2 ES, + V6 ES, +2V3 Ex, 
D*(41),, 4En—4E2+ V2 E&,— V6ES,+4V3 Es, F (Aol; Oet)43, 19); 
D*(11),, W6ERZ—YV3Es, CF (1%J2ts Yet). — F (tet; Oot), 


[10); 


D(A1): } pe (il), —2En +56. —3Eu—2 V2 E%,4+V6E,+2V3E,,; | 
| xe (AP odie Aa ed) eee ls 
D* (41)_, —2Eu— Ex2+3£33+ V2E8,, {F (Met; O'et)-y, [412]; 
D-(44)4, —2E2,+V2E2+V6EI,, (F(i/ets OYet).3, [13]: 
D-(14)-, W2E3,45E3,—V3E,, (F (Oot; 1%ot)-}, [14] 
D-(41)_, V2E3,—ER,+V3Ei, (F (1%; 14ef)-, [15] 
( D (10).,—2Bu+V2Eu+V6Eu, (F (18/24; 17/20)43, [16]; 
| D (10), —2Eis + V2Ex + VG Es, {F (12/1; 0'/20)4), [17]; 
D(40)_, V2Eu+5Ea—V3E., {F (44/21; 1%/20)-}, [18]; 
Dog Donan V2 Ex 5s — VS Eos, {F (14/o1,0%/20)_}, [19]; 
(DA, Vi8u— Ea Vebu, (F Ost; 1403, (291; 
[DU0)_, V2Eis—ELs+VSEss, {F (Oot; 0%/s0)-), [24]; 
D* Ow Ba (F440; 14/0),),.0 [22]; 
D* (00)z, Ess, {F (0420; 0%/20).3, [23]; 
D(00):  ) D* (00), Egg, F (12/20; 0/20)43, [24]; 
D-(00),, Eqs, 4F (4%/20; 04/20)-}, [25]. 
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Here E§, = Ey, + Ey Ei, = Bix — Eq. 

For the representations D(mnnm) we give the 
formulas only for D(mn), since in the case of the 
reverse order of indices the formulas are identical. 
In the following the symmetrizer is denoted by the 
symbol z‘!), where i is the number of a matrices 
in the product and k is the number in square brac- 
kets. 

Using this table we enumerate the commutation 
relations in canonical form for the Duffin-Kemmer 
algebra S=D ee Ys} + D (1,00 1). Dhe:symme=- 
trizers appearing in the U(a)-algebra transform 
according to the representation 


L =D (2002), +D (%/24/2"/s %/s), +D Cla Ma We 8/s)_ 
49D (1001). +2D+ (11), +D> (11). +D* (/, 3A), 
4+ D* (#/24/2)_ + D> (7/2 */2), 
+D- (/2*/2)_ + 2D* (00), + D> (00),. 


We set the coefficients in the matrix a equal to 


(4.1) 


Ayo; 1h = Qo; 33/3) a b, ary, 4/5710) aa ay, Ue Ol == Cc. 


Then by the method described in section 2 we 
obtain the commutation relations between the three 
matrices: 

ia, 2)=0, 2 —2 V3bcz, 


Zz) = — iY peat (4.2) 


Using (2.18) — (2.21) we find basis vectors for 
four matrices which do not go over into one another 
by use of (4.2) or to the basis vectors for fewer 
matrices: 

oe eo (4.3) 

Applying the same method to them we find just 

one more independent commutation relation for 


four matrices: 


28, 29, ay. 


ew S5 = S (4.4) 


Formulas (4.2) and (4.4) constitute the complete 
set of commutation relations. Using formulas 
(3.20) we obtain an expression for the infinitesimal 
matrix in terms of the matrices a: 
eer 0): (4.5) 
For the Pauli-Fierz equation the representation 
is S=D(1.%¥, 1) + D(¥, 00 %). Then 
L =D (2112)_ +D (2002), + 2D* (11), +D*(11)_ 
+D~ (11), + 2D> (11)_ + 4D (1001)_+D (1001), 
+ D* (7/2 3/2), + D> (3/2 3/2)_ + 2D (3/2 4/2 Ye 3/2) 
+ 2D (7/2 1/2 4/2 3/2)_ + 3D* (3/2 M2), +D* (/2 1/2)_ 
Da Gia?) eB) wy C/a2/2)L ae 2D (00), + 2D~ (00),. 
(4.6) 
We set the coefficients in the matrix a equal to 
Gin; 1, = — Ay, 7 = 0, A414; 1/0 = B15 of = Ys 
— 85,0; 42 = — Fors, 1 = B— Gory; 0 = Ay,9; off) = a.(4.7) 
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For the Pauli-Fierz equation 
a = V35=1/2, 


The commutation relations between the four 
matrices for (4.7) are obtained in the usual fashion. 


We have 


xB = V 3/4. (4.8) 


=i) yeep b.zh = ap2y + Cp (24 — Z10)) 
k = 8, 9, 10; Bie eaOmee : 
Ll tit 3, 420, OFT I2 Ae One 
ee = 22), ol 19 20821. 
n 
z(4) = a2) + a’ Z(), Oh eye ees (4.9) 
The constants appearing here are 
Table I. 
(ee Ss ee ee ee ee 
$4 8278 Sap i068 atyB 
Y3 : Vs Be A Ae pce” 
ae Mon 6 3 6 2 
V3 1 v3 J V8 aes 
or 48 eG, 3 2 2 
vs 4 1 Sk V3 4 
as ake V3 ie z 
4 Via t es 
a 6 xy = 2 2 
4 V3 1 1 V3 
aoe 18 re 6 6 ae 
4 V3 i 
a23 Til = 6 0 12 0 
Vs 5 Tes 5V3 { 
a4 36 12 Ls > <36 2 
V3 5 V3 : 3 
en a =5 Sere el areas 
3 3 1 
47 3 3 
€13 eS Ase 0) a 0) 
7 3 
14 wa ie 0) 0 0 
y2 V5 evs 
C31 PIs, ans) — V2 —_— V2 yr 
V2 V6 V2 
39 Te ay 0 sine 0 
= 3V2 ~ 6 2 
C33 V6 = L —V6 ve = ve 
V6 = 
34 Serr 2V2 0 0 0 
4 1 
ay Dy —1 0 = 0 
17 ‘i 3 9 
‘i 6 2 5 Me) Gee 
7 1 5 3 
(2h) 7G — 1 = 5) aa 
1 1 
a0 oO —1 0 > 0 
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Table II. 
See 
l 
d+y6 Bexe | Sax | atyB as 
LS ps 
Ae er ee ee 
4 | a 4 
Ling 0 | es a 
z 0 0 Z 
2. ruc sya pe a le 
4 We | Po 4 4 
4 a 9 
a | 4 eee om oe 
3 | | 5 
5 0 —) 3s | 0 0 
e 0 | = £3 z 
Ze | 4 2 Vee 2 
3 | [2 2 
€24 0 iu 0 dee —— 
2 | 5 y 
walt a, , a,b, a, bs a,,bs — a,b. 
Pe NOR osetia 8 Re 
6 Bh eh 
A V6 a 1 a 
aoa = 2 s 3 
aera 6, = is Fea Ps Osi OF +3 ay, 
og eS V3 1 
Do == 0 Se a g i a el (4.10) 


A is the determinant formed from the quantities 

Cik (i, k =1, 2, 3, 4); An corresponds to A with 
one row replaced by the quantities bj (i =1, 2, 3, 4). 
Then in Aj, the first row consists of the b;, in 

Aig the second row consists of the bj, etc; the 
constants are 


Wee ARS 4 RPS ee 
De oe a aoe TP) Da i (ie ia, a", 
my ( Bae ays 
bs 5) 6? 6 1425 Pee 5 OK 10 


The remaining constants are equal to the sum of 
products of quantities from the first row of tables 
1—3 by the appropriate coefficients, for example, 
a3 = (V3/6) 64 + ”, 67yB—... ete. 

These formulas give a complete set of commu- 
tation relations. Using the expressions for the 
symmetrizers of five matrices, one can show that 
no additional commutation relations arise from 
them. 

Using formulas (3.21) we obtain the expression 
for the infinitesimal matrix in terms of a: 


aaa) A A; 2(4) A 2(4). 
A’ “3 Sig A’ “is a@calo A’ 20 » 


3 
“> 12 €13 €14 
by e12 €13 C14 2 


Ge be €22 C23 C24 ; A’ V3 


etc. 
bs €s2 €33 34 


1 5) C29 93 24 


ba C42 €43 C44 fi C32 €33 @34 


O 42 €43 C44 


(4.11) 


Table III. 
Sy 8y23 Stay Sary a3 ae 
Sa eee | 
V3 = fines 
ay = 25 fen gs Vee 3 3 
: i 2 2 rel 
7 3 BY 2 
a5 6 5) == é ue We = 
3 es 5) ay 6 = 
ayy ay V3 oe ee <2 a 33 
ey) Dy 2 
4 ° _ 0 5 5 
Gis oy —5 V3 ave ao 3 ae 
5 ee os ae ae |= 
Q17 iE 1 1 V3 9 3 
6 Pt go a eas 
, 3 « 
a. ca é 3 3 a 
ee ae 
e i) 45 9 9 
; 2 oe ae a 
ay —4 | 0 5 Cax9 i) 
, 3 
SVs 5 5 
ei = 3 
a1 12 : mae eu: —V3 Te 
€42 Seas oe 0 ue es 0 z 
4 4 md 
3 2 BY Ss 3 
£43 am wa 7 V3 —— ae == » = 
3 = 3 3 
Cana rae — V3 ve 2 4 ie 
$$! rt 


5. EQUATIONS WITH INTERACTION. 
CONCLUSION 


The method proposed permits one to make sim- 
plifications also in the treatment of equations with 
interaction and, in particular, to write immediately 
any covariant quantity for a system of interacting 
fields. As an example, we treat the description of 
the most general Lagrangian. The Lagrangian of 
a four fermion interaction (without derivates ) 
(~Ow)(@Og) contains the invariants which appear 
in the product 


D (*/200*/2) x D(*/200*/2) x D (*/2 00 */2) x D(?/2 00 a 
Oe 


i.e., 10 invariants: five of the type D*(00), and 
five of the type D (00). 

To include interactions with derivates one must 
remember that, because of the commutation of 
components Vj with one another, all antisymmetric 
combinations of the Vj are equal to zero. Covari- 
ants can be formed only from the quantities 
D*(mm),. To include first order derivatives we 
must, in place of (5.1), consider the product 


[D (00) + D (/2*/2)I? [D (/2 00 7/2)". (5.2) 
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Usually one imposes the requirement that the completely classifies all symmetrizers according 
coupling shall not exceed the order of the equation. to some group of maximal symmetry, in terms of 
In the Lagrangian (yOV~)(@OVq@) the derivatives the ¢ and the quantities apg, p’Q’» and to write 


occur in front of different fields, but they may immediately all the necessary traces of matrices 
give a second derivative in the equation. Varying and to find a solution of a whole series of other 
with respect to ~, we have questions. 

In conclusion, I express my deep gratitude to 
V(pOVY) PO = (VHOVY) GO + (POVVY) GO Professors V. L. Ginzburg, V. Ya. Fainberg and 


= = E. S. Fradkin for continued interest and discus- 
mee YORI OC eS) sion of the results. 
It is necessary that there be no terms of the second 
type. They are equal to zero if the quantity VV is 
an antisymmetric combination. Therefore we must, ~ 1G, Racah, Phys. Rev. 62, 438 (1942); 63, 367 
in the first factor of (5.2), (1943). 
21. A. Shelepin, JETP 37, 1626 (1959), Soviet 


D, (00) + 2D (*/p4/s) + D(11) + D(1001) + D, (00) (5.4 
gear ee rs wet Ae) Phys. JETP 10, 1153 (1960). 


drop the covariants D(11), D,(00) as quantities 3 I. M. Gel’fand and A. M. Yaglom, JETP 18, 
which exceed the order of the equation. 703 (1948). 

Thus for a four fermion interaction with deriv- 41, A. Shelepin, JETP 34, 1574 (1948), Soviet 
atives we can write 51 invariants. They are not Phys. JETP 7, 1085 (1958). 


difficult to write, taking account of the different °G. Ya. Lyubarskii, Teopua rpynn u ee mpuMenenua B 
symmetries. Such a treatment can be generalized —gysyxe (Group Theory and Its Applications to 

to any interaction. It should be noted that Racah’s Physics ) Pergamon Press, 1961. 

method is entirely applicable to equations which 


are invariant with respect to three-dimensional 
8 


SYutsis, Levinson, and Vanagas, Maremaruueckuit 
alllapaT Teopuu |MOMeHTa KoJMueCTBa DBM xKeHMA|( Mathemati- 


rotations. cal Apparatus of the Theory of Angular Momentum ). 
As we have seen, Racah’s methods permit a GIPNL’ Lithuanian §.SR. 1960. 
significant simplification in the theory of relativ- Te Ayah Prook Roy. Soc. (London) A205 


istically invariant equations, both in the obtaining 192 (1951). 


of the commutation relations, as well as in the 81. A. Shelepin, Reports at the XIIIth All-Union 
investigation of different physical requirements. Conference on Spectroscopy, 1960, Leningrad 
Undoubtedly, in a future development of the appli- (in press). : 


cation of Racah’s method to relativistic equations, 

one will find further simplications. Possibly one 

will succeed in finding a general form of the com- Translated by M. Hamermesh 
mutation relations for a given w~ function which 234 
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Noise and characteristic transient times in quantum counters are considered. 


Tins sensitivity of detectors of long-wave radia- 
tion can be increased by converting the photons to 
high-frequency photons in the visible or ultraviolet.! 
It is of interest to analyze the operation of devices 
of this kind in some detail. 

Consider the system shown in the figure. If this 
system is at a very low temperature, only the lower 
level (1) is populated. When radiation at a frequency 
Vo, = (E,—E;)/h is applied to the system level 2 is 
populated. Suppose there is auxiliary radiation at 
a frequency v3. = (E3—E,)/h. This radiation causes 
the transfer of population from level 2 to level 3; 
because of spontaneous emission, there is then a 
transfer to the lower level 1, with the emission of 
photons of frequency v3,. In this way, photons char- 
acterized by hyv,; are converted to photons charac- 
terized by hv. 

Let nj be the population in the i-th level while 
n is the total population in the system; wi, and 
Wki are the probabilities for transitions from the 
i-th level to the k-th level and vice versa, Wijk 
= Wij is the probability for a transition from the 
i-th level to the k-th level under the effect of the 
external radiation. We assume that the probabili- 
ties w13 and wo3 are so small that they can be set 
equal to zero, while w3; is simply the probability 
for spontaneous emission; it is assumed that this 
last process predominates in the present case. 

The population equations for levels 1 and 3 are 
written in the form 


dn/dt = ayn + Ay2Nz — (Ay +12 + Wyp) 1, 
dn./dt = Agfy + Goghs — Aon, (1) 
where 
ayy = — 2W 2 — Wiz — War, Ayy = Wy, — We, — Wyo, 


a2 = — 2Ws2 — ws31 — Wsze, aa = — Wsz. 


The solution of the system in (1) is 
hy = Aewt + Ber# = n°, 
(2) 


Chi GBB aay B 2 — 411 at 0 
=A ot —— e%# +n 
Ns A Qy42 ‘“ 2 : 


where A and B are constants which are deter- 


z, E, 
aaa 
a E, 
mined from the initial conditions while aj, a», nf 


and ns have the following meaning: 


OT an > (Q11 +2) le (@31 — 32)? + Ay2Am|"*, 


ny = [1 + dy. ys + Wye)/(G11422 — A420) ] 1, 
ns = — Agy (Wy. + Wye) 21 (Qy1G2g — 4209). 


(3) 


We consider stationary states of the system. Let 
Wia> Wats Wig K W314 XS W393 W32 SX W39 so that the 
population in level 3 is 


fie = (Wy. + Wye) n/ws,. 


The number of photons emitted spontaneously from 
level 3 to level 1 is 


(4) 


It follows from Eq. (4) that when Wj, = 0 there 
is a ‘‘dark’’ radiation background; in this case the 
number of emitted photons is 


N = nga, = Wr2 + Wy») 1. 


(5) 


If the minimum number of photons of frequency V3; 

recorded by the detection device is Nmin, the sen- 

sitivity of the quantum counter is a maximum when 

the condition Nmax « Nmin is satisfied; in accord- 
ance with Eq. (5), this means when 


Ng = NW». 


(6) 


The population required in the system n is deter- 
mined from the condition that every photon hv; 
be absorbed. If the absorption coefficient is a, 
this condition can be written in the form 


NW 9 < IM aie 


(7) 


where I is the path length traversed by the 


photon. 
From Eq. (7) we find the number of particles 
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n = ShcAv/8r2Vo5, | P42 07, (8) 


where Av is the line width, py. is the matrix ele- 
ment for the transition between levels 1 and 2 and 
S is the area of the sample. 

The expression in (8) is obtained under the as- 
sumption that the radiation passes through the sys- 
tem only once. If the system is a resonator with 
plane-parallel walls and a quality factor Q, we 
may say that the photon traverses an effective 
path length 


i SOW One (9) 
The quality factor Q is given by the formula? 


Q = 2nl/N(1 —R), (10) 


where k is the reflection coefficient. From Eqs. 


(9) and (10) we have 
== 17 (1 —&). 


Consequently, the population found from Eq. (8) 
must be multiplied by the factor (1-—k). It is ob- 
vious that the smaller the value we obtain for n 
the larger the value we can take for wy to satisfy 
the condition in (6). 

We now consider the quantity wy. in greater 
detail. If Wo; = 0, the relaxation processes be- 
tween levels 1 and 2 take place without the par- 
ticipation of level 3. In a two-level system of this 
kind the relaxation time T, is given by the expres- 
sion 


Ty = 1 / (@y2 + Wai). 


Since wy = Wo, exp{—hvy,/kT} then T, = 1/wo; 
and the quantity wj. can be written in the form 


Oy le expN == ivon Ty (11) 


If the temperature T is given, in order to reduce 
Wiz we must choose a system with a long relaxa- 
tion time between levels 1 and 2. We may note 
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that it may be possible to achieve the required 
value of wy, by lowering the temperature. 

According to Eq. (4), the number of radiated 
photons is proportional to the signal power if 
Wie > Wie. 

We now consider transient processes in the 
system. As we have shown above, for good sensi- 
tivity the quantities wy, and w2; must be small. 

If we neglect Wj), Wo, and wy), in accordance 
with Eq. (3) the quantities a, assume the follow- 
ing values: 

eo = — - (2W32 + wse + wsi) 

a [Wee + W32W 2 1 = (We aie Was)? ] 
We consider two particular cases: 

1) If Wz. K w34, W32 then 


Oy = —W3,Woo/(Ws1 + Wo), GQ, = — (Ws + Wy). (12) 
2) If W3o >> W314, W32 then 
a, = —wy/2, a, = = 2Way. (13) 


Thus, under the most favorable conditions, where 
W39 >> W341, W39, the rate at which the steady state 
is established is determined by the slowest expo- 
nential factor, i.e., the quantity a, = —w3;,/2; in 
this case, the relaxation time for the transient 
processes is T = 2/w3;. Consequently the relaxa- 
tion time for the transient processes is always 
greater than the lifetime of the system in the ex- 
cited state. 


1N, Bloembergen, Phys. Rev. Letters 2, 84 
(1959). 

2A. M. Prokhorov, JETP 34, 1658 (1958), Soviet 
Phys. JETP 7, 1140 (1958). 


Translated by H. Lashinsky 
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A relativistic theory is constructed for reactions in which there are three or more product 
particles. This is an extension of the theory of reactions of the type a+b —-c¢ +d in the 
form given by Jacob and Wick and by Chou Kuang-Chao. In this case it has been found nec- 
essary to use other variables instead of the Jacobi variables for the relative momenta of 
the particles. The selection rules for such reactions that follow from parity-conservation 


are written out. 


ie There is a well known form of relativistic gen- 
eral theory of reactions of the type a+b—c+d 
(that is, there are general expressions for the an- 
gular distribution and the polarization in terms of 
phase shifts), which uses the description of the 
spin state in terms of projections along the mo- 
menta of the particles.‘~? Besides being relativ- 
istic, this form of the theory has the great advan- 
tage that its formulas are less cumbersome as 
compared with the widely used formulas of phase- 
shift analysis (which are used, for example, in 
the phase-shift analysis of p-p scattering). 

In the present paper the method of Chou Kuang- 
Chao, Jacob, and Wick, and also that of a previous 
paper by the writer,‘~* are applied to construct 
the theory of reactions of the type a+b—c+d 
+e+ 3%. (and also a—ctd+e+...). The 
spins and rest masses of the particles are arbi- 
trary. It is shown that in the relativistic theory 
it is necessary to use instead of the variables of 
Jacobi (cf. e.g., Fabri‘) different momentum 
variables, which were first used by Dalitz for the 
description of T decay.° 

2. Let us begin with the case of three particles 
at+b—1+2+3. The main propositions of the 
theory of reactions are presented, for example, in 
the papers by Jacob and Wick? and by the writer.® 

First of all we must introduce instead of the 
momenta p,, Po, P3 of the three particles the total 
momentum P = p; + py + p3 and two relative mo- 
menta p and p’ (whose exact definition is given 
later). The conservation of P allows us to elimi- 
nate this variable from the description of the re- 
action.® Hereafter we shall suppose that p, + Py 
+ p3 = 0. 


Our main problem is to find the transformation 
functions <pp’m;m,m3|...JIM-> which enable us 
to go from the description in terms of experimen- 
tally measured quantities (the momenta of the par- 
ticles) to a description in a representation that in- 
volves the conserved total angular momentum J 
and its projection M. The analogous function for 
two particles is of the form! 


(pms | mympjm)> = V 
x6. ~6 
P, Pp 


i 


2j) +1 5; 
An Dee A Xt, 0, a —q) 


m wou pe, ee Pl, a) 


The total angular momentum j of the two particles 
and its projection m are referred to the center-of- 
mass system (c.m.s.) of the two particles, with ar- 
bitrarily chosen axes z’, y’, x’. 3 and gy are the 
spherical angles of the relative momentum p of the 
two particles in this system of axes; m,; and m, 
are the spin projections of particles 1 and 2, re- 
ferred to the system of axes zcllp and ycll [z’ xp] 
(referred to Lorentz frames which are the rest 
systems of the particles), and mj and my, are 
quantized relative to the same axes Ze, Ye, Xe; 
but are referred to the c.m.s. of the two particles. 
The factor q appears as a result of the transfor- 
mation of the spin variables from the rest systems 
of the particles to the enm.s.° 

To solve the problem with three particles we 
can in principle go from the variables (pm,m,) to 
the variables (mjmjjm) and then from (p’mm; ) 
to (mm3JM), regarding the system of particles 1 
and 2 as if it were a single particle with the spin 
variable j. If, however, we use the Jacobi vari- 
ables (for example, pj =P’/2+P, Po =p’/2-P, 
and p3; = —p’), the spin projections along p will 
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not be projections along the momenta of the par- 
ticles (helicities). And in the formula (1) m, 
and m, must be such projections. 

Let p be the momentum of particle 1 in the 
Lorentz system K,, in which the total momentum 
of particles 1 and 2 is zero.’ Then —p is the mo- 
mentum of particle 2. For the total momentum of 
the system (1,2,3) to be zero, the total momen- 
tum of the system (1,2) (relative to the c.m.s. 
Kj,2,3 of the three particles) must be equal to —Dp3 
or +p’. The velocity 8 of thesystem K,, rela- 
tive to Ki,9,3 is p’/E;,2, where E,,) = (p’ 2 Ki2 yee 
where kj,» is the ‘‘mass’’ of the system (1, 2) 
(4,2 is defined in the usual way as the total energy 
of (1,2) in the Lorentz system in which (1,2) is 


at rest: 
= ails 


the speed of light is taken to be unity). The mo- 
menta of particles 1 and 2 in K;).3 are obtained 
by Lorentz transformation (cf. Sec. 18 in the book 
by Mgller’) 


sie yP aie thes 


= / pp | A 1,2 ; VEE Se 
ea P Me | 412 Se: y 
f 9 V p+ x 
ae , PP @ 
pp=—p—p sria, Saba | (2) 


To find p, knowing the momenta p, and py», we 
must make the inverse transformation 
Vite 
ees : 


(Pi -+ Pa, Px) ( Fie = 


(Pi i Ps)” \ X19 / x 2 
2 2 2 
Eyw=V rte + My V 2 f Mo + 


12> VE (Pp, + P.)?. 


Pp = pi + (Pi + Po) 


(3) 

Thus if Eq. (1) is written for particles 1 and 2, 
then p must be the Dalitz variable, and mj, m3}, j, 
and m must refer to the Lorentz system K;. The 
transformation function from (p’mm3;) to (m’m3JM) 
is also of the form of Eq. (1), and the required func- 
tion is given by 


2 (pm, | m,mspjm> <p’ mms | m' map’ JM» 


24) easy 
Te 4m 


x 6 


Bae m’ -(— T, Lie NM p) 


1g (111, Mo, p) 


* aces = Tt, o, 1 —®@) 


XO, 38 ,g(m 


Pe ries m, 


food , 
» P my, m, m2, m 


‘, My p’) 


= (pp’mymyms|m,m,m,jm' JMpp’>. (4) 
In this formula J, M, j, m’, and m% refer to the 
system Kj,» 3, M is quantized relative to some 
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axis system z, y, X, and J’ and gy’ are the spher- 
ical angles of p’ relative to z, y, x. The projec- 
tions m3; and m, and also m3 and m’, are quan- 
tized relative to a system of axes with z’|l p’ and 
y' ll [z x p’]; # and gy are the spherical angles of 
p in this same system of axes, i.e., # is the angle 
between p and p’. Finally, m,, my, m3 relate to 
the rest systems of the respective particles. 

An important further virtue of the Dalitz vari- 
ables is the possibility of expressing the total en- 
ergy of the system of three particles as a function 


of |p| and |p’| only: 
E= etales + %3 = 
+ Vp? + a) "+ Vp? +8. (5) 


In the case 4 Jacobi variables E would also de- 
pend on the angle between the relative momenta, 
and the law of conservation of energy could not be 
written in the representation containing the abso- 
lute values of the momenta and J, M. 

We can now write-the following expression for 
an element of the S matrix (or of the matrix R 
=S-1) of the reaction a+b—1+2+3: 


one ee 


[p? +(V ie? + #3 


<pp’mumems |S | pang = 


de; 0, IU Sa PB bead. (— BLES 0", a0 —q’) 


| MgiNp> Di erg MOTOS Va, Iu Qa). 
(6) 


x Jee aindernay — 
> (mumemsjmp | S”” 


The functions q are included in the notation 
(| SJE | ). More exactly, after going over toa 


representation containing J and M, by their aid 


we can return from the representation in the pro- 
jections mj, mj, mj, and m’ [see the explanation 
of Eq. (4)] to the representation in m,, mg, M3, 
and m (cf. reference 3). 

We can perform® the summation over M and get 


SE at (= t US a ao) De oe (— x, Oa, ™ — Pa) 


M 
(7) 


where 3’ and Q’ are the spherical angles of p’ in 
the axis system Za, Ya, Xq relative to which mg 
and mp are quantized (in particular, za II Pg). 
Therefore we can write element (6) in the form 


23D} age ma-tmp (— n, 0 ,.%— QQ’), 


(mamemspp' |S (9, @, 9", @’) | mattspa> 


(here and in what follows we omit the signs ~ 
over 3’ and 9’). 

The formula for a —1+2+3 has the analo- 
gous form 


<pp’mumems |S|JM> = 


ig UV GFT) BI DI 


m-+m2,m 


X(— x, 3, 1 —@) 


X Din+m,m(— %, 9", % —@') <mimamsjmp |S jp 8) 


RELATIVISTIC GENERAL THEORY OF REACTIONS 


Here J denotes the spin of the decaying particle, 
M its projection with respect to some axis system, 
and x the rest mass of the decaying particle. 

3. With the usual method of compounding angu- 
lar momenta by means of Clebsch-Gordan coeffi- 
cients we get for a+b—1+2+3 the following 
formula (if the rest masses of all particles are 
different from zero): 


<pp’rarians | S| pattany> = YY 1. (8,0) Yn (8, @’) Cinignine | iod 
x Cilop | jnj><jisnjns |s’n’> ¢s'I'n'p" | JM) 
x <iljs'l’p|S”* | slapa><Slanttta| JM) 

(9) 


X Clalptaty | sn> Y ia, (Oa: a). 


In Eq. (9) all of the spin projections n are quan- 
tized relative to a single system of axes z, y, x, 
to which all spherical angles also refer; ij, ig, is 
are the spins of particles 1, 2, 3; the summation 
is over repeated indices. The formula (9) is also 
relativistic, if we understand p and p’ to be the 
Dalitz variables and use for the description of the 
relativistic spin the representation of Foldy and 
Yu. Shirokov.® The formula (6) can be obtained 
from Eq. (9). To do so we must go over to spin 
projections along the directions of the momenta 
of the particles (m-projections ) by means of the 
relation 

4i 


wy, 


n=—i 


7) en Ca 


(10) 


where g is the rotation that brings the axes z, y, 
x to coincidence with the corresponding system of 
axes for the m projection. On carrying out some 
rather cumbersome transformations (cf. e.g., Sec. 
2 of reference 6), we get the formula (6), if we use 
the notation (cf. reference 1 and Appendix B of 
reference 2) 


<mimemsjmp| S”* | MafMp,> — >, Vv 2 = j € ti lotme | imi -- m2) 
: oN +1 
« Cilmi + me20|jma + mayb Y/ 


<jismms| s’m 


+ ms><s'l’m-+ m30|Jm + ms} <iljs’I’'p| S7® | sla) 


2, +1 
x 24-1 


<<sling + m,0|Jma+ms> [- 


Lgl ptMg!Ny | SMq + Mp 


(11) 


It is clear how much more cumbersome the for- 
mula (9) is in comparison with Eq. (6). In particu- 
lar, in Eq. (6) there is not a single Clebsch-Gordan 
coefficient. Of course they will appear if for the 
description of the spin state of the ensemble of 
particles we use the polarization tensors (cf., e.g., 
references 1 and 6): 
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Here i is the spin of the particle, and Pm,m’ is 
the density matrix that describes the spin state of 
the ensemble of particles. The extension of the 
expressions for the angular distribution and the 
polarization tensors of the products of the reac- 
tion (cf. references 6 and 9, Sec. 1) to the case 

of three particles presents no difficulties. 

4. No important new difficulties appear in the 
extension of the formulas (6) and (8) to the case 
of more than three product particles. Instead of 
Pi, Po, P3,-.. One introduces Dalitz variables; the 
spherical angles ;j are the angles between the 
Dalitz momenta. When the number of particles 
is increased by one an additional transformation 
function of the type of Eq. (1) appears. 

5. In conclusion we write out the selection rules 
that follow from the invariance of the transition 
matrix with respect to space reflection and the ex- 
istence of definite parities for all the particles. 
These rules are obtained in exactly the same way 
as in references 1, 2, and 9. 

We have 
Cities one (0, O00.) 22) | Mit,» 
istiet... Hate 1) 


st alLR(O; = O80 =O. 8) 
x |— Mg, — Mp). Ge) 


In terms of the coefficients W introduced by the 
writer,’ this selection rule has the form 


: | W (0, ®, Le gp’ a5 =) | JaTaGoTs> == (= 1) 
ea, tet yogi (Ota a 


my +m2+...+Mg+mp 


== Hye. » » Mptg(— 1) 


cess i ile, 


Ut+---+Iat4b 
Cities % 


x(— 1 


=O, oe |) | Op = Ta; Oh —— Wb». (13) 


which in particular means for the angular distribu- 


tions 
6 (0, 910 ) =o (0, 0) (14) 
in the case of three particles, 
o(, @, 050 . 0) 6 (0 G0 = 9 Oto) 


in the case of four, and so on. We recall that the 
angle y’ is measured from the axis x” Il [Pg x Dal 
X Pa, and the angle g from x’ || [p” x DiS Dane 
rule (13) (in other formulations ) has been repeat- 
edly mentioned in the literature (cf., e.g., a paper 
by Sona!®), 

Those azimuthal symmetries in cascade reac- 
tions involving reactions of the type a+b—~1+2 
+3+... that follow from parity conservation 
are obtained by an obvious extension of the symme- 
tries enumerated by the writer® (for cascades of 
binary reactions, i.e., of reactions of the type 
atb—-1+2). 
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The methods of the theory of superconductivity are used to find the mass of a particle in re- 
normalizable theories with vanishing bare mass and involving a weak coupling constant. Only 
the zero solution for the mass is possible in electrodynamics and in the one-dimensional 
Thirring model; for the one-dimensional model of two interacting fields a nonvanishing so- 
lution is obtained. A finite expression for the charge has been obtained for this model. 


1. INTRODUCTION 


Ir has been proposed by Nambu! and the authors? 
that the mass of particles has the same origin as 
the gap in the energy spectrum of the excitations 
in a superconductor. The mass is not introduced 
into the original Lagrangian but arises as a result 
of ‘‘pairing’’ of particles, which leads to a rear- 
rangement of the vacuum state. As in the theory 
of superconductivity the mass is equal to zero in 
any order of perturbation theory but appears in 
the exact solution. However, the four-fermion in- 
teraction considered in the above-mentioned papers 
leads to strong divergences, which makes quantita- 
tive discussion impossible. It is therefore of inter- 
est to verify the indicated conjectures on the ex- 
ample of renormalizable theories, where the cal- 
culations are possible for small coupling constants. 
It turns out that in electrodynamics and in the 
one-dimensional Thirring model? the resultant 
homogeneous equation for the mass has only the 
zero solution. However in the one-dimensional 
model of two interacting fields proposed by 
Ansel’m‘ there exists in addition to the trivial 
zero solution also a nonzero solution for the mass. 
The massless solution turns out to be unstable in 
this case. 


2. ELECTRODYNAMICS AND THE THIRRING 
MODEL 


Abrikosov, Landau, and Khalatnikov’ have con- 
sidered the question of the particle mass in elec- 
trodynamics in the approximation ej < 1. If d7(k*) 
= () then the electron Green’s function has the form 
G(p) =(p-m (p2))~!. In the case of a vanishing 
bare mass the quantity m(p*) obeys the homoge- 
neous equation 


Ie; 
3e? m (z) dz 

AS) = | 1+ (ef / 3x) (L —2z) 
where ~ = 1In(p*/m*), L=I1n(A’/m?), A is the 
cut-off momentum and e, is the bare charge. 

Equation (1) has only the zero solution. Indeed, 
the general solution of the differential equation 
corresponding to Eq. (1) has the form 


, (1) 


UKE) (Lal Wate (ern oma = Gee (2) 


Substituting Eq. (2) into Eq. (1) we obtain m(é) = 0. 
The same result is obtained in meson theory for a 
coupling constant ge <i 

Let us consider the one-dimensional Thirring 
model. The Lagrangian has the form 


(3) 


Here u is a two-component spinor, ot = (g,1), the 
o are the Pauli matrices, and op =ozpz-—Ppp). This 
model has an exact solution.*»* We shall restrict 
ourselves to the case of small 2d and will take into 
account only terms of order [A In CR 7p) throw- 
ing away terms of the form A [A In (A2/p?)]". The 
totality of diagrams with two incident and two out- 
going lines will be referred to as the vertex part 

DP apyd (P41, P23 P3,P4). AS was shown by Ansel’m! 
and Majer and Shirkov® in the case when the mo- 
menta pj are of the same order I does not get 
renormalized, but simply equals the zero-order 
expression AAO RS« 

We shall look for the mass of the particle by 
using the method used in the theory of supercon- 
ductivity for finding the energy spectrum.’ We 
introduce the functions G(x—y) = (Tu(x)u*(y)) 
and F*(x=y) = (Tu*(x)u"(y)). The Dyson 
equations for G and F” are of the form 


L£ (x) = — utopu — dh (u*oru) (u*oru). 


G (p) = Go (p) HL +21 (p) G (p) + 220 (p) 


F(a) 
F*(p) = Go (— p) [Zu (p) F*(p) + 202 (p) G 


(p)]. (4) 
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Here 24, (p) represents, as usual, the totality of 
compact diagrams with one incident and one out- 
going line, Zy) and Xo, representing similar total- 
ities with two incident and two outgoing lines re- 
spectively. In our approximation the quantity 
D4,(p) is equal to zero.’ The matrix 29 (p) 


= 2}.(-p) is of the form 
Dap (p) = FapA*(p’). 
From Eq. (4) we obtain 
G (p) = — to’p./(p? + |AP — id), 
F*(p) = —o,Alip? + | AP —id), 6) 
where 


OP = O72 —- pos 6— +0. 


In each of the diagrams forming 2 . should 
enter an odd number of lines representing F or 
F*; in the asymptotic region p* > A? it is suffi- 
cient to limit oneself to a single line with F*. 
The equation for Zo. is shown graphically in the 
figure. It is of the form 


=| Keo (P:— 2: PP) Fa ges, (6) 
where Kypy6 (D1, P23 P3,P4) is a four-pole term 
irreducible with respect to the separation of the 
lines py, py from ps, py. a ae ENS Kopy6 is 
of the form KaBpyé = —4ide ayo R65 K (py, Pe; P3, P4)- 
Substituting this expression into Eq. (6) we obtain 


, r A (p’) dp’ 
A (p) = — Pp; PP) a tf 
() =\ Kip PP aetna 
Nambu! and the authors? used for K the zeroth 
order approximation K=1. In this case the fol- 


lowing equation is obtained for A: 
A(I—-in-¥,) = 0. (8) 


This equation has for arbitrary A the nonzero so- 
lution |A| =A exp(-—27/d). However in this model 
such an approximation leads to a qualitatively false 
result. In the expression for K one must take into 
account all terms of the order [A In(A°/p”)]". The 
quantity K was found to within this accuracy by 
Ansel’m:! 


K (p, =P: p's — p') =1— (A / 4m) In (Ay pi), (9) 
where pj = max {p’, p’*}. 
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12 A2 
= hall SS fy ee (ieee hey. 
= In e Ine ne 
we obtain the equation 


A (8) — At A (2) dz—(-) = (3 (2) dz 


0 


shea A (2) dz|. (10) 


Differentiating Eq. (10) with respect to € we get 


A'(&) = (a/ 4x)? ra (2) dz. (11) 
The solution of Eq. (11) is a the form A(é) = Ap x 
cosh (Af/47). After substitution of A(é) into Eq. 


(10) we arrive at the following equations for Ap: 


Ao exp (— oa (12) 
which has only the zero solution. 

In the model under discussion this result is quite 
natural. In order fora mass to appear it is neces- 
sary for two massless particles to form a bound 
state. But in this model there is no physical scat- 
tering of two particles — in the exact solution of 
the two-particle problem there is no reflected 
wave, only the phase changes.? It is therefore 
natural that in this case the interaction does not 
lead to the formation of a bound state. Formally 
this finds its reflection in the fact that in the 
Thirring model the exact vertex part is momen- 
tum independent, whereas a bound state should 
have a corresponding pole in I. Analogous con- 
siderations apply in electrodynamics — in the pho- 
ton Green’s function dt = [1 + (e3 /3r) (lia 2) 
there appears no pole corresponding to a bound 
state. 


38. THE VERTEX PART IN THE ANSEL’M MODEL 


Let us consider the one-dimensional four- 
fermion model with two two-component fields u 
and v:4 
L(x) = — u*opu — vtopuv + Aa (u*o,u)® + Ae (vto,v)? 

As (u*o,u) (v*o,v) + ha (u*o,u) (v*o,0). (13) 
Here the summation over yu is of the form g,, x Oy 
= 070, -—1x1, the remaining notation being the 
same as in Eq. (3). One could take in the original 
Lagrangian A; = A, = A, = 0, however, this would 
not result in a simplification since terms of this 
form appear in I in subsequent approximations. 

We introduce the two-row “‘isotopic’’ matrices 


Tj, Tz, determined by the relations Tyu =u, T,v =v, 
T1vV = T,U=0. Then the vertex part is of the follow- 
ing form: 


After substitution of Eq. (9) into Eq. (7) and the 
introduction of the logarithmic variables 


THE PARTICLE MASS IN THE ONE-DIMENSIONAL MODEL 


P= i {orxo7 [(1 Xt) doa + (12X15) 4otq + (TX T.) ag] 
+ (5# XO) (Ty X Te) og}. 


We shall solve the problem in the same approxi- 
mation as was used above. When the fact that the 
Green’s function G is given in the asymptotic re- 
gion by its lowest order approximation is taken 
into account, one gets by the methods outlined by 
Ansel’m‘ and Dyatlov, Sudakov and Ter-Martiro- 
syan’® the following equations* for the aj: 


Here —é =I1n (p?/m?) and all momenta entering or 


leaving the vertex part are of order p. Introducing 


AK =Azy+AqQ, @ = A, + G, and differentiating Eq. (15) 
we arrive at the following equations: 


da BANS, as daz —_ dg of 
see eatam (roma ge (Ah tae 29), 
dd, A3 (Ag \ : 
Gem ae (+0 Poe (18) 


Dividing the second and third of Eqs. (16) by the 
first and adding the resultant equations we get, after 


Eq. (15) is taken into account, 
d (as + a4) /da = — 2, 


as +o4 +20 = As +A, + 2A = AC. (17) 
Further, by quadrature we obtain 
o2— 16a? +32 Cin = 23 +8 (As +44) = 16C2. (18) 
Substituting Eq. (18) into Eq. (16) we get 
da 4E 
en (19) 


Let D?=|C,-C?|. Then for C.-C} = "Ag (23 
+ Ag — 2A) (2A — Ag) > 0 we have 


(14) 


(15) 
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For C,—C?< 0 we have 
a=Dithg+G, a3 = +4D/chq, 
a4 = 4C1 — 2a — as; p= 4Dn-1 (L — €) + qo, 
D th@o = ; (24 — As — ha). (20b) 
Finally, for C,—C?=0 we have 
os = Asll tds (L — &))2, a =A += (a3 — As), 
4 =41 +As — 2a — as. (20c) 


The upper sign in the last formula corresponds to 
the case 2A—A,=0, the lower to 23 + A4,— 2d = 0. 
We note that for A; = 0 the quantities a, a, and 
a@ 3 are equal to their zeroth order values X, rN 
and 0, and, as in the Thirring model, no mass is 
produced. This case is obtained when the four- 
fermion interaction is considered to be due toa 
heavy vector boson with an interaction Lagrangian 
(equ* ou + egv"oyVv) Ay. 

When the mass m is equal to zero the expres- 
sions (20) for I are valid for arbitrary momenta 
p. Then in the case (20a) IT has poles at the points 
yp +@)=7/2+n7. This is an indication of the ap- 
pearance of bound states and, consequently, of in- 
stability of the massless solution. Let us note that 
in these same cases there is no ‘‘zero charge,’’ 


the renormalized charge remaining finite also in 
the limit L— oo. The behavior of I in the case 
(20c) is determined by the sign of A3. In what fol- 
lows we limit ourselves for the sake of simplicity 
to the case Ay = 2A, A3 = —4A. Then 


a = oa/2 = as/4 = A [1 — 4an-1 (L — €))7, 


(21) 


and for ’ > 0 the massless solution is unstable. 


4. MASS OF THE PARTICLE IN THE ANSEL’M 
MODEL 


We shall seek the particle mass by the same 
method as was used in Sec. 2. We introduce the 
functions G= ( Tu(x)u(y)), F =< Tv Gow (yy) 
and write out the Dyson equations for these func- 
tions: 

G (p) = Go (p) [1 + X20 (p) Ft (p)], 
F* (p) = Go (— p) Xoz (p) G (p). 


We look for Xo9(p) = Zg2(—p) in the form Lo 

= oyA(p*); then G and F* are given by Eqs. (5), 
and the equation for 2 is of the form of Eq. (6). 
The irreducible four-pole term K has in this 


(22) 


case the form 


a=Dtgp +Ci, o = +4D/cosp, a4 = 4C1 — 2a — as; 
Kapys(P»— Pi P', —P’) = ioayopeK1 + iayopsKe; 


p = 4Dn-1 (L — £) + 0, D tg qo = = (2A — As — Ma). 
(20a)7 
*Equations (15) differ from the analogous equations of 
Ansel’m* in which a calculational error was commited. The error, 
however, did not affect the qualitative results. 
ttg = tan, ch = cosh, th = tanh, 


1 & 
Ka (n= da + 5a \ U(as (2) + 44 (2)? — 40. (2) a (2) de, 
i EC 


Ka (n) = As +2\as (2) a (2) dz, 


n 


(23) 
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where 7 =1In(p3/m?), pj =max{p’, p”}. The 
equation for A, analogous to Eq. (7), is written 
as follows: 


A (p*) = 2i| OG [Ki (p,— Ps U— 9) 
+ 2Ka(p,— pi 9 — I. (24) 
Equation (24) becomes in the special case (21) 
3 
A (6) =(a (z) dz te (a8 \A (2) dz 
w 0 
Ib 
+\ a (2 4 (2) az). os) 


1s 


The general solution of the differential equation 


corresponding to Eq. (25) may be written as follows: 


A (&) = Ci [1 — 4an7t(L — 8) 


Cheah ie) ia (26) 
Substituting Eq. (26) into Eq. (25) we obtain 
Co=—A(l—4am4L)"G, C2=0. (27) 


The condition for the existence of a nonzero solu- 
tion has the form 
b—4ha sl = 0, 

From Eq. (28) we get 

m = A exp (— 1/8A). (29) 
Since terms of order A were neglected in Eq. (28) 
in comparison with unity, the expression for m is 
accurate only to within a numerical factor multi- 
plying the exponential. Correspondingly in the 
asymptotic region p* > m? the quantity A(p?) is 
proportional to [In (p?/m? yous, We note that in 
this case the approximation of Nambu and the au- 
thors, !? i.e., the taking into account of only the 
first terms in expression (23) for K, results in a 
numerical inaccuracy only: the factor 7/8 in Eq. 
(29) is replaced by 1/6. 

In the original Lagrangian (13) one may intro- 
duce amass term my (u*oyv* + Voyu). Then on 
the right side of Eq. (25) the additional term my 
will appear. By solving the resultant inhomoge- 
neous equation we obtain the connection between 
the physical mass m and the bare mass my): 

m oo In <) "= mo. 

In the limit as mg tends to zero the mass m 
tends to a finite value, determined by Eq. (29). Al- 
though the value m = 0 is a solution of the homo- 
geneous equation (25), this value is not reached by 
this limiting procedure. 

In the case under consideration the mass ap- 
peared as a result of the pairing of particles de- 
scribed by the different fields u and v. Let us 
consider another possibility, namely when par- 
ticles of the same type are paired: u with u or 
Vv with v. The resultant massive particle would 
then be identical to its antiparticle, i.e., these 


(28) 


(30) 
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would be Majorana particles. In that case one 
must consider in addition to the function G the 
functions F/= ( Tu*(x)u*(y)) and Fy = Cal, Cx) 
v (y)). The calculations are analogous to those 
described above. Instead of Eq. (27) for A we 
obtain the general expression 
A (&) = Gill — 4am [IL — §)]"* + Ce [l— 4404 (L— a 
Substituting Eq. (31) into the appropriate inte- 
gral equation we get 


Co =+ (1 — 4007“) "C,, 


C, = 0. (32) 


Equation (32) possesses only the zero solution 
C, =C, = 0, i.e., the mass is equal to zero and no 
Majorana-type pairing occurs. 

In the one-dimensional model under considera- 
tion it is possible to form out of the spinors u, u’, 
v, Vv’ in addition to udyV and ugyu a number of 
other scalars, which would in the three-dimensional 
case transform like components of a vector or ten- 
sor (for example uoxv and u*oyv). This leads to 
the possibility of pairing of a type different from 
that considered above. It turns out that all these 
pairings are absent if the constants are so related 
as to result in Eq. (21); for different relations 
among the constants some of these pairings do 
appear. 

When the relation (29) is taken into account the 
expression (21) for the vertex part becomes 


a (p?) = x /4\n (p?/m?). (33) 


Consequently, in the asymptotic region p? > m? 


the effective interaction (33) depends only on the 
observable mass m and does not contain the bare 
constant A or the cut-off parameter A. 
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Angular correlations for the inelastic scattering of high-energy nucleons by nuclei with zero 
spin and zero isotopic spin are examined. The calculation is carried out in the impulse ap- 
proximation at small angles. It is shown that the correlation function and its dependence on 
the nucleon scattering angle are mainly determined by the parity and isotopic spin of the 


excited level. 


AN great amount of data has accumulated in recent 
years on the polarization of high-energy protons in 
the inelastic scattering by nuclei with excitation of 
the low-lying levels.! Some of the features of these 
experimental results have been successfully ex- 
plained by Kerman, McManus, and Thaler? with the 
help of the impulse approximation. The experi- 
ments show that in a number of cases the angular 
distribution of the polarization of the inelastic 
group of protons is the same or almost the same 
as for the elastic group. This fact has been re- 
garded as a confirmation of the assumption of the 
rotational nature of the excited levels, since the 
Born approximation calculations with a nonspher- 
ical optical model potential yield the same polari- 
zation for the elastic and inelastic scattering.? 
However, it was shown in reference 2 that the ob- 
served regularities have a more general character. 
In the impulse approximation, which is valid for 
high energies, the amplitude for the inelastic scat- 
tering of the nucleons by nuclei is expressed in 
terms of the amplitude for nucleon-nucleon scat- 
tering and the reduced nuclear matrix elements, 
which play the role of phenomenological param - 
eters. 

In the impulse approximation, the observed 
similarity between the polarization of the groups 
of elastically and inelastically scattered nucleons 
for even-even nuclei connected with the excitation 
of a level with 7 = (aa)d, (J is the spin of the level ) 
is explained in a natural way by the smallness of 
the ratio of the reduced matrix element with spin 
flip over the matrix element without spin flip, in- 
dependently of the nature of the excited level. One 
can also explain the small polarization connected 
with the excitation of levels of even-even nuclei 
with the parity m= (- )J+t and a number of other 
features. It is, therefore, of interest to consider 


the predictions of the theory of inelastic scatter- 
ing in the impulse approximation with regard to 
the p-y correlations. The investigation of the 
p-y correlations in the inelastic scattering of high- 
energy nucleons is of interest not only as a test of 
the theory of inelastic scattering, but also from 
the point of view of using this process for the de- 
termination of the spectroscopic properties of the 
levels. This refers, in particular, to the isotopic 
spin, which does not play an important role in low 
energy scattering experiments. 

In the first nonvanishing approximation, the in- 
elastic scattering amplitude T is related to the 
nucleon-nucleon scattering amplitude M in the 
following way (we consider small angle scatter- 
ing ): 
psc 


20°m 


(Me NM, M=<f|Me°® |i, (a) 


M =A +B (e,n) (on) + C (o,n-+ o,n) 


+E (909) (919) + F (sop) (o1p)- (2)* 
Here N is the number of particles in the nucleus, 
f and i are the labels of the excited and ground 


states of the nucleus,* 
q = Q/ Q = (ky —k,) / | ko — ko], 


Pealkeks ik koll @p eran 
and ky and kj are the wave vectors of the incident 
and scattered nucleons. We have omitted the index 
for the total isotopic spin t = 0, 1 in the system of 
the two nucleons in the quantities A, B, C, etc. in 
(2). In place of the quantities Ag and A,, Bo and 
By, etc. it is convenient to introduce the following 
linear combinations: A(0) = uh (3A, + Ag), 
A(1) = %(A,-Apo) and analogously for B, C, etc. 
The quantities A, B, etc., also depend on @*. The 
lower indices 0 and 1 of the spin operators ao de- 


note the nucleons. 
*(o,p) =o-p; [qn] = q xn. 
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We shall use a coordinate system with the z 
axis along q and the x and y axes along the vec- 
tors n and p, respectively. It is convenient to 
separate out the components of M which transform 
according to an irreducible representation of the 
rotation group: 

M=M 4 


te (0) 
) MEoy. os O19 - = = Oj, 


Oye é F (Cir £ iOyy) / Vee 
In our system of coordinates, we have 
MO=ACsn, MO = (C1 Ben -!iFo py, 
MY = Eo,q, M2 = (C +Bo,n — iFo,p/V2. 
We then obtain the following expression for M in 
terms of the reduced matrix elements: 
m= > Mesias, 


a=0,1 


i M2 (a (x) yy (1210 | ku) (JoMokp |./M) 


(20 + 4)” 


4 x) Ore. os) 


tk 


Here the quantities M(a) are expressed in terms 
of A(a), B(a), etc., and 


Nie CIL ID fy Na = 7 (fo) Set py toler), 
(4) 


Oe 
oF = (Tia citi pT 


e—QR — >; Pe 
l 


i (TT) = (T7310 | dela Ni (2d: 4. Nee 


(the plus sign corresponds to protons, the minus 
sign, to neutrons); Jp, Mo, and Ty are the spin, 
its projection, and the isotopic spin of the initial 
state of the nucleus; J, M, and T are the corre- 
sponding quantities for the final state of the nu- 
cleus. Processes involving charge exchange are 
excluded in the expression for f(T Ty). 

As is known, the angular distribution of the y 
quanta emitted by a system of oriented nuclei is 
connected with the spin tensors defining the polar- 
ization of the nuclei in the following way: 


CIT | eT, (inte 
(4) (|| Jol o>: 


eR )— S1(1n0 |p) PT yy (O); (5) 


LR 


w(8,9) = Si (QF 41) Gp (LL. CCL, ¥ 2, (8, 9), 
LL'Fq 
Gr (LL'J,J) = ("2 4 QL 41)" (2L’ 41) 
x (LIL’ — 1| FO) W (JILL; FJ 5), (6) 


where the W are the Racah coefficients. The mul- 
tipole transitions L(L’) with amplitude Cyz,(Cy,) 
go from a level with spin J to a level with spin Jf. 


Here pFq are spin tensors which define the polari- 
zation of the nuclei. 
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The problem therefore reduces to the calculation 
of the spin tensors PEq> for which we have the ex- 


pression 
ee = OS (—)' "(IMJ — M'| Fq) Sp MuuM nw » 
M,MM’ 
where 


= >} Sp MomMinm 
MM 

agrees with the cross section for the process ex- 
cept for a factor. 

Let us consider the angular correlations for a 
nucleus with vanishing spin and isotopic spin, Jo 
= T)=0. In this case the angular correlations 
are essentially determined by the parity and iso- 
topic spin of the excited level. The selection rules 
permit the values T = 0, 1 for the isotopic spin of 
the level. For T=0 only the terms with xk = 0 
are different from zero, and for T = 1 the only 
nonvanishing terms are those with a=1. Further- 
more, if the parity of the level is ‘‘normal}’’ 7 
= (—)J, we have the selection rule 1 = J for the 
reduced matrix elements without spin flip and 1 
=k =J for the matrix elements with spin flip. On 
the other hand, if the parity of the level is ‘‘anom- 
alous,. a = (— yJ+1 the matrix elements without 
spin flip vanish, and the matrix elements with spin 
flip are subject to the selection rule k= J, 1=J-—1, 
J+1. Asa result we obtain the following expres- 
sions for the spin tensors defining the polarization 
of nuclei with an excited level with ved ae ek 


ro = (=) (07 01 F OV AP CR 2d Bes ee 
Lginec ce aioe 
A= (QP /| Noe, 
Rape ae hea te (7) 
Pp, =o (Hy) VAs Olay FOF 1) AG 
’ K7sin(®—®,), (8) 


@ = arg (AC* + CB’), 
(78 
D 


@M, = arg Nj, — arg One. 


Sy 


(JST RQ Sols 1B 

ain Oise Raa ia (9) 
F takes the value 2 for dipole transitions (electric 
and magnetic) and the values 2, 4 for electric quad- 
rupole transitions. The value po) = (20 + 1)7¥2 
follows from the normalization of the density ma- 
trix. The quantities pp) and pp,, which are meas- 
ured directly in experiment, are real and depend, 
just like the polarization of the elastically scattered 
nucleons, on the single parameter 2, the ratio of 
the reduced matrix element with spin flip over the 


ANGULAR CORRELATIONS IN INELASTIC SCATTERING 


P20 aS a function of the scattering angle of the nucleon at 
the energy 156 Mev. The 2+ level is excited. The curves refer 


to the isotopic spin values T=0 and T =1 and three values of 
A: 0, 1, and ~, For A= 1, the curves corresponding to different 


values of the isotopic spin are very different from each other. 


reduced matrix element without spin flip. The quan- 


tity py, depends, owing to the interference of the 
last two processes, also on the additional param- 
eter 9, which, however, like A, is independent 
of the scattering angle of the nucleon. The angu- 
lar dependence is contained in the quantities A, 
B, etc., which have been derived by Kerman, Mc- 
Manus, and Thaler? as functions of the scattering 
angle in the center of mass system of the two 
nucleons. 

Thus the measurement of the polarization of 
the inelastically scattered nucleons allows us to 
determine the spin tensors, i.e., the form of the 
correlation function. 

The investigation of the polarization of the pro- 
tons in the inelastic scattering from the levels 
4.43 Mev of the nucleus C” and 6.14 Mev of the 
nucleus O!* indicates that the parameter 2 is 
small.? The spin tensors pF, and pF, must in 
this case be small to explain the angular corre- 
lations, and pp (F = 2,4) is close to the value 
(—)J(J0J0| FO) and depends weakly on the scat- 
tering angle of the proton. 

In the case when the reduced matrix elements 
with spin flip are of the same order as those with- 
out spin flip, the spin tensors depend strongly on 
the isotopic spin of the excited level, more strongly 
than the polarization of the nucleons. This situa- 
tion is illustrated by the figure, where we show the 
dependence of the 2* level on the scattering angle 
of the nucleon for T = 0 and 1 (the nucleus is re- 
garded as infinitely heavy). If A =1, the values of 
Po) for T=0 and T=1 are radically different. In 
the two opposite limits } = 0 and 7 =~, the de- 
pendence on T disappears. 

For transition with ‘‘anomalous’’ change of 
parity, the spin tensors have the form 
Pp, = (—) (lJ —1 FO) BP +1C? 


erry wk, (10) 
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Pr, = 9, 
hl 
Ppp =o (JI 1, F2) (BP +1CP—| FP) —p) K 3 
Ke=((BP+/CP +) F ?)(1—p) + 2( 2 Pu, 
| Qya P\* ~ (10 10 | J 0) (101 0] J 0) 
a Ds ZA ty 7 se Q ee (11) 
( i 214-1 TI’ 2J +14 Heine 


In the case of transitions with anomalous change 
of parity, the spin tensors also depend only on the 
single parameter yu. pp, is in this case identically 
equal to zero, and the term with sin ¢g in the cor- 
relation function is absent. 

The formulas above are, of course, also applic- 
able to those cases where the levels are de-excited 
by the emission of an a particle or a B particle 
instead of a y ray. Only formula (6) will have to 
be modified. 

Our discussion has shown that the measurement 
of the correlation function in the inelastic scatter- 
ing of high-energy nucleons yields information on 
the parity of the excited states. That is, if we ob- 
serve a term of the form P», (cos ¥)sin » in the 
correlation function (this implies that pp, = 0), 
we know that the parity changes in the normal way 
[7 = (—)J]. If instead we observe a term of the 
form Py (cos ¥) cos 2g, the parity changes in an 
anomalous manner [7 = Geunhay Moreover, the 
investigation of the dependence of the coefficients 
of the correlation function on the scattering angle 
of the proton permits us in certain appropriate 
cases (A sufficiently large) to determine the iso- 
topic spin of the level. 
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A general qualitative investigation is carried out on the dispersion equation for an ordinary 
wave moving in a plasma perpendicular to an external magnetic field. The regularities found 
are illustrated by some results of a numerical solution of the dispersion equation. 


INTRODUCTION 


Ir is known that two types of waves can exist in 
a homogeneous, unbounded plasma located in a 
homogeneous external magnetic field Hy. The 
direction of propagation of these waves is perpen- 
dicular to the field Hy. The first of these types is 
a purely transverse wave with an electric vector 
polarized along the field Hy (ordinary wave), and 
the second consists of waves in which the electric 
vector is polarized perpendicular to Hy (extraor- 
dinary and plasma waves). The frequency w and 
the propagation constant k of these waves are re- 
lated by the dispersion equations, which are ob- 
tained with the aid of Maxwell’s equations and a 
linearized kinetic equation for the electrons (with- 
out consideration of collisions ). Depending on the 
character of the problem of the dispersion equation 
considered, one can determine the propagation con- 
stant as a function of the frequency or, conversely, 
the frequency as a function of the propagation 
constant. 

In the present work, we shall be interested in 
the dispersion equation for the ordinary wave:!~° 


D (kw) =k —& 4 a 
i — ct 207 p, Sin (1M / W 5) 
Qn 
< \ exp i ss (1 — cos 1) keos (t= dv = 0, (1) 
: Mozy Or 


Here wy = eH)/me is the Larmor frequency, wy 
= v4rNe?/m is the plasma frequency, T is the 
temperature of the electrons in energy units. By 
means of transformations similar to those used 
by Gross,’ Eq. (1) can be written in the form 


5 2 < 2 Di 
1B) 2 ay a a aa ls pe Ae 
’ > > 
oe. C=) f Sz ys ’ 
H eas (0) ii Op rn 


(1) 


where ¢,(x) =e *L,(x), I,(x) is the Bessel func- 


tion of imaginary argument. In some cases, the 
second form of writing is the more convenient. 
Equation (1) was studied in a number of re- 
searches.2-*»® The characteristic feature of the 
methods of investigation employed has been the 
preliminary expansion of the equation in some 
small parameter; usually, it is assumed that 
Tk*/mwy <1. However, the behavior of the roots 
of Eq. (1) and of the simplified equations have a 
number of essential differences. Equation (1) 
loses meaning for w=nwy. In this case, the mo- 
tion of the electrons over the Larmor curves falls 
into resonance with the vibrations in the field of 
the wave. The simplified equations, in the first 
place, do not take into account resonances of higher 
orders, and in the second place lead to formulas 
which are inapplicable even in the vicinity of the 
first resonance, since k*? increases without limit 
in this region. Finally, because of the non-uni- 
formity of the expansion in the small parameter, 
it is not possible to study the problem of the total 
number of roots and their distribution over the 
complex plane. Therefore, analysis of Eq. (1) in 
the works mentioned is incomplete, and is clearly 
incorrect in a number of cases. We have, there- 
fore, set up the problem in the present work of 
giving a sufficiently detailed and mathematically 
rigorous study of the dispersion equation (1). At 
the same time we shall give the results of a nu- 
merical solution of Eq. (1) which illustrates the 
regularities that have been established. 


1. PRELIMINARY INVESTIGATION OF THE DIS- 
PERSION EQUATION 


We shall begin our investigation of the disper- 
sion equation (1) with a case in which it is required 
to find the propagation constant for a given fre- 
quency. We introduce the dimensionless variables: 
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peas : 
Sec?) 7 = Ne, a= 0/ On, 


B= @/ x, y= I ee, 
(N* is the Square of the index of refraction). Then 
we have, in place of (1) and (1’), 


DS; 10; Bey ig = | 


QT 


0 (2) 
OG. 6, 8.4) 2s — 1 = 


We shall seek the roots of Eq. (2) s=s (a, aay) 
for all possible positive values of a (a #n). Real 
roots are considered in Secs. 2 and 3, and complex 
roots in Sec. 4. Every positive root s of Eq. (2) 
determines a pair of real roots of Eq. (1), k = 
tVs w/c, and every negative root determines a 
pair of purely imaginary roots k=4iV—-s w/c; 
finally, every complex root of Eq. (2), together 
with its corresponding complex conjugate root, de- 
termines four complex roots of Eq. (1) which can 
be written in the form k =p + iq, k = —p + iq. 

A comparison of the signs of the functions 
D(s, a, B, y) at s=0 and s=+o plays an im- 
portant role in the investigation of the real roots 
of Eq. (2). By direct calculation, we find that 


D0, o, By) = B?/e7—1. (3) 


On the other hand, the behavior of the function # 
as |s|— © is characterized by the following 
asymptotic formula: 


D(s, &, B, y)est+Vm/ 8B" /asinan V—saty. (4) 


Thus 
lim a(S; a, B, 1) = 00; (5) 
s—>+co 
lim D(s, a, B, 7) = + oo sign (sin am). (6) 


S>—0O 


In the study of the behavior of the roots in the vi- 
cinity of cyclotron resonances, it is convenient to 
make use of the equation in the form (2’). It should 
be noted that only two terms of the series play an 
important role for small y and a~n: the zero 
term and the n-th term. The first of these is the 
only nonvanishing term of the series for sy — 0, 
the second approaches infinity for a—n. There- 
fore, one can make use of a simplified equation of 
the form 


C,(sn?y) = (a —n) nB? [1 —s — B?n °C, (sn*7)] (7) 


for the qualitative investigation of the behavior of 


the roots a@~n. 
Equation (1) is obtained by means of the non- 


relativistic kinetic equation; therefore, it is rea- 


eae exp {— sa? (1 — cos t)} cos a (t — x) dt=0), 


FIG. 1, Frequency dependence of the index of refraction 
for B = 0.5 and for various values of y. 


sonable to consider only small values of the pa- 
rameter y. We compare Eq. (2) with the degen- 
erate equation which is obtained from (2) for 
y=0 (T=0): 


T) (sy, By 0) soe Bia 0, (8) 


According to this equation, there exist traveling 
waves in the plasma at zero temperature for a > B 
(w > WwW); for a< B(w< wo), propagation of an 
ordinary wave is impossible (in the first case, 

the root of Eq. (8) is positive, in the second, it is 
negative). This conclusion does not carry over 
completely to Eq. (2); however, a number of pecu- 
liarities of the solutions of this equation also de- 
pend significantly on the relation between q@ and £. 
Therefore, proceeding to the investigation of Kq. 
(2), we consider separately the cases a > 8 and 
(oR oe 


2. INVESTIGATION OF THE REAL ROOTS OF 
EQUATION (2) FOR a> 8B (w > wo) 


In the region of change of the parameter @ 
under consideration, we have 


DD) (Owens, ayaa (9) 


Taking into account (5) and (9), we find that Eq. (2) 
necessarily has a positive root for a>f. As y 

— (, this root approaches the solution of Eq. (8). 
We therefore compare the signs of the function D 
for s=— [Eq. (6)] and s=0 [the inequality 
(9)]. If sin am > 0, then the signs are opposite. 
For such a, Eq. (2) also has a negative root which 
approaches —~© as y— 0. If now sin a7 < 0, then 
the signs of the function # are identical for s 
=—o and s=0. In this case, Eq. (2) has no nega- 
tive roots for sufficiently small values of y. By 
considering the equation in the form (2’), we can 


YOU) 


FIG. 2. Frequency dependence of the index of refraction 
for 8 =,/5 and for various values of y. 


investigate the behavior of the roots in the vicinity 
of the resonances a~n. As a—n-0O, the nega- 
tive root approaches +; as a —n+0, it ap- 
proaches zero. The negative root approaches zero 
ag) 0) — 1, 

Results of a numerical solution of Eq. (2) are 
shown in Figs. 1 and 2. The index of refraction 
N= Ys_ is plotted along the positive ordinate, 
corresponding to the positive root; the quantity 
iN = V—s ,, corresponding to the negative root, is 
plotted along the negative ordinate. We see that 
the positive root is almost everywhere close to 
the root of the degenerate equation (8) for a@ > B. 
The drawings give a graphic picture of the be- 
havior of the roots in the vicinity of the resonance 
points. Finally, the peculiarities of the dependence 
of the roots on the parameter y are very well seen 
from the drawings. 


3. INVESTIGATION OF THE REAL ROOTS OF 
EQUATION (2) FOR a< B (w< wu) 


By comparing the signs of the expressions 
D (+, a, B, y) and H(0, a, 8, y) for a< B, we 
arrive at the following conclusions: 

1. If sin at > 0, then Eq. (2) has an even num- 
ber of positive and negative roots. 

2. If sin am < 0, then Eq. (2) has an even num- 


ber of positive and an odd number of negative roots. 


Comparison of Eq. (2) with Eq. (8) shows that 
Kq. (2) generally does not have positive roots for 
small values of y, and for frequencies far from 
the resonance. So far as the negative roots are 
concerned, such a root will be unique if sin a7 < 0. 
As y— 0, this root approaches the solution of Eq. 
(8). In the case in which sin a7 > 0, Eq. (2) has 
two negative roots; as y—0, one of these ap- 
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proaches the solution of Eq. (8), the other ap- 
proaches —©. 

By considering the equation in the form (2’), we 
can investigate the behavior of the roots in the vi- 
cinity of the resonances. The picture in the given 
case is seen to be more complicated than for @ 
> B. It is most important to note the following. 

1. In the vicinity of each resonance a ~ hn, 
there is a region Q@py(f, y) < a <n in which Eq. (2) 
has two positive roots. As a—n-—0O, one of 
these approaches 0, and the other approaches +. 

2. In the vicinity of each resonance a ~ n, there 
is a region in which Eq. (2) no longer has real roots. 
For resonances of odd order, this region is located 
to the left of the point a=n: Qn(B,y)<@<an(B,Y); 
for resonances of even order, it is located to the 
right of the point a =n: n< a< Gy(f, y). 

We shall not describe the remaining peculiari- 
ties of behavior of roots in the vicinity of the cy- 
clotron resonances in any detail; the general pic- 
ture can be seen from Fig. 2. We only note that 
the number of real roots of Eq. (2) in the region 
@ > B does not exceed 2, and in the region a < B, 
it does not exceed 3. 


4, COMPLEX ROOTS OF EQUATION (2) 


In the investigation of complex roots of Eq. (2), 
we make use in principle of an argument which 
goes as follows; if the function F(s) is analytic 
everywhere in the region G except for a finite 
number of singular points of the type of poles, 
and does not vanish on the boundary of the region 
I, then the change of arg F(s) in passing about 
the contour in a positive direction, divided by 27, 
is equal to the difference between the number of 
zeros and poles of the function F(s) in the region 
G: 


N—P= oo var (arg F(s)) (10) 


(each zero and pole is considered as many times 
as its multiplicity). 

The function % (s, a, B, y) has no finite singu- 
larities in the plane of the complex variable s; 
therefore, for it there will only be the number of 
zeros on the left side of Eq. (10). 

Let us consider a circle of sufficiently large 
radius R in the complex plane of the variable s; 
the center of the circle is at the origin of the co- 
ordinates. If Eq. (2) has roots on the bounding 
circle, then one can either go around these roots 
by means of a local deformation of the curve, or 
decrease the radius R slightly. For the calcula- 
tion of the change of arg % along the boundary of 
the region, we make use of the asymptotic formula 
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(4) for the function D as |s|— ©, which is valid 
for both real and complex values of s in the inter- 
val —37/2 < args < 32/2. It is evident from this 
formula that, in crossing the right semicircle, 

arg Y changes by a quantity of the order of 7, and 
in crossing the semicircle on the left, by a quantity 
of the order of 4a*yR. The total variation of arg D 
on the contour would be a quantity of the order of 
4a°yR which increases without limit as R—o. 
This means that Eq. (2) has an infinite (denumer- 
able) set of roots. 

Since the number of real roots is finite (not 
larger than 3), the number of complex roots must 
be infinitely great. It is evident from the asym- 
ptotic formula (4) that for s + othe roots are group- 
ed beside the imaginary axis in the second and third 
quadrants. If the parameters qa and 8 are fixed, 
while y approches 0, then all complex roots will 
tend to infinity. 


5. DETERMINATION OF THE FREQUENCY AS 
A FUNCTION OF THE PROPAGATION 
CONSTANT FROM THE DISPERSION EQUA- 
TION (1) 


We now consider Eq. (1) from another point of 
view, in which it is required to find the frequency 
w =w(k) from this equation for a given real 
propagation constant k. Such a problem can 
easily be investigated with the help of the results 
obtained above. 

To find the real roots of Eq. (1), it is necessary 
to find in the plane a,N the points of intersection 
of the line N= ke/w ya (the dashed curve in the 
drawings ) with the curve of the function N 
=7V¥s(a, 8; y) . To each such point a*, N* there 
corresponds a pair of roots of Eq. (1): w=+wya*. 
The analysis carried out in Secs. 2 and 3 shows 
that the number of points of intersection will be 
infinitely large. If we enumerate the abcissas of 
these points in increasing order (a; < Q_ < a3 
< ...), then their distribution along the a axis 
will possess the following features (see Figs. 1 
and 2): 

1. The values of ay lie within the limits n-1 
SAO teal 2,105 nw) = 

2. One of the abcissas Gp, is close to the ab- 
cissa of the point of intersection of the lines 


N=ke/oyo u N = V1—f?/o?, i.e. Gn, 


= VB? + (hc/ on). 

3. For 1 =<n< np, the quantity a, ~n. 

4. For no<n< ©, the value of dy ~ n-1. 

Thus to each real value of k there corresponds 
an infinite number of real roots of Eq. (1): +w (k) 


=+WHQy, and Wy Vw + k’c? , and wy © nwy 
for Te= n<1n5; Wy © (n—-1)wy for ny<n< ~. 

We shall now show that Eq. (1) does not possess 
any complex roots w= w(k). For this purpose, we 
consider circles Cy of radius Ry = wy (m + %) 
in the plane of the complex variable w; here m is 
a sufficiently large integer. On circles of sucha 
type we have 


(ore) im 2 5) 
S) Gp CP tity) - 
) A, 


where A is some constant independent of the num- 
ber m. Consequently, for sufficiently large values 
of m, 


1 
5, Var (arg D) 


Cm 


On the other hand, inside the circle Cy, the 
function D(k, w) has 2m + 2 real roots and 2m 
poles of first order at the points w =+4nwy (n=1, 
2,...,m). Since, in accord with (10), the total 
number of zeros of the function D inside the circle 
Cy must be equal to 2m + 2, this means that the 
complex roots w = w(k) are absent from Eq. (1). 


CONCLUSIONS 


The investigation that has been carried out 
makes it possible to draw the following conclu- 
sions on the peculiarities of the solutions of the 
dispersion equation (1): 

1. For w>wy, w = wyn Kg. (1) always has a 
pair of real roots +k(w). 

2. For all w < wo, regions exist in the neighbor- 
hood of the resonance frequencies w ~ nwy in 
which Eq. (1) has two pairs of real roots. Outside 
these regions Eq. (1) has no real roots for w < wp. 

3. For w < wo, regions exist in the vicinity of 
the resonance frequencies in which Eq. (1) has 
neither real nor purely imaginary roots [the real 
roots are lacking in Eq. (2)]. 

4. For each value w #nwy, Eq. (1) has an infi- 
nite set of quartets of complex roots: 


k = p, (@) + 4q, (@), Seiad Pelli: 


5. For any real value of k, Eq. (1) has an infi- 
nite set of pairs of real roots +wy(k). It has no 
complex roots w = w(k). 

The authors express their gratitude to A. A. 
Chechina for her help in carrying out the calcula- 
tions. 
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The wave function for a system consisting of a nucleus and a particle is derived under the 
assumption that it is constant on the surface of a nonaxial nucleus. The relative probabilities 


for qa decay to the levels of the ground and ‘‘anomalous’’ rotational bands of the daughter nu- 
cleus are also determined. The results are compared with the experiments. 


The effect of nonsphericity of nuclei on the rela- We seek the solution © of Eq. (1) in the form of 
tive probabilities of a@ decay of even-even nuclei a superposition of particular solutions 77,, repre- 
to the rotational levels of the daughter nucleus has senting at infinity the daughter nucleus in some ro- 


been considered in several papers,!~> where it has tational state $3 ur 0; ), and an @ particle with 
been assumed, however, that the nucleus is axially momentum / removed from this nucleus. The ex- 


symmetrical. In view of the success of the theory pansion coefficients are determined from the values 
of nonaxial nuclei, proposed by Davydov and Filip- of the wave function on the surface of the nucleus. 
pov® and developed in many subsequent papers, it The rotational wave functions of the nucleus 


is interesting to consider the effect of nonaxiality QF 4 4\'2 ae et 

= (Sours Beye 2 mae 
on the a decay, a topic to which the present paper Pim: ( 16x02 ) DE r Oxo) “LD (8%) 
is devoted. We use the analytic solution method 


proposed by Nosov.? + (—1)" Dux (8,)] 

We consider a system consisting of an @ par- (K > 0 and even only) satisfy the equation 
ticle in the electric field of the daughter nucleus. ae 
The nucleus is assumed nonaxial with unchanging us >) AO 5 ye = EFDi me; (3) 
internal state, i.e., the rotation is considered adia- Vest 
batic with respect to the 8 and y oscillations of the quantities ay(J,7; y) and (pps are given in 
the surface and the single-particle motions inside the papers by Davydov and co-workers.**’ From 
the nucleus. Outside the effective range of the nu- _ the vanishing of the total momentum of the system 
clear forces, the system satisfies the equation it follows that J=1 andas r—~» the angular part 


of the sought particular solution has the form 


Oy SO Lit, —— 10 On ON Ve CD meme ial 
A, = [4B8? sin? (7 — 2av/3)]*, (1) m 

r We change to a coordinate system r, w’, 9’, 
where p is the reduced mass of the system, J the which rotates with the nucleus. In this system 
momentum operator of the daughter nucleus, A,, 6), assumes the form 
the reciprocals of the nuclear moments of inertia, 
1 the momentum operator of the a particle, 
V(r, 6;) the potential energy of the electrostatic 
interaction between the nucleus and the a particle, a(t) Vae g | (4) 
and E to the total energy of @ decay to the ground 
state. 

In the case of even-even nuclei, the total mo- 

mentum of the system, equal to the spin of the par- 
ent nucleus, is zero. The solution should therefore 


satisfy the condition ee i de Sey eA (00 9) | = PR, (ss) 
Gye 0: (2) ee 
991 


3 
he he mae ae 
|-Ha “22 AyJ? + Vir, 9:)—E| ¥ = 0, 


Dros 0) — a >) 2K (OM hs Creu) 


K>0 


and the potential energy is independent of the Euler 
angles, which characterize the orientation of the 
nucleus in the space V = V(r, v’, g’). For the 
case of nonspherical nuclei with radius 
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the latter can be expanded in powers of the nuclear 
deformations ym. Accurate to linear terms of the 
expansion, we have in the region outside the nucleus 


ae [ a: > penn (22) Ynm (8 ®)] . 


r 2n+ 1 
n,m 


VGeY, 2) = 


We seek a particular solution #7, in the form 


bay: (5) 


here o is bounded by the condition that as r—~ © 
it contain only the diverging wave and be independ- 
ent of the angle variables and gy’. Substituting 
(5) in (1) and taking (2), (3), and (4) into account, we 
obtain an equation for oa: 

2 06 


fe) Les | 
ars Caer. ir or 


— > (= +H) ids) + Ho) Or, 
v=1 


p,, = ,, explo (7%, @; 


Wl (t+1) v| 


9 . 
Kz f Ae [E lene 2Qur2 


+ 2 (i,0) (L,®;,)} = 0. (6) 

To solve this equation we use the method, pro- 
posed by Nosov,” of expanding o in a double series 
in powers of h (quasiclassical approximation, 
lower index) and in powers of the nuclear defor- 
mation & (upper index): 


(7) 


g = 00) 4 


OO nae 


Substituting (7) in (6) and collecting terms of 
equal orders in ft and é, we obtain a system of 
equations for op): 


(0) 
ae 
Or 


3 


Bate) (eae 


9 ; ; 
i ae r Wl(l--+-1) = 2Ze2 
ie [z Ete 2Qur2 Z \= 0, 
a5) do!) 3 i i ; . 
= = (0) 
or ; Or > (4 1A,) [1,6 a [Lo] 
veal 
6uZe2 Gam /Ro\trt 
h*Ro pz on 4 G ) Yam=9, (6a) 
d5{) do!) 1 a250) / ao(®) : 


>» (a +H.) 


v=1 


l is 
Oo, “ DB @2 r 7 | Pr 


aan 
Q 


x{Or- Hho) (hah?) + 5 PrbZo% + (r.) (ho) b= 

This system is solved by successive approxi- 
mations. If we confine ourselves to the first three 
terms of the expansion of go in the double series 
(7), o = 0° + o + of, then the solution has the 
form 


o=i ( ki. (r)dr+i 


Fz 
—In[r V &-(r)], 


kre () = EB — zy, 


co 
. 6uZe* om /R n+1 dr 
Y \ 0) ple 
h?Ro a nee my ie, k,, (r) 


Al (6-4 2Ze2 7/2 
(ad) =| (8) 


Qur r 
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where rj7 is the turning point, determined from 
the condition kj7(rj7) = 9. 

As already noted, the complete solution of Eq. 
(1) is sought in the form of a superposition of par- 
ticular solutions ¢7,;: 


Y= >o4, 
Ligne, 


The expansion coefficients bj, are expressed in 
terms of the values of the wave function on the sur- 
face of the nucleus, Wg, which is assumed known. 
We first write down the expression for the particu- 
lar solution on the surface of the nucleus S, equal 
to 67, exp {o [R(¥’, v’), #, v’; 1, T]}. Since we 
have considered in the solution of the system (6a) 
only the ae linear in &, and since h*l(1 + 1)/2ur? 
< E and Ej, 7 < E when J is small, we can expand 
(8), at Li R(s, gy’), in powers of , 1(1 +1), and 
El; and confine ourselves to the linear terms of 
the expansion. Then, introducing the notation* 


2 = QnE/R, x2 = 4pZe®/ WRo, 


Py 2 2 => 
Zz =Vw—R, ie 


1, = E™ [xRo +(x2Ro/k)arctg (x/R)], 
, , 3 ON Cam n+1 Or’ ' r dr 
HAGUE, Coin)) Ss ee R Yam ’ = 
( ~ 2 bs 2n+1 0 (0 ey t1W ¥2Ry |r — Ke 
and taking (5) into account, we obtain, apart from a 
constant factor independent of 7 or 7, 


= 2x / x?Ro, 


p,.| lem = M,, exp [+ ng mae! + ]) +4 1 Hic tae +x]. 
We now readily obtain the expansion coefficients 


bie = ers exp|—F-7,1 E +1) —$7,Eb|, 


where we put 


= \ ¥s®i, exp (xRo& — x) d0; sin 0’ dg’. (9) 

Let us calculate the flux through a sphere of in- 
finite radius. Substituting ~j7 into the expression 
for the flux density and integrating over the angles 
0;, 0’, and gy’ we find that at large r the flux 
through this sphere is the same for all 1 and T. 
The relative probability of emission of an a par- 
ticle with momentum J and excitation of the daugh- 
ter nucleus in the state 1, Tt is thus proportional to 
|b77 ip , i.e. 


Wr = exp [4,0 (+1) — 7, ler 


Let us examine the result obtained under two 
additional assumptions: 1) the wave function is 


*arctg = tan-* 
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FIG. 1. Dependence of |c27/c,|? on the nonaxiality parame- 
ter y. Solid curves—for t= 1; dotted curves —for t= 2. The 
numbers on the curves indicate the value of the parameter 


BV5/47 for xR, (1—k?/2x2) = 16.2. 


constant onthe surface ofthe nucleus, Wg = const; 
2) the nucleus has only quadrupole deformation 
(in the frame fixed to the nucleus): 


Gaz = 2, = Psin y/V2, 
Qnm = 0 for n ss 2. 


Oo, = Bos 7, 


anf Veoget=-¥ 5, 
B= B(Vaocosy +752 siny), 


j 2 2 Dip 
i pe 

Let us substitute in (9) the resultant expressions 
for — and yx, formula (4) for ®]7,, Yg = const, and 
integrate over the angle variables. Accurate to a 
constant factor (independent of J and 7 and there- 
fore of no effect on the calculation of the relative 


probabilities ) we obtain 
he aK (1 a5 pa) ee 
K 


where K > 0 and even only, and 
ie I 4 Re . 2k8 
hips =F [Yi -+-(— 1) Y;_x]Jexp | = i 5 | i 5 | 


x RB Be 1¥ 20 + 7 a ¥.2 |} ue 
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FIG. 2. Dependence of \/|c,,/co|? on the nonaxiality param- 
eter y. The numbers on the curves have the same meaning as 
thal 1B Ne 

For odd 1, all the fj7x~ vanish, i.e., under the 
foregoing assumptions the @ decay to levels with 
odd l is forbidden, in agreement with the experi- 
mental data. For even 1, the integrals fy,~ were 
evaluated numerically [with «Ry (1 —k?/2x) = Geo 
and the coefficients ax (1,7; y) were taken from 
Davydov et al.°»” The values of |c,,/c|* as func 
tions of 6B and y were obtained for 7 = 2,4,6 and 
T=1,2. It was found that Re cj, > Imcj,. For 
1 = 2 the results are shown on the curves; it is 
more convenient to plot for the anomalous rota- 
tional band (rt = 2) the quantities vV | co./cg |* , 
using in front of the square root the same sign as 
for Re (Cy /c). 

The table lists the theoretical values of the 
relative a-decay probabilities, calculated for 
several nuclei, and the corresponding experimen- 
tal values. The probability of decay to the ground 
level is assumed to be unity. The radius of the 
nucleus is calculated from the formula Ro = 1.2 
x 107!341/3 em. The nonaxiality parameter y is 
determined from the energy ratio Ey) /E,; of the 
first two levels with spin 2* (from E,4,/E,; for 
Ra224, Ra2?6 and uU*+). Where no experimental 
values were known for the E4, and Eg; levels, the 
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Relative probabilities of a decay to rotational levels 


of even-even nuclei 


W22/Wo, % W/W, % W/W, % 
Daughter} y, We4/We, % V2 6 piace: 
BCS deg a Ay theor. exp. theor. exp. theor. exp.. 
| 
218 30 “i 0.36} 0.04 “| 0.0% |/ 0,003 910, 002) 5-10-57 a [5] 
Re 0 26 500.279) 0.004) 0,00) 10,003" 91) to tO saa [°] 
Rn22 25 6.1 | 0.32 | 0.006 | 0.0413} 0,003* | — | 4-40-% a {*| 
Ra224 99, 1 3925 0.38 a= 048 0.3 | 4-40-4 | wea [°} 
Ra226 20 | 31.6 | 0.24 = ),0,24 0:26 |.4-40-%5 10-5 1 [he 
Th228 40. | 47.4 | 0826) 2-40-7 || == | 0.67, 0.47 | 6-10-* |) = [°] 
Th230 G39" 0.204 440-8 | == a2 0.4 $173.40 46 1p is f°) 
[232 9 44.8 | 0.20 3.1075 == 0.70 0.26 | 0,001 0.003 {°| 
[234 13 | 38.8 | 0.18 => 053 0.13 | 0.004 0.006) [9] 
Pus 8 | 35.7 | 0.46 | 41-10-% |5-10-*| 0.48 O05 | 7-40 r 10.008)" 11°) 
Pu24o 6 30.30) ON 4-10-° |) ==) 0535 0.02 | 4-40-4 | 0.005] [9.10] 
Cf250 $ | 20 | 0744 | 1-40 | si 0-48 0.3 | 3-10-* | — | [912] 
theoretical level positions determined from y and on the nonaxiality of the nucleus y. As can be 


Eo, were used;®>" the probabilities of decay to these 
levels are designated by an asterisk. The nuclear 
deformation 8 was determined from the condition 
that the theoretical and experimental values of the 
a-decay probability be equal at the lower level 
with spin 2°: 


(10) 


theor= 7 ©xXP 
i a i 


We note that the ratio Ey). /E,, does not deter- 
mine y uniquely, for the same result is obtained 
under the transformation y — 60°—y. The course 
of the curve |c¢»;/co|* makes it possible to re- 
solve this ambiguity. It is found that y ranges 
from 0 to 30° forallthe a-radioactive nuclei consid- 
ered here. This follows from the fact that when 
30° < y = 60° the fulfillment of condition (10) ne- 
cessitates impossibly high values of the deforma- 
l@el {Bi 

For the main rotational band (tT =1) the curves 
of |cz,/c|* differ little in form. The curves of 
| e4,/c |? and | cg, /co |? fall off somewhat more 
rapidly than |c.;/c)|*? with increasing y (for 
fixed 8B), but at the same time they increase more 
rapidly with increasing 8 (for fixed y). This 
causes the theoretical probabilities of a@ decay 
to the levels of the main rotational band to depend 
little on the nonaxiality of the nucleus y if B is 
determined from condition (10), and to make these 
values close to the probabilities obtained by Nosov? 
under the assumption of axial symmetry for the 
nucleus (y— 0); for nonaxial nuclei, the deforma- 
tions 6 must be assumed to be somewhat larger 
than for axial ones. 

The theory of nonaxial nuclei makes it possible 
to calculate the probabilities of decay to the levels 
of the “‘anomalous”’ rotational band (tT = 2), par- 
ticularly to the second level with spin 2*. These 
probabilities are found to be strongly dependent 


seen from the table, agreement with experiment 
is found to be good for nuclei for which experi- 
mental data are available on the probabilities of 
a decay to the second level with spin 2”. 

In conclusion, I consider it my duty to thank 
Prof. A. S. Davydov for formulating the problem 
and for valuable remarks. 
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A formula is derived for the degree of depolarization of polarized y* mesons in a paramag- 
netic gas situated in a magnetic field. Exchange of electrons between the gas atoms and a 
we” atom is taken into account. The degree of depolarization depends on the fraction of p*- 
mesons capturing an electron, on the probability of electron exchange, and on the magnetic 
field strength. The degree of polarization in a paramagnetic gas of initially unpolarized >* 


particles is also computed. 


1. INTRODUCTION 


le connection with the discovery of nonconserva- 
tion of parity, the problem has arisen of the degree 
of depolarization of u~* mesons in a medium. In r* 
—y* +v decay the u* mesons* are produced com- 
pletely polarized. Such mesons are brought to rest 
in a time which is short compared to their lifetime. 
After slowing downt they capture electrons giving 
rise to muonium atoms: (y*e~), and are partially 
depolarized as a result of the hyperfine interaction, 
i.e., the interaction between the magnetic moments 
of the meson and the electron. After the formation 
of muonium the meson polarization will be equal to 
Y,, since in the .4e4 System the meson is not de- 
polarized, while in the prey system it is completely 
depolarized. 

When unpolarized positively charged fermions, 
for example 2* particles, are introduced into a 
magnetized paramagnetic gas the formation of 
atoms and the hyperfine splitting will lead to po- 
larization of the particles, and the degree of po- 
larization will be of the order of magnitude of the 
electron polarization and will be much greater than 
the polarization of 2* corresponding to the mag- 
netic field. Such a mechanism for the polarization 
of protons has been proposed by Zavoiskii.? 

Further depolarization depends on the electron 
exchange between an atom of »*e and the atoms 
of the surrounding medium and occurs only ina 
paramagnetic gas. At first sight it would seem 
that the greater the number of exchanges the 


*The word ‘‘mesons’”’ will henceforth refer to p* mesons. 

{The depolarization of p* mesons in the course of slowing 
down has been investigated by Ferrell, Lee, and Pal.” 

tThe results of Hughes et al.* show that at least in some 
gases 100% production of muonium occurs. 


more complete will be the depolarization. In ac- 
tual fact the depolarization will be small if the 
probability of exchange is large. The non-occur- 
rence of depolarization in the case of a large num- 
ber of exchanges can be explained in the following 
manner: suppose that in a time corresponding to 
the hyperfine splitting, t=h/e (¢ is half the hy- 
perfine splitting energy), there occur n exchanges 
and n>1. Then the depolarization during the time 
At = T/n is equal to (At/r)* = n7*, since transi- 
tions between states of the discrete spectrum occur 
in accordance with 1-—cos (t/t). The depolariza- 
tion during the time Tt is equal to 1/n. It can be 
seen that it tends to zero for a large number of 
exchanges. In other words, if the electrons are 
exchanged rapidly their magnetic field is averaged 
out and does not lead to a reversal of the meson 
spin. Such a possibility can be realized in a metal 
where the density of free electrons is great. How- 
ever, if the probability of exchange is neither too 
great nor too small, then, since the meson lifetime 
is much greater than the time corresponding to the 
hyperfine splitting, there exists a broad range with- 
in which the mesons must be completely depolarized. 

By placing a muonium atom in a magnetic field 
we decrease the average depolarization during a 
decay time. The effect of the magnetic field in the 
absence of exchange has been taken into account by 
Ferrell and Chaos.‘ In the work of Sens et al.” ex- 
change has been taken into account. However, this 
has been taken into account only roughly: it was as- 
sumed that exchange occurs after exactly defined 
time intervals. Section 2 of the present paper 
gives exact formulas for the degree of depolari- 
zation taking exchange into account. Solutions of 
the equations are discussed in Sec. 3. A formula 
is given for the degree of polarization of initially 
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unpolarized 2* hyperons or of other positively 
charged fermions in a magnetized paramagnetic 
gas with exchange taken into account. * 

It is not clear whether similar formulas can 
be used to explain the depolarization of u.* mesons 
in a solid, for example in an emulsion. From the 
formulas obtained it follows that the polarization 
must decrease with time exponentially. Swanson’s 
experiments® show that in the majority of sub- 
stances this does not occur. However, the for- 
mulas for polarization averaged over the meson 
decay time agreed well with the experimental 
data.! 


2. DERIVATION OF EQUATIONS 


We consider the mechanism of depolarization. 
We take the p*e” atom to be situated in a mag- 
netic field parallel to the z axis. Such a system 
obeys the following Schrédinger equation: 


Harp = Ew, 
He Gio 28, G + sisz) 5 (r) — gs — GS,H. (1) 


Here rj, mj, 8j, gj are respectively the position 
vector, the mass, the spin and the gyromagnetic 
ratio in units of eh/2mjc for the electron (sub- 
script 1) and for the 4 meson (subscript 2): 


Be (ot), Gr (21a) ssi — 82, 


S = gr = we r = ri — fa. 


If the energy is measured in units of ¢€ 
= 8rgigo |v (0) |2/3 = 1.84 x 10-° ev, and the mag- 
netic field is measured in units of Ho = e/g = 1580 
gauss, x = H/Hp, then the Hamiltonian assumes 
the following form 


dH = Ho 4 : (1 -t 4s1s2) Se CO ES, (2) 


The eigenfunctions of this Hamiltonian % and its 
energy levels have the following form 
Vin == ~ (r)a (l)a Oa\e Ex = Eo = Cou. 
Fi =@ (6 (1B (2), Ex = Eo + Ggtx; 
¥, = (7) UF +8)a(1) B2) + (fF — g)B() @ (2)1/ V2, 
eR eee 
-=@ (7) If — g)a(1) BO) — (FF + g)B() @ Q))/V2, 
_= Fo — A, 
where a(f) means that the particle spin is di- 
rected up (down), 
fF=V*%20 +174; g=ViI,Z0—T/A), 
A=V1i +x. (4) 
*We note that although the formation of the 2+e7 atom in- 
creases the effect of polarization of &+, nevertheless, because 


of the short lifetime of X+ this effect is small and, apparently, 
cannot be observed experimentally. 


(3) 
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The spin state of the system p*e” is described 
by the density matrix p(t) which has for its sys- 
tem of basis vectors 

Nee ees Xo oe a,b, , X%3 = B a,» Xb BiB. 
and of all the off-diagonal elements only p23 and 
32 differ from zero, while all the other off diag- 
onal pjz are equal to zero, since as the system 
develops freely in time states with different com- 
ponents of the spin along the z axis do not mix. 
The collisions in which the component of the spin 
of the system along the z axis are altered are in- 
coherent ones and, therefore, the wave functions 
which after the collision correspond to different 
spin components are not related by definite phase 
relations. 

The density matrix is found in the usual manner. 
If the system has the probability w’ of being in the 


% 


state wv’ = b>. oh Wy; where all the states WV’ are in- 


coherent ath respect to each other, i.e., are not 
related by definite phase relations, then we have 
oe Sy wrercy’. 
ag 

For the average value of any physical quantity O 
specified by a matrix with respect to the same set 
of basis vectors we have (O) = Tr(pO). 

We write down the equation for the density ma- 
trix, taking into account the fact that the change 
of the density matrix per unit time is equal to the 
change of the density matrix as a result of its free 
development in time without collisions, (dp/dt) 
plus its change as a result of collisions: 


dp/dt = dp/dt + w (p’ — 9), (5) 


The first term may be obtained if we know the en- 
ergy levels of the system in the magnetic field. By 
considering collisions of the »*e~ atom with the 
atoms of the surrounding medium under the condi- 
tion that the medium contains equal numbers of 
atoms with any arbitrary spin component parallel 
to the direction of the magnetic field (uH/kT <« 1) 
we Shall obtain p’ (p’ is the density matrix after 
the collision). Since Coulomb forces play the prin- 
cipal role in collisions, we need not take into ac- 
count the spin of the 4 meson and the interaction 
of the magnetic moment of the electron with the 
gas atom. Moreover, the equations involve the 
amplitudes a, and a_ for the exchange of an elec- 
tron with a gas atom in states of total angular mo- 
mentum respectively given by j +3 and j-4 (j is 
the spin of the gas atom). It turns out that the 
equations contain only the quantity w which is the 
probability that during the time rT the process 

ute} +A—yp*e] + A’ will occur. It can be shown 


DEPOLARIZATION OF u* MESONS AND 


that w is proportional to |a,—a_ |’, and this is 
natural, since it is specifically this quantity that 
is associated with the reversal of spin. 

As a result of this we obtain the following sys- 
tem of equations (we have taken t = h/e for the 
unit of time): 


dpis/dt = —w (p11 — p22), dpas/dt = —w (pss — 933), 
dpaeldt = —w(p22 — pi) + i(p2s—py9), 
dp33/dt = —w (pss — pas) — i (p23 — ps), 
dpe3/dt = —2(w + i|x!|) pos +i (p22 — pss), 
dpse/dt = —2(w — i|x|)ps2-+ i (pss — poe). (6) 


In the formation of the »*e” atom the meson is 
totally polarized, so that the initial conditions will 
be the following: 


P11 (0) = 1/2, pez (0) = */o, 

In the case when the particles capturing the elec- 

trons are unpolarized, but the gas is magnetized, 

the initial conditions will be 

Pll (0) = ny/2 (ny +n), p22 (0) =ny/2 (ny +n), 

p33 (0) = n;y/2 (ny +n), psa (0) = 1y/2 (ny +274), 
all other p;, = 0. (8) 


all other p;, (0) = 0. (7) 


Here n, and n, are the numbers of electrons with 
the spins respectively up and down. 

The polarization of the »* mesons at time t is 
equal to 


P(t) = pit (1) -- p22 (t) — pss (t) — pas (2). (9) 


On averaging over the u* meson lifetime we obtain 
P =1\P (jet, 


0 


(10) 


where A is the probability of decay in the time T, 
A * 107° for a »p meson. 
3. DISCUSSION OF THE SOLUTIONS 


On solving Eqs. (6) subject to the initial condi- 
tions (7) we obtain 


a 4 a (4 + o) 
Po ON, ae Ae | 


an? 
~~ ah? + (4w — a)aa+ 4w ” 


a = (2w — a)/[2w — a? (2w — a)], (11) 
where a is the real root of the equation 
13 — don? + 4(w? + A?) — 4w = 0, (12) 


A is defined by (4). 
It follows from equation (12) that 


w/(w + A?) <a < 40/w? + 4A?) 


and that there are no other real roots. By neglect- 
ing terms of order \* and ) we obtain 
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P(w,A) 
1 


B(a) 


2a? Yr w 


Graph of the function P(w, A) for’ «1, A « 1/A; P,(A) 
= i = YOu, 


P(t) =ae—*t, (13) 


We see that P is not small only when a@ A X, i.e., 
for w< A and w>A (cf. diagram). In the case 
w <A we have 


Re ie 7a) t+ ai LA? * ce 
If w « AA?, then the usual formula is obtained 
(cf. reference 4) 
1D ear (lS Ney, (15) 
For w>A 
P =(1 + I/dw) 7. (16) 


If w > 1/A, then P =1. When a >A) we have 
Pw 0. 

If we take into account the fact that not all the 
#4 mesons capture electrons we obtain 


P=(1—f) +/P, 


where f is the fraction of mesons capturing elec- 


trons. 
On solving (6) subject to the initial conditions 


(8) we obtain 


(17) 


= nv Aa (a + A) 

Pi= pb| an? + (4w — a) ad + 4 i 

© a eh 

pe 20 +a?(a—2w) ’ P= iy ery | (18) 
In the case wXA<XK<dX 

ae 2 w (4— 3/ A®)] 19 

In the case WXAXKA 

= p if 1 1\ wr 

P= DA2 [1 UJ 2A2 3) aE (20) 


In conclusion, I express my gratitude to A. O. 
Vai senberg on whose initiative this work has been 
carried out, and also to Academician Ya. B. Zel’- 
dovich for directing this work. 
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The widths of the energy gaps in the spectrum of a quasiclassical particle in a one-dimen- 
sional periodic potential are calculated. The widths are found to be exponentially small. The 
factor in front of the exponential and the energy spectrum near the edge of the band are de- 


termined. 


Vee energy spectrum of a particle in a periodic 
field cannot be determined in the general case. 

Any specific computation can be carried out using 
perturbation theory only when the period potential 
is much smaller than the particle energy. The pur- 
pose of the present paper is to find the spectrum in 
the quasiclassical approximation. 

We shall treat the one-dimensional case. The 
potential U is a periodic function of x with period 
L. The condition for quasiclassical behavior, kL 
> 1, where k is the quasimomentum of the particle, 
is assumed to be satisfied. If the energy of the par- 
ticle E is less than the maximum value Umax of 
the potential, the dispersion can be determined by 
the usual WKB method. 

However, if E > Umax, the usual WKB method 
leads to an incorrect result. In fact, the quasi- 
classical wave function (h = 1) 

‘p (x) = p"" exp (i \ p dx) (1) 
has the form of a Bloch wave, and the dependence 
of the energy on quasimomentum is given by the 
equation 


(2) 


The spectrum thus obtained is continuous. How- 
ever, we know very well that in the spectrum there 
actually are energy gaps which cannot be found by 
using the ordinary WKB method. In fact, as we 
shall see from the following, the width of the energy 
gaps is an exponentially small quantity and cannot 
be found by expansion in powers of a small param- 
Lele 

The method developed below is analogous to one 
proposed by Pokrovskii and Khalatnikov! for find- 
ing the amplitude for reflection at a barrier. The 
method enables one to determine the energy gaps 


with a relative accuracy 1/kL. We choose as our 
two linearly independent solutions of the Schréd- 
inger equation two complex conjugate functions. 
When they are displaced by an amount equal to the 
period, these functions are transformed as follows: 
f(x + L) = Df (x) + Rf* (x), 
P(x + L) = Df’ (x) + R'F (x), 
where R, D are certain constants. 


From the condition of constancy of the Wron- 
skian for f and f*, we have 


|DP=1+( RF. 


(3) 


(4) 


Forming the general solution ~(x) from the func- 
tions (3), and writing the condition ~(x + L) 

=v (x), we get the dispersion equation in the 
usual way. It has the form 


(5) 


So far we have not used the quasiclassical ap- 
proximation. We now use it for calculating the 
quantity D. For this purpose we consider the be- 
havior of the functions f(x) and f*(x) in the com- 
plex x plane. [U(x) is assumed to be an analytic 
function on the real axis.] Let us assume that the 
quantity E-—U(x) has simple zeros in the upper 
half plane at the points xy = x) +nL (where n is 
integral). We consider the behavior of the solu- 
tions f(x) and f*(x) on the line (1) along which 

x 
Im jj pdx = 0 and the line conjugate to it in the 

X9 
lower half plane. The approximate appearance of 
these curves is shown in the figure. At the points 
X, these curves make an angle equal to PaO Si 

As the function f(x) we choose a solution 
which behaves like p~¥2 exp [i(7—T9)] on the 


MW—2iReD+1=0. 


segment 1, (T= i pdx, 7(X)) =T7)). Since the 
point Xp is the ‘‘turning point,’’ to find the solution 
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in the region 1, we must join the quasiclassical 
solution with the solution of the Airy equation. 
Using the well-known formulas for joining at the 
turning point (cf., for example, reference 2), we 
find the solution over the region J, in the form 


P@EL)=p “exp [ix (4 +L) — %)I 


exp [—1(t (% = 2) — 1) }}- 
This expression can be written as 


f(x+Ll)=p- 


—ie “’ exp [—i(t (x) — 7) ]}, 

L 
@ = \ OROEG 

0 

On the level line Im (tT-—T)) = 0 both exponents 
in (7) are of the same order, so that this form is 
correct. Furthermore we note that the function 
f*(x) on the curve 1* behaves like p /? x 
exp [—i(t-—7()]. In extending it from the line 1* 
to 1 it increases. Therefore on the line J the func- 
tion {*(x) will behave like 


Ye fe'® expli (t (x) — t)] 


(7) 


To) + A exp [i(t—)]}. (8) 


ee) (exp 


The coefficient A in the decreasing exponential re- 
mains undetermined in this continuation, but the co- 


efficient in the increasing exponential is not changed. 


Comparing (7) and (8) we can find the coefficient 
R which enters in (3). It is equal to 


R=iexp [i(t»—)] (1 + O(1 /AL)). (9) 
The modulus of the quantity D is determined from 
(4) and (8). As we see from (7), 
arg D=@g(1+0(1/RL)). 
The forbidden energy bands are determined 


from the condition of reality of X in equations (5). 
Thus we have 


(10) 


|cos@| >1—|R(|?/2. (11) 


For the center of the n-th energy gap Ej, we find 


from (11) and (7) the well-known expression 
IG 


\ \/2m (E, — U) dx = an (1 4-O(1/RL)). 
0 
For the width of the gap we get 
Da : (es Oy 


xe 


An (LOU pen). 112) 


Here Ty is the time of passage of a classical par- 
ticle with energy Ey, through one period of the 
potential. 

As we see from (12), the widths of the energy 
gaps are actually exponentially small. As for the 


DYKHNE 


positions of the energy gaps, they are determined 
only to within the accuracy of a power. 

The expressions obtained above correspond to 
the case 


Umaxkl | E>}, 


In similar fashion we can also treat other cases 


ag 


In the first of these cases the zeros of the func- 
tion p*(x) are located near the poles of the function 
U(x). Then for the determination of the quantities 
R, D one must use the hypergeometric equation in 
place of the Airy equation. 

In the second case, the zeros Xq and Xp of the 
function p?(x) are close to one another. Then for 
the joining of the quasiclassical wave functions one 
must use parabolic cylinder functions. However, 
as it is easy to show, the value arg D in both cases 
can be taken from equation (10), while the value of 
R formally coincides with the amplitude for reflec- 
tion of the particle from the potential field, vanish- 
ing’ as X—-+°0., 

Using the results of references 3 and 4, where 
the calculation of R was done respectively for the 
first and second cases, we obtain the following ex- 
pressions for the widths of the energy gaps. In the 
first case 

Ny F 


(= UE) eS as 


hey x 
HE bE SI, 


max 


ee | RLS 1. 


Xo 


=| F (pn) | exp [i 2m (E— U) dx}, 


| ee - 


Here uy = V2m/Ep Up, Up is the residue of the 
function U(x) at the pole which is nearest to the 
zero Of Xo, 


(14) 


20 exp [ip In (iu / 2e)] 


AUR I(iw./.2) P (4 4- dy ] 2) © (15) 
In the second case we have 
py al chit face ee ie U 
A, | 2 ch (2i \ 2m (E= 0) dx) | ; me 
xt (16) 


It is not difficult to see that formula (12) is ob- 
tained from (14) and (16) for the case when both 
inequalities (13) are satisfied. 
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In all the cases treated, the energy spectrum 
near the edges of the zones differs markedly from 
(2). Relatively simple computations lead to the rule 


E=E,+y/ (An/2)?+ 02 (AR), Lak <1, (17) 


where Vy is the velocity of a classical particle 
with energy En; Aky = k—7n/L; and the quantity 
An is taken from (12), (14), or (16). 


The author is grateful to V. L. Pokrovskii for 
valuable comments. 
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A method is given for determining the norm of quasistationary states. This method does not 
depend on any assumption about the spherical symmetry of the potential and is much simpler 


than that proposed by Zel’dovich.! 


Ae is well known, quasistationary states can be 
described approximately by means of a stationary 
Schrodinger equation with complex energy values. 
If we attempt to use perturbation theory for these 
states, then a difficulty is brought about by the di- 
vergence of the normalization integral. A method 
of determining the norm in this case was pointed 
out by Zel’dovich,! and involved a number of rather 
subtle analyses. 

We wish to turn attention to a simpler method 
of determining the normalization integral. Its use 
is not limited to a spherically symmetric potential, 
which was the case considered by Zel’dovich. 

Our assertion amounts to the following. The 
wave functions of the quasistationary states must 
be so normalized that 

\ yz, dt = 1. (1) 
Vv 
Integration over V means that in integration in 
spherical coordinates the integral over r is com- 
puted along some contour C which lies in the 
upper half-plane. 

The contour C must satisfy two requirements: 
1) the integral (1) must converge; 2) there must 
be no singularities in the potential V(r, 6, ~), 
between the contour C and the real axis r for any 
6 and ~ considered as parameters. 

If the potential is a piecewise analytic function 
for real r, then the contour C runs along the real 
axis up to some point R lying to the right of all 
points of discontinuity of the analyticity. In this 
case, analytic continuation of the potential can be 
performed in the complex plane from the last re- 
gion of analyticity (r >R). 

The proof of the assertion made above lies in 
the fact that the transition to the contour C can 
be carried out even for a non-stationary Schréd- 
inger equation, that is, for an exact formulation 
of the problem. Because of the requirements on 
the contour C mentioned above, such a transition 
cannot cause any objection. 


In accomplishing such a transition, we must 
solve the Schrédinger equation in the space V. In 
this case, a solution, which behaves asymptotically 
(for large r) as [(6,¢) eikr/r, falls off exponen- 
tially in V, as a consequence of which all the inte- 
grals containing the wave functions converge. 

We note that, in spite of the fact that the wave 
functions vanish at infinity, the energy values are 
complex because of the non-Hermitian character 
of the Hamiltonian in V. It is obvious that for com- 
plex values of the energy E = E,) + iy the contour C 
must (as r— ©) make an angle a > y/E, with the 
real axis in order that the normalization integral 
converge. 

If the wave functions are normalized by means 
of (1), then perturbation theory, and also an expan- 
sion in the quasistationary states, can be carried 
out exactly the same as was done in the case of 
stationary states. It is not difficult to prove that, 
for the cases considered by Zel’dovich,! our defi- 
nition (1) leads to his results. For example, for 
the spherically symmetric potential V(r), which 
vanishes for r > R, we get in the s state: 

: \v° i \ (y° (r) — chee r df == \ cea rdr, 


an r2 y : r2 
V We Vv 


p(r) ~ Ce /r for r—>oo. 
The first integral on the right hand side of (2) 


converges, and it can be taken along the real axis. 
Thus, 


(2) 


1 C 9 c 9 -9 Qikry\ 69 9 . 
aq \ Vide =\ (HO — 120%) 12 dr — C2/ Dik, 
Vv 0 
which is identical with the result of Zel’dovich. 


'Ya. B. Zel’dovich, JETP 39, 776 (1960), Soviet 
Phys. JETP 12, 542 (1961). 


Translated by R. T. Beyer 
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We compute the dependence of the energy spectrum of the excited states of odd nuclei with 

spin Wb in the ground state on the ratio of the rotational energy to the coupling energy be- 

tween the external nucleon and nonspherical part of the core potential. 
INTRODUCTION Se 

Oneal) (152) 


Ties presence of an ‘‘energy gap’’ in the spectrum 
of single-nucleon states of even-even nuclei facili- 
tates the separation of collective excitations that 
correspond to the rotation of the nucleus and to the 
change in the form of its surface. In odd nuclei 
the energy of single-nucleon excitations differs 
little from the energy of collective excitations, 
and they can therefore be separated only in some 
particular cases. The interaction between rotation 
of the nucleus and the motion of an external nu- 
cleon changes the structure of the rotational spec- 
trum corresponding to the adiabatic approximation. 

To investigate low excited states of odd atomic 
nuclei we consider a nucleon model consisting of 
a core and one outer nucleon. We assume that the 
form of the nucleus differs little from an ellipsoid 
of revolution (low nonaxiality ). 

Nuclei with ground-state spins 4 or *% call for 
a special analysis (see, for example, references 1 
and 2). We shall therefore investigate in the pres- 
ent article the case of nuclei whose ground-state 
spin is 7%. The same method can be extended to 
include nuclei with larger spins. It will be shown 


that the sequence of spins of the first excited states 


and the ratio of their energies are determined by 

a single parameter, corresponding to the ratio of 
the rotational energy to the energy of interaction 

between the external nucleon and the nonspherical 
part of the potential of the nuclear core. 


1. ENERGY STATES 


The Hamiltonian operator of a system consist- 
ing of a nuclear core and one nucleon can be writ- 
ten in the form 

A= oP pe Aint. (ie 1) 
Here Hp is the Hamiltonian operator of the inter- 
nal state of the nuclear core and the external nu- 
cleon in a centrally-symmetrical field; 


is the rotational-energy operator, where i; and jj 
are respectively the projections of the total angular 
momentum and of the momentum of the outer nu- 
cleon on the coordinate axes fixed in the nucleus, 
and a; are quantities determined by the moments 
of inertia of the nucleus; 


a 


Hint = — TB {cos y (3/2 j*) + V3sin x (7 — 73). (1.3) 


The Schrédinger equation with the Hamiltonian 
operator (1.1) reduces to systems of algebraic 
equations for each value of the total momentum I, 
if we seek the solution in the form 


t 21 1 F aye : 
We)= 3) Aka Et Dixah + (— 1)! 1Dn.-K Lg) 
K,Q>0 
(1.4) 


where Dox are generalized spherical functions 
determining the orientation of the nucleus in space; 
gh are the wave functions of the external nucleon 
in the coordinate system fixed in the nucleus. 

In the case of small nonaxiality y ~ 0 and we 
can retain in the operator (1.3) only the first term, 
putting cos y x 1. We can then put in (1.2) a, = ay, 
and finally it is necessary to put in (1.4) K= &, so 
that the double summation reduces to summation 
over K only. If we use the matrix elements of 
operators (1.2) and (1.3) with wave functions (1.4) 
as given by O. Bohr,! the problem of determining 
the energy of the excited states of the nucleus re- 
duces to a solution of secular equations of the type 


|<f) Hp + ins KE 1) orn == 0 (1.5) 


for each value of the total angular momentum I. 
Equation (1.5) will contain only two parameters: 
D=a, +a, and TP. Thus, the excitation energies, 
measured in TB units, depend only on one param- 
eter  =D/BT. The figure shows the results of 
the calculations for the case of nuclei with j = The 
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In using the figure, it is necessary to reckon 
the energy from the first line corresponding to a 
nuclear ground-state spin he When & < 0.25, the 
spectrum of the excited states breaks up into three 
bands. The first band with spin sequence 4, %, %, 
Upp and Up can be called the ‘‘main rotational 
band.’’ However, the rules governing the spacing 
of these levels differ from the rules derived from 
the adiabatic theory of rotational states for axially- 
symmetrical nuclei: 


Bie A (Lah) — todas 1h} 


In particular, when I= o/s the interval rule follow- 
ing from (1.6) is 


yeh jae RYE % Buy, $ Ew), eet ba) Or OO Onl One os 


(1.6) 


Table I. Spins and energies (kev) of 
the levels of U?88 


Theory ’ 5 Theory 

(€=0.25) Experiment (€ =0.25) Experiment? 
5/o 0 S/o 0 5J, 342 S/o 344 
7 40 "I, 40 Uy tel 1/, 400 
Shs BPaa Wey 9, 405 3/o 417 
3/, 318 Tey ales) 


S? DAV Y¥DOV and ah2he 


SARDARYAN 


As can be seen from the figure, the relative 
distances between levels of the ‘‘main rotational 
band’’ depend on the value of . When = 0.25, 
the interval rule for these levels reduces to 1:2.3: 
4.0:6.3, and when é = 1, the interval rule has the 
formes 2. bo o.9 ase: 

Tables I, Il, and III list the theoretical and ex- 
perimental values of spins and energies of the 
levels of the odd nuclei U?%?, Np?8", and ines 
The parameter ~ is determined from the first two 
experimental values of the energies of the levels 
with the same parity. 


2. PROBABILITIES OF ELECTROMAGNETIC 
TRANSITIONS BETWEEN EXCITED STATES 


To each value of the total momentum I= ye ons 

. there will correspond, generally speaking sev- 
eral energy levels which can be distinguished by 
the index t=1, 2,... Consequently, the excited 
states will be characterized by two numbers, I 
and tT. Knowing the energies Ej;,, we can readily 
calculate the coefficients AIT = AIT, which de- 
termine with the aid of (1.4) the wave functions of 
the excited states of the nucleus, and then calcu- 
late the probabilities of electromagnetic transi- 
tions between these states. 

In the case of nuclei with small nonaxiality, the 
operator of electric quadrupole transitions has the 
form 


Qou = € QoVo» (2-1) 


where e is the unit electric charge and Q) is the 
internal quadrupole moment. The reduced proba- 
bility of the electric quadrupole transitions is ex- 
pressed in terms of the coefficients Alz with the 
aid of the formula 


5e2Q? 


B(E2; Iv—>I't’) = =e") Dy Ak” AK (210K |I’K)] . (2.2) 
K 


The operator of magnetic dipole transition is 


me (19) = (—1)"Y/ So (@i— Be) DY Did (2.3) 


p=—1 


Table II. Spins and energies (kev) of levels of Np?*? 


Levels with positive parity Levels with negative parity 
Theory (€ =0.30) Experiment‘ Theory (E =0.45) Experiment* 
yp 5/9 0 S/o 0 5) 0-++59.6 
thy 33,2 iI, 33,2 iy 43,4 2 43.4450°8 
2 76.7 9/5 76,4 Oils Ae) Is) 9/o 98,9-+59.6 
ia cP ae “a 173 Wy 165.4-+59.6 
2 2 /2 2413 3 
Jo 390 3. 374 5/g 226 it Gel ese 
18/. 245 18/5 345,4--59.6 
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Table III. Spins and energies (kev) of levels of Th229 


Levels of positive parity 


Levels with negative parity 


Theory (€ =0.25) Experiment® Theory (€ =0.50) Experiment® 
dan pe O ‘/, 0 SJ, 0+29 
Ue LES} iy, LOD UB ae} 7, 43429 
ve on Bie ‘a _96.5 %, 97+29 
Vo 163 11/7, 16 Nj, 166+: 

1s ae ie ee /> 166 J. 166-+29 
3/o 335 3/o 316 

°/2 309 /9 364 


Table IV. Reduced probabilities of E2 and M1 transitions 
for nuclei with = 0.25 between the states Ir — I’7’ 


Transition 2 = Pal ay Transition | Bea eon 
gael eQ5 pe (gj— 8p)? Iz I’! e205 BS (gj— BR) 
ol — 5/o4 120 = 592 — 3/o4 a0) 0.22 

fal — Tot 3.0 0.37 5/92 — ol 0.002 0.27 

Vol — F/o1 3.9 0.27 5/52 — 5/41 0.005 OFA2 

3/51 => 5/51 0.041 0.41 5/52 > Xl 0.03 

3/o1 > 7/o4 0.067 — 


where ly is the nuclear magneton, 8} and gp are 


respectively the gyromagnetic ratios for the single- 


nucleon and collective motions, and j are the 
spherical projections of the operator of angular 
momentum of the nucleon and the coordinate sys- 
tem fixed in the nuclear core. The action of the 
operator i on the wave function of the nucleon 
is determined by the equation 


ink =(—D*VIG FD GIK +2, —2 JK) Quix 


With the aid of the functions (1.4) and the oper- 
ator (2.3) we determine the reduced probability of 
magnetic dipole transition 


B (MI; Iv > I'v’) = (3/4a)u2(g, —8,)” 
x} >) (DPA AK (IK +2 
p, K 
—p| jK)(pK| I, K +4) 
— (—1) FAUT AL (71 — Yel | j 2/2) VI— Vfe| 1, —*/2) P 
(2.4) 


When summing over p and K in (2.4), it is 
necessary to sum over all positive values of K 


when pp = 0 and 1, and to sum only over the val- 
ues K= We when p= —-1. 

Table IV lists the values of the reduced proba- 
bilities of quadrupole electric and dipole magnetic 
transitions between the first collective excited 
states of nuclei with ground-spin state , and é 
= 0.25, as calculated from formulas (2.2) and (2.4). 


1A. Bohr, Dan. Math. Fys. Medd. 26, 14 (1952). 

2A. 8. Davydov, Nucl. Phys. 16, 597 (1960). 

3 Bisgard, Dahl, and Ofesen, Nucl. Phys. 12, 
612 (1959). 

4B. S. Dzhelepov and L. P. Peker, Cxempi pacnayia 
paqMoakTMBHbIx agep (Decay Schemes of Radioactive 
Nuclei) Academy of Sciences U.S.S.R., (1958). 

5 Dzhelepov, Ivanov, Nedovesov, and Puzynovich, 
Izv. Akad. Nauk SSSR, Ser. Fiz. 24, 258 (1960), 
Columbia Technical Translations, p. 247. 
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STABILITY OF MAGNETIC TANGENTIAL DISCONTINUITIES IN RELATIVISTIC 
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Small perturbations of the discontinuity surface in relativistic magnetohydrodynamics are 
examined. It is shown that in the case of small perturbations the magnetic tangential dis- 


continuity is conserved as such. Stability of magnetic tangential discontinuities is investi- 
gated. In particular, their instability region is determined in the ultrarelativistic case. 


1. INTRODUCTION {nis} =O, (2.4) 

AE . {Hj} =0, (2.5) 
HE stability of magnetic tangential discontinui- 

ties in nonrelativistic hydrodynamics was investi- {Et} = 0 (256) 


gated by Syrovat-skii.!* He came to the important 
conclusion that the magnetic field stabilizes the 
flow. In this connection, great interest is attached 
to investigations of the stability of a magnetic tan- 
gential discontinuity in relativistic hydrodynamics. 
In the first part of the present article we derive 
the boundary conditions for a perturbed disconti- 
nuity on the basis of the general Lorentz transfor- 
mation.* It follows from these conditions that the 


where f is a unit vector normal to the disconti- 
nuity surface, T the direction of the tangent, and 
W the heat function per unit volume; the braces 

denote the difference between the corresponding 
values on the two sides of the discontinuity. 

We now change to a coordinate system in which 
the normal velocity of the perturbed discontinuity 
is zero. We make the change with the aid of the 
general Lorentz formula for the velocity and the 


magnetic tangential discontinuity is conserved as 
such under small perturbations. 

In the second part we investigate the stability 
of a magnetic tangential discontinuity. Conditions 
are derived for the stability in two particular 
cases, of large and small angles between the wave 
vector Ky and the direction common to the parallel 
vectors v and H. All the calculations were made 
for a medium with infinite conductivity, and in the 
nonrelativistic approximation the final formulas 
go into those obtained by Syrovat-skii.'2 


2. PERTURBATION OF DISCONTINUITY SURFACE 


In the coordinate system tied to the unperturbed 
discontinuity, the following conservation laws apply 
on the normal to the discontinuity surface: 


{Wut + p + (H? — 2H? + E225?) /8n}=0, (2.1) 
{Wu;u,—(H;H, + E;E,) / 40} = 0, (22) 
{Wujug + i([EH) f) / 40} = 0, (2.8)9, 


*The need for using the general Lorentz transformation in 
the solution of three-dimensional problem is mentioned by 
Stanyukovich.* The same reference considers several general 
transformations for a medium with variable p and €. 


TTEH] = E x H. 


field. The normal f and the two independent di- 
rections 7, and T, tangent to the perturbed dis- 
continuity surface have the following components 


f(1, —0§ /Oy, —0§/0z),  (0§ / Oy, £50), 
%2 (0& / Oz, 0, 1). 


We can then readily obtain in the new system of 
coordinates, the boundary conditions on the per- 
turbed discontinuity accurate to terms up to sec- 
ond order of smallness relative to the perturba- 
tions of the velocity 6v and of the field h (in the 
case of infinite conductivity), using Eqs. (2.1) — 
(2.6) for the parameters of the unperturbed dis- 
continuity. 


After simple transformations, introducing the 

notation 
hy = h,— H,0€/dy — HE/0z, y=ViI— ve, 
0; +60; = dv, —0&/dt — v,0£/dy — v,0&/dz, (2.7) 


we obtain the following boundary conditions for the 
tangential discontinuity (Vx = 0, Hy = 0): 


{8p + a, [(Hh) + 4 [vHl}. ((H8v]. — [vb | 


} —(, (2.8)* 


*(Hh) = H-h. 
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w . H? n (uv, + 60,) | 
{" = v} L— == ((vH)} A, (2.9) 
: ay H ) m, 
falach Seto} = (Be a Be 
i beer (210) 
4 f{ _ \ __ fw, [vH],. {2 (0, +- du;) 
An ye C [VH]¢ hp Vex 4sinc® | f x 
(2.11) 
Ease (4 n (v0, + 605) 
(u yhy = | Hy}, (2.12) 
60;) 
al a esta (2.13 
Ve, 1 i 
where w is the heat function per particle. 
The system of five equations (2.9) — (2.13) for 


the two unknowns hg and n(v¢ + édv¢)/y admits of 
only one vanishing trivial solution 
hy = hy — H,08/0y — H0&/dz = 0, 


op + du; = bv, — 0&/dt — v,0§&/dy — v,0&/dz = 0. (2.14) 


Thus, the magnetic tangential discontinuity is con- 
served as such under small perturbations. 


3. STABILITY OF MAGNETIC TANGENTIAL 
DISCONTINUITY 


For perturbations of the form exp i(k-r-— at), 
we can readily reduce the system aTK/axk =e 
using Maxwell’s and the continuity equations, to 
a system of equations in three unknowns O6vx, OVy> 
and évz. The required existence of a nontrivial 
solution of such a system leads to a dispersion 
equation of the form 


6 5 4 3 yo 7 
A105 + Ax05 +4305 + Ay) +4505 +469 + a; = 0, (3-1) 


where wy) = k-+v — w, and the coefficients are alge- 
braic functions of W, the velocity of sound co, k’, 
(k-v), etc. 

We can separate from (3.1) the factor 


, H27 © — (vH) (kH) c? (kH)? 
F=|I ak Taw | 2 IW 0 an (3.2) 
The equation F = 0 yields a solution, known to 

be stable, with real w, and can be discarded. 


Separation of the second factor yields 


(1 — & / c*) (vH 
a{[ ! ? car | ! a c [e+ Cir | 
- H) (kH) 
— fio [kv +7 we | 4+ sept ee 


eat [e—a (kvy?|-+ 2 sed kH — 4 OOO op 
Si {r? (kH) (kv) -+ vH [e == (kv)?} © 
2 


(3.3) 


i (ku) [ie — 4 (kv)"] = 0. 
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Instability corresponds to values of ky whose 
imaginary part differs from zero. We put ky =i 
and then the perturbation will be bounded away 
from the discontinuity, provided the conditions 


Rear = 0, |) Rekae.0) (3.4) 


are satisfied, where A, and Ay pertain to the re- 
gions x < 0 and x > 0 respectively. By means of 
Eq. (3.3) we can express the dependence of A on k: 


= ko V1 — RR? (3.5) 


As shown in the preceding section, the boundary 
conditions (2.14) should hold on the perturbed sur- 
face of the tangential discontinuity: 


60, — 1Moe = 0, h, — ikHE = (3.6) 


We must also add to these conditions the boundary 
equation (2.8). Eliminating & from (3.6), we obtain 
the independent boundary condition 


h,/kH, = hy, /kHe. (3.7) 


From the system of equations of relativistic mag- 
netohydrodynamics we can readily derive the fol- 
lowing expression for small velocity and magnetic- 
field perturbations: 


—— — ¢2 
oy 0 oe 


(Ak + By + CH), (3.8) 


pee 6n 


0 
OA 


(kH (Ak -- Bv) — (Ak? + Bkv) H}, (3.9) 


where A= we [A 2 1} we (wo — k-v)/c*y4, C and 
Ay are functions of wo, H, W, k, and v. 

Eliminating with the aid of (3.7) — (3.9) the com- 
ponents dv and h from the boundary equation (2.8), 
and using (3.3), we obtain after several transforma- 
tions an equation that determines the possible val- 
ues of w: 


MalWiF i. = ho/WeF2, (3.10) 


where A is expressed in terms of k? by means of 
(3.5), and F is defined in (3.2). 

An investigation of the stability of a magnetic 
tangential discontinuity in relativistic hydrodynam- 
ics reduces to an investigation of the roots of (3.10). 
If for certain values of the parameters contained in 
(3.10) the equation has no root w with positive 
imaginary parts (for all values of ky), then this 
magnetic tangential discontinuity is stable against 


the small perturbations considered here. In the 
opposite case, it is unstable. 
If there is no magnetic field (i.e., Hy =0, Hy 


= (0), we arrive at the less interesting hydrody- 
namic problem, that of stability of a tangential dis- 
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continuity. It is known that such a discontinuity is 
absolutely unstable. To investigate the roots of 
(3.2) we confine ourselves, following Syrovat- eskit,* 
to the particular case of discontinuities, in which 
the flow of the medium is along the magnetic field, 
i.e., when the vectors H;, Hy», vy, and v2 are par- 
allel in some system of coordinates. 

We denote the cosine of the angle between the 
direction of the wave vector ky and the general 
direction of the vectors v and H by v. We first 
investigate the roots of (3.10) as v —- 0. The 
equation (3.10) is of the same order in w as ie 
corresponding equation in Syrovat-skii’s paper,” 
because it has one multiple root w =0 when p = 0, 
and two simple real roots. But since the transi- 
tion from the real root to the imaginary one (to 
the pair of complex conjugate roots) is possible 
only through a multiple root, the imaginary roots 
of (3.10) should tend to zero together with v. This 
enables us to neglect the ratio k?/k? under the 
radical sign as much smaller than unity, and then 
w is given by 


{4 5) AG (0) 2 of? RAG /@ 
Ma \? [1 1 Th 4nW 1 G e? ov) + aw, 20Wy ae —oyv) 
Cray | 1 EE Se 2 
2S HIRES oo ae 2_ 2 
4nW 1 Th i Ws i. [ To Al le 2%) 
 DiSV 16 CT Va tal 
Soe = aw \— gate | (3.11) 


The roots of (3.11) are real if the following condi- 
tion is satisfied 


{Hi Hy (H® | 40 + HB / 4x0)? WW, (v3 — 04)? ee 
Bag, age Wit We c? (Wy + Wa) 22 ek de 
(sez) 


The second term of this condition tends to zero in 
the non-relativistic limit, but at relativistic energy 
density it can make a considerable contribution to 
the stabilization of the flow. 

An investigation of the roots of (3.10) for the 
case of arbitrary v is best carried out for a nar- 
rower class of discontinuities, namely when the 
heat function, the velocity of sound, and the field 
intensity have the same values on both sides of 
the discontinuity: 


W=W2=W, Cor = Cog = Co; =H, 
(3513) 
If vp = (v2 -—v4)/(1 —vyv2/c?) (v, and v, are par- 
allel) is the value of the jump on the discontinuity, 
then in the ‘‘symmetrical’”’ system of coordinates 
we have 
1= —* (— 2), 


ford 


U UyU. 
Vg = (1 mb). 


Solving these equations for v, and v», we find 


Mo Te 2HUMAR TBA Ey 


2 
aoe eee =V,. (3.14) 
Introducing the notation 
Q = o/coko, a = H/ V 4nW, 
Bo = Vo/co, = vo/Co, (2215) 


squaring both halves of (3.10), and discarding the 
root 2 = 0, we obtain an algebraic equation of the 
eighth degree for &, in the form 


Q8 +4 22% + bsQ4 +0422 +65=0, (3.16) 


where the coefficients are functions of the param- 
eters a, By, y= Cp/c, and v. Q should vanish on 
the boundary of the instability region. 

At certain values of the parameters, the free 
term bs; may vanish, and then (3.16) has a multiple 
root Q?=0. If b; reverses sign as it goes through 
zero, Q? also reverses sign, and this effects a 
transition from a pair of real roots to a pair of 
complex-conjugate roots (pure imaginary). Then 
the equation b; = 0 specifies, for a given v, a 
curve in the plane (a, B)), which is the region of 
the boundary of the instability region. 

The equation bs; = 0 yields two curves: 


a? = y°B5/(1 — 9°) 
(aly)* (2 (1 — 83)? +¥°85 1 — 2 — 9°85 — BD} 
— (aly)?B3 ¢4 (1 — B3)* +-¥*B3 (1 — 9%) (1 — 29°85 


+ Bo)/(1 — y®Bo)} + 2Bo — v?Bo(l — y7)/(1 — yBo) = 
(3.18) 


Equation (3.18) defines a real curve only when 


Si yy) ee 
8-8) Sys, Ca ee oe 


(3.17) 


ve 


(3.19) 


The condition (3.19) yields two intervals of values 
of 8) for each value of pv: 


peice v? ++ 8y? (v2 — 1) — 2v? (1 — 9?) V2 (v2 —1) 


v2 + 8y! (v? — 1) ’ (3.20) 


2 V8 + By? (v2? — 1) + 2v9 (1 — y?) V2 (v= = 
Bo > v2 + 8y4 (v2 — 1) 


(3.21) 


The intervals (3.20) and (3.21) are meaningful only 
when v varies within the limits 


Ose¥ = 13 


We shall henceforth consider the ultrarelativ- 
istic case, i.e., y =1/V3. In this case, according 
to (3.15), 6 and By change in the same interval of 
values from 0 to V3. When p?=1, (3. 20) and 
(3.21) imply Be =1 and BRE 1, respectively. 
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As v — 0 we obtain £) — V3, and curve (3.17) 
is the boundary of the stability region. Equation 
(3.17) coincides with one of the real roots of KSetz)s 
In fact, in a ‘“‘symmetrical’’ system of coordinates, 
the equation of the curve that serves as the bound- 
ary of the stability region at low values of v, as- 
sumes the form 


a* + a? — yBo/(1 — y?B?)2 = 0. (S722) 
This equation has two roots: 
af = y*B3(l— y*f), a2 = —1/(1 — 89). (8.28) 


The second root of (3.23) has no physical meaning 
and should be discarded. Thus, as vy — 0 we ar- 
rive at the previous boundary (3.17) of the insta- 
bility region. On the other hand, in the region 

0 =f) =1 (v=1) the limit is the curve (3.18). 
In fact, when v = 1, the equation b; = 0 assumes 
the form 


ea ee 7 1—y? 
ea ee) tt 


i175; 


—2 (1—y?8>) iG = Ne aope } ==, (3.24) 


It follows therefore that the vanishing of 2? on the 
curve (3.17) occurs without a reversal in the sign, 
and the limit of the stability region when vy =1 is 

the curve 


a = fo [(8 — 2B5)/(9 — 1285 + 5B9)]” 


(we have put here y = 1/3.) 

Thus, the region of instability of magnetic tan- 
gential discontinuities (in the ultrarelativistic 
case) is bounded on the left by the curve (3.25) 
when fp» <= 1 and by the curve (3.17) when fp = 1. 
The curves (3.17) and (3.25) are shown in the fig- 
ure and the plane (a, By). The instability region 
is shaded. The discontinuities whose parameters 
lie outside the region will be stable against small 
perturbations. 


(3.25) 
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We note that the stability criterion for a mag- 
netic tangential discontinuity can be represented 
in the form 


(3.26) 


ig 1 1 
oo yee 


where the expression in the right half (without 
the 7) is the analog of the kinetic energy of a 
particle in relativistic hydrodynamics. 

In conclusion, I thank K. P. Stanyukovich for 
discussions and valuable advice, and also F. I. 
Frankel’ for interest in the work. I also take 
this opportunity to thank Zh. S. Takibaev for 
support. 
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Neutron transfer in nuclear collisions is investigated in the case when the effect of the 
Coulomb field is significant. At energies above the Coulomb barrier the possibility of 
formation of a compound nucleus is taken into account. The differential cross section 
attains a maximum which shifts towards smaller angles as the energy is increased. The 
angular dependence of the cross section depends weakly on the angular momentum of the 
state into which the neutron is captured. The calculation is restricted to the case when 
the Q of the reaction is small compared to the energy of the colliding nuclei. 


Neutron transfer occurring in the bombard- 
ment of atomic nuclei by nitrogen ions has been 
studied in recent years in a number of experimen- 
tal papers (cf. references 1—4). A study was 
made of the energy dependence of the neutron 
transfer cross section’ and of the angular dis- 
tribution in the reaction N'4(N‘4n!3) N% at ener- 
Pies Ole23-3,) 22-1, 19:2,-and 16-3 Mev.! At an en- 
ergy of 23.3 Mev, Reynolds and Zucker! have ob- 
served a maximum at 50° in the center of mass 
system (c.m.s.). The angle corresponding to the 
maximum number of scattered particles was found 
to increase as the energy was decreased. 

At energies below the Coulomb barrier the 
transfer of a nucleon can be due to the penetra- 
tion through the Coulomb barrier. At high ener- 
gies when the distance of closest approach of the 
colliding nuclei becomes equal to or less than the 
sum of the nuclear radii the formation of a com- 
pound nucleus becomes possible. In this case the 
angular distribution of the inelastic scattering of 
nuclei accompanied by nucleon transfer is charac- 
terized by a sharp falling off at large angles cor- 
responding to small nuclear impact parameters. 

Good agreement with experimental data on the 
elastic scattering of charged particles was ob- 
tained by means of the semiclassical theory based 
on the assumption according to which the /-th par- 
tial wave is completely absorbed if the impact pa- 
rameter associated with it is less than or equal to 
the sum of the radii of the colliding nuclei, while 
the wave whose impact parameter is greater than 
the sum of the nuclear radii remains unperturbed 
and has the phase corresponding to Coulomb scat- 
tering.*»? Such a semiclassical theory was first 
proposed by Akhiezer and Pomeranchuk?® in the 


study of diffraction scattering of fast charged 
particles. 

We can assume that the hypothesis just quoted 
holds also in the case of inelastic scattering. We 
shall investigate in the c.m.s. collisions of nuclei 
of mass numbers A; and A, as a result of which 
a neutron is transferred from the nucleus A, to 
the nucleus A, (A; >1, A, >1). The problem 
is considerably simplified in the limiting case 
ni = Z,Z,e*/hivy > 1, ng = Z4Z.e*/tivs > 1, when the 
quasiclassical approximation is applicable. 

The amplitude for neutron transfer, similarly 
to the amplitude for stripping, 4 can be written in 
the form 


f=—pe \ Dy (p') Pk,’ (t’) V (8) pk; (r) @, (¢) drdp. (1) 
Here p is the position vector of the neutron with 
respect to the core A,;—1 in the nucleus Aj, p’ is 
the position vector of the neutron with respect to 
the core A, in the nucleus A, +1, r and r’. are 
respectively the position vectors of the center of 
mass of the nucleus A; and of the core A,—1 with 
respect to the center of mass of the nucleus Ay, u 
is the reduced mass of the colliding nuclei, V (p) 
is the potential for the nuclear interaction between 
the neutron and the core A,—1, y](p) is the wave 
function for the neutron of angular momentum J in 
the nucleus Ay, $7/(p’) is the wave function for 
the neutron of angular momentum 7’ in the nucleus 


Agr Le ie, (r) denotes the Coulomb wave function 


for the relative motion of the nuclei A, and Ay 
which at infinity consists of a plane wave with the 
propagation vector kj and a spherical diverging 
wave; dee (Er) is the Coulomb wave function for 


the relative motion of the nuclei A;—1 and Apel 
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which at infinity contains a wave with propagation 
vector kr and a converging spherical wave 
PEP (r) = exp (— Fam; + ikr)T (1 

= 1;) F (ing is i (kr rs k;r)), 
Vi = exp (-— = y+ te) any) F (in, 1; 

—t (Rpr’ + k;r’)). (2) 

If we take the neutron mass M to be much 
smaller than the mass of the core A;,—1, we can 
set r’ xr and p’ »r+p. Further, on noting that 
if the energy of the relative motion of the colliding 
nuclei is not great (lower than the Coulomb bar- 
rier), then in the evaluation of (1) the region in- 
side the nucleus A, +1 is not important, we see 
that, therefore, the function $7(r +p) in (1) can 
be replaced by its value in the exterior region 

Oy (r + ep) = NrYem (8, ©’) ky (a |r + el), 
IT + e|>R’, (3) 

where kj-(x) = V 1/2x Kj-41(x) is Macdonald’s 


i 
2 


spherical harmonic, @ = ¥y 2Me’/fi (e€’ is the bind- 


ing energy of the captured neutron in the nucleus 
A, +1), Yj’m/(6’, ©’) is the spherical harmonic 
corresponding to the state of angular momentum 
l’; 0’, &’ are the angles specifying the orientation 
of the vector r+p, Nz’ is a normalization con- 
stant, R’ is the radius of the nucleus A, +1. 

If wR’ exceeds l’ (1’ + 1)/2, then the function 
in (3) can be replaced by its asymptotic expression 


Ry (x) = me—*/2x. (4) 


For example, in the case of neutron transfer 
from a N" nucleus to another N'* nucleus oR’ 
= 2.8, l’ = 1, and, therefore, formula (4) is a good 
approximation. 

By choosing for the potential V(p) the rectan- 
gular well model 


p<R 
peak 


— Va, 
Vie)={ 9” 


(R is the radius of the nucleus A,), the function 
gj(p) can be written in the form 


@: (p) = Nifi(%2) Yim (Pe, Po)» eh Ae 


y= V2M Vo — e)/h® , (5) 
where jj(xp) is the spherical Bessel function of 
order 1, (€ is the neutron binding energy in the 
nucleus A,) and Nj is a normalization constant. 

By utilizing the well known expansion 
exp(—a|r-+e]) 
Ir+e| 
= SLY) (= 1 gy, (09) Kan (27) ¥5, (8, 9) 
Vre aA, v 


x Yau (Bo Po)» 


Oh (6) 
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where Th+i(x) is a Bessel function of imaginary 
argument, J, g are the angles specifying the ori- 
entation of the vector r and Yo, Pp are the angles 
specifying the orientation of the vector p, we re- 


write the amplitude f in the following form: 
R 
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A,v 


f= N, ihe TRV 9 


1 
Oe Tee a Ty 44/, (ap) J723/,(Xp) 


XV im (Bere) Va» (en e)de | awh) * (r) ka (arr) ape) (r) 


Yim (8’, D’) Yay (0, @) dr. (7) 

It should be noted that the angles 6’, ®’ are 
functions of ¥, 9, Jp, Pp» P» vr. However, approxi- 
mately we can set 6’ ~ 3 and 6’ x. Sucha re- 
placement is valid if the effective value of p is 
small in comparison with the effective value of r. 
We can make an estimate of the error made as the 
result of such replacement in the case of the ex- 
ample 1 =l'=0. In this case the exactly calcu- 
lated amplitude can be compared with the ampli- 
tude obtained if we neglect in the function #)(r+p) 
of formula (1) the quantity p compared to r. It 
can be easily seen that the replacement of éf(r+p) 
by ®)(r) does not affect the nature of the angular 
distribution for l’ = 0. We should, therefore, ex- 
pect that the replacement 6’ — J and 6’ —@ in 
the general case l’ # 0 will also not lead to any 
significant change in the angular distribution. 

Thus, for the amplitude of the reaction we ob- 
tain the following expression: 


f= Na Wi OE (= 1 (ho (fa (ar) He) (0) Yenc (®, ©) 
KV ialS, ©) ar; 

Be oe (Jue, (LR) ae Iiay, (OR) 
— Trey, (@R) aie Sav (AR)} (8) 


In evaluating the integral remaining in (8) we 
can again make use of the asymptotic expression 
(4) for kjy(ar) if the condition ares >1 (1 + 1)/2 
is satisfied. If in making the estimate we make 
use of the value 

fer = Ze/F + le’(A — 1) — eAl/4e'A, 


AA == A,A./(Ay Se A5\e 


obtained in evaluating the integral in (8) by the 
saddle point method, it can be easily seen that at 
energies of the order of the Coulomb barrier 


eee = 
OF eff Be (VAi + VA)). 


In the case of the reaction N'4(N‘4N®) N} at 
E ~ 9 Mev, «’ = 10.8 Mev, € = 10.6 Mev (cf. ref- 


erence 11) we have (reff © 9. 
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When this condition is satisfied the integral (8) 
can be written in the form!! 
V AH" (0) Ar (ar) HEP (F) Yen (is @) Yim (85 ) a 

= ~ Yim (Oo, Po) Yum’ (Oo, Po) \ r eo (r) Dk; (r) as 
Here Yro(1ro, %, Po) is the saddle point, where the 
function F(r) = —ar + In (Pee * (2) Hye (e)) has an 
extremum. 

We expand the Coulomb wave functions Yr i, (F) 
and a He ) into partial waves: 


pie) (r) = 4a Sjitexp [ +78, (n)] (Rr) Vim (kK) Yum 


Im 


x (0, @) Fi (kr), (10) 


where 6j()) =arg I (1+ 1+ in) is the Coulomb 
phase shift, and F7(kr) is the regular solution of 
the radial wave equation for angular momentum I: 
F, (kr) = e902 JE te ip “s = (2kr)'+1 e—tkr F ([ + | 

ah NS oe OS (11) 

On substituting (10) into the integral (9) and on 
carrying out the integration over the angles we ob- 
tain 


\—1" (r) ‘pk, (r) dr = ay D2 ee) 


exp (8; (ma) + 16: (m4)] Pr (Cos 6) Rb 


co 
x \ Fy (ir) —— Fi (by) dr (12) 
0 
(Pz(cos 6) is a Legendre polynomial, 6 is the 
angle between the vectors kj and kg). 
In the quasiclassical case (nj, nf >1) we can 
utilize the following approximate expression for 


the radial functions:!4 


Fi(tr)=|EE) "sing, go = 24+) tirear, 


a Dene hil 4) 
PG) (13) 


r 


where *¢ is the classical turning point determined 
by the condition f(r) = 0. If we restrict ourselves 
to the consideration of the case when the Q of the 
reaction Q = Ea, -1- VN = €’— € is much smaller 
than the kinetic energy an the colliding nuclei we 
have 


\ Fr (kir) —— Fy (Ayr) dr 


0: 


kik 


iP 
= sg exp (— + Earetg *) Kec (00), 

S=N—m R= (ke+k)/2, q=(m +n), 

e = sin (0/2), c=YV(an/k? +8 = an/k. (14)* 


*arcte = tan=?. 


For & «<1 and 7 >1 we have 

exp [E arctg (Ek/an)] = 1, Kiz (ec) = (/2ec) e—*° 
(cf. reference 15). 

Therefore 


ee. —ar 
ee \ Fulhir) < Filter) dr 
£h 

= As (st) exp{—aa(l + sin (6/2))}, (15) 
where a = 7/k = Z,Z,e*/uv’. Thus, on substituting 
(15) into (12) we obtain the following expression for 
the amplitude for neutron transfer in nuclear col- 
lisions: 


i a N, Ny, Vow 2 
- )=iV =H ae Bd)" Y im (So, Po) 


x Vin Bos Po) V sin? oo fo (9) exp i= aa (J ae Sit (6/2)}, 
(16) 


1 


= Ding ( (21 + 1) exp [276; (n)] Pi (cos 9). (17) 
l 


At energies much lower than the Coulomb barrier 
f)(@) is the ordinary amplitude for Coulomb scat- 
tering. As can be seen from (16) the angular de- 
pendence of the cross section is given by the ex- 
pression sin’ (6/2) exp (-2aa/sin(6/2)) (cf. also 
reference 7). This expression increases with in- 
creasing angle @ reaching a maximum,* after which 
a falling off begins determined by the factor 
sin-?(6/2). As the energy increases the maxi- 
mum of the angular distribution shifts towards 
smaller angles. 

At energies greater than the Coulomb barrier 
it is necessary to take into account the possibility 
of formation of a compound system in nuclear col- 
lisions. In the quasiclassical case the formation 
of the system is possible if the orbital angular 
momentum J is less than max determined by 
the condition 


Neva UE ast —- 1) 
= Quh? (Ra, + Ra)E — ZZ2(Ra, + Ra). (18) 


In this case in formula (17) which determines the 
elastic scattering amplitude we must restrict our 
summation to values of 1 =1 wax. 

Owing to the possibility of formation of a com- 
pound system, the angular distribution of nuclei 
in the case of neutron transfer will fall off sharply 
at angles greater than 6 = 6), where 6) can be 


roughly estimated by means of the following for- 
mula: 


Ra, + Ra, = se (! + sin™ +). (19) 


*The angle Omax is determined by the condition 
sin (Onax/2) = 20a/3. 


ON NEUTRON TRANSFER IN NUCLEAR COLLISIONS 


In a similar manner Reynolds and Zucker? have 
succeeded in explaining the angular distribution 
of the elastically scattered particles in the reac- 
tion N*(N4n!*) nt4 at an energy in the laboratory 
system (l.s.) of 21.5 Mev, by setting 1 
and R= 105" cm, 

Thus, at energies above the Coulomb barrier 
the angular dependence of the neutron transfer 
cross section will be given by the expression 


ds Ss : : : 
pa) sin ce exp (— in In sin? = + 2i59 — aa/sin +) 


max = 6 


l=lmnax 
een: . 
eae ce 7 @Xp (— aa/sin +) >» C+) 
l=0 

X exp (2i6;) P: (cos 8)|?. (20) 

In collisions of identical nuclei it is necessary 
to take recoil into account. In this case the angu- 
lar distribution can be roughly obtained in the fol- 
lowing manner: 


do/d& = | f (8)? + | f (« — 9). 


Evidently there will be observed two maxima, sym- 
metric with respect to 6 = 7/2, the separation be- 
tween which increases with increasing energy. 

A more exact result can be obtained by treating 
the identical nuclei quantum mechanically. In the 
case of the reaction N'4 (NN) N! the angular 
distribution is given by the following expression 


(21) 


7 


do/dQ = 2 (2dog/dQ + do,/dQ), (22) 
where do, /dQ and dog /d® are the cross sections 
for the antisymmetric and the symnietric states: 

dq, dQ =| f (0) F f (x —8) f. (23) 


On substituting (16) into (23), on noting that 7 = 1’ 

= 1, and on taking into account the weak dependence 
of %) on the scattering angle 6 we obtain 

do Nya sO G1) 268 
dQ 2048 


mu? | N; |? | Ny i (=) VASE Me e’—"(Vo—e)” 


0 4 ‘ eae Ee 
< Bie—224| sin— 4 exp (— in \nsin®—- + 216, 


3/ . 2 6 . 
— aa/sin o\+ cos—/? _ exp = in Inccs at 2185 
Sa UNS 
— aa/cos : ) “ sin’ - exp (— aa/sin a) 
l=lmax 
me oh lies (2i6;) P; (cos 9) 
l=, 
ce l=Inaz: 
aE +a cos! + exp ca aa/cos +) Sera) 
l=0 
x exp (2i6:) P:(— cos 6)]?. (24) 
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The energy dependence of the neutron transfer 
cross section can be roughly estimated by integrat- 
ing |f(0)|* from 6=0 to 6= 69. We obtain the 
result 


(25) 


In order to improve the results given by formula 
(25) we can utilize the experimentally observed 
dependence of 6) on energy. 

It should be noted that at energies below the 
Coulomb barrier formula (25) leads to too rapid 
a falling off of the cross section with decreasing 
energy (cf., reference 7). 

In conclusion the author wishes to take this op- 
portunity of expressing his sincere gratitude to 
A. G. Sitenko for his assistance in this work. 
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We have studied the influence of electron scattering on the absorption of sound by metals in 
strong magnetic fields for the case of large spatial dispersion. We considered the case where 
the electron scattering is caused by their interaction with neutral impurities. 


farmer Firsov, and the present author! 
studied the deformation absorption of sound in 
metals for the case of a strong magnetic field 

Q > kT and a long mean free path of the con- 
duction electrons (2 is the electron Larmor 
frequency, T the temperature, and k Boltzmann’s 
constant ).* We showed that the theory under those 
conditions should essentially be a quantum -theoret- 
ical one and that when the magnetic field changes 
the sound absorption may show gigantic oscilla- 
tions. 

The cause of these oscillations is the following 
one. In the case 2 > kT in the region of the tail 
of the Fermi distribution, which is responsible for 
the transport properties, only narrow ranges of 
k,-values (the component of the quasi-momentum 
in the direction of the magnetic field H) turn out 
to be allowed, while for 2 « kT all values of ky 
are allowed. The position of these ranges on the 
Fermi surface is determined by the value of H 
and when H is changed other values of k, become 
allowed. On the other hand, when the electron 
mean free path is sufficiently large those electrons 
which move in phase with the sound wave will play 
the main role in the absorption of sound. Other 
electrons can absorb sound only during collisions 
with scatterers, and their contribution to the ab- 
sorption is proportional to the small quantity 1/xl 
(reference 2) (kK is the sound wave vector and 1 
the average mean free path of the conduction elec- 
trons). When the magnetic field is changed the 
position of the allowed k,-intervals changes, and 
if the angle between the directions of k and H is 
considerably different from a right angle the elec- 
trons moving in phase with the sound wave turn out 
to be sometimes in the region of the tail of the 
Fermi distribution and sometimes outside it. This 


leads to the gigantic oscillations in the absorption 
coefficient. 


*We use a system of units where H =c = 1. 


Assuming existence of an electron relaxation 
time, we showed that collisions are not important 
and that the oscillations remain gigantic for w 
< v, provided the inequality 


(xl? > 0/2, 
where ¢ is the chemical potential of the metal, 
w the sound frequency, and v the collision fre- 
quency of the electrons with the scatterers, is 
satisfied. 

The present paper is devoted to a study of the 
influence of scattering of the electrons on the ab- 
sorption of sound by metals for the case of a 
strong magnetic field & > kT and a strong spatial 
dispersion kl > 1 (l=vp/v; vp is the Fermi 
velocity ). We consider the case where the trans- 
verse electrical fields which occur when the crys- 
tal is deformed do not play an important role, so 
that we can neglect them. We assume that the 
electron scattering is caused by their interaction 
with randomly distributed fixed centers, the radius 
of action of which is small compared with their av- 
erage mutual distance and with the electron wave 
length. For the sake of simplicity we restrict our 
consideration to that of an isotropic quadratic elec- 
tron spectrum and do not take the electron spin 
into account. 

Let the electron Hamiltonian when there is no 
sound be # =H) + V, where 


Ho = (p—eA)?/2m, V=>V;=>V(r—r): () 


3 
here A is the vector potential of the magnetic field 
H, p the electron quasi-momentum operator, m 
the effective mass, and Vj the potential of the inter- 
action between an electron and a scattering center 
at rj. 
The perturbation caused by the interaction of 


an electron with the sound wave is taken to be of 
the form 


op’ (t) = = (Ue-ie! 4. Uteiot), —_ U ver. (2) 
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Up is a Hermitian operator which, generally speak- 


ing, is a function of the electron quasi-momentum 


operator. In the case of inductive sound absorption 
the perturbation has, for instance, the form Ay (t) Ju 


where J, is the operator of the p-th component of 


the current density, A(t) = [H xu(t)], where u(t) 


is the displacement vector in the sound wave. 
In the case of deformation absorption 


H(t) = Aix uix (0), (3) 


where ujk = / (duj /Ox_ + Sux /9xj) is the deforma- 
tion tensor of the crystal, and where the tensor Aj, 


in general depends on the quasi-momentum p. In 


the present paper we shall consider the deformation 


absorption of sound by metals with a low carrier 
concentration (such as bismuth) for which Aj, 
= const. 

The energy absorbed by the electrons per unit 
time is given in the first Born approximation in 
3c’ by the formula?*4 


TO XY 


Q => 2)<| Voa|? 8 (av + ©) [Fa (1 To) fo 
ab 


fa)]>. 
(4) 


Here a and b characterize the stationary states 


of the Hamiltonian #, Wgp = Eg — Ep is the energy 


difference, and fg is the probability of finding an 
electron in the state a. Since the scattering of 
electrons by fixed centers is elastic and tempera- 
ture-independent, f, is simply the Fermi function 


of the argument (E,—-¢)/kT. The pointed brackets 
{...) indicate here and henceforth an average over 


the positions of the scattering centers Yj. 
One easily writes Eq. (4) in the form 


+oo 


Q=% | aE —-fE+o(E), 6) 


T(E) = >\<| Usa PO (E — Ep +0)5 (E—E,)>. 6) 


ab 
Using the identity 


O(x) = 


1 ij ( i 1 ) 
Datig a 4— 1s X% -- 18 


and writing (6) in operator form we find that I(E) 
is a linear combination of four terms 


1 


eee ae, 


car P< gee Y 


which can conveniently be evaluated in the 5) rep- 
resentation. The eigenfunctions of the Hamiltonian 


Hy are characterized by the magnetic quantum num- 


ber n, the component of the wave vector along the 
direction of the magnetic field k,, and X, the co- 
ordinate center of rotation of the electron.° The 

totality of these quantum numbers will be denoted 


by indices a, f,.. 
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To evaluate (7) we need the exact Green’s func- 
tion 


4 1 \ 
Goa (u) = <a] =e | a) > y (8) 

averaged over the positions of the scatterers 

(u=E+ie). We have shown®’ that G(u) can 

be written as a series 


ee | P tai\s I 
GW) aw, ase, eee 


J 
ey a i : silew 
sigh i <r (u) T=, G (u) > fae im 


2mef/im 
{ik (Ei 
Here Wq(r) is an eigenfunction of i) and f is the 
amplitude for the scattering of a zero-energy free 
electron by the potential V,, 


Tha (E + ie) = Va (rj) Ya (rj) (10) 


N 
K(E)=Y mQ 


2, 2m (EO 


(11) 


/ 


where N is that integer which leads to one imagi- 
nary term in the sum (11). Tha! Ea +ie) is the 


amplitude for the transition from the state a@ to 

8 when an electron is scattered by the j-th center. 
In the series (9) each term of the expansion in 

powers of T is a sum over all possible scatterer 

numbers j, k, 7,... except for terms where any 

two adjacent numbers are the same. One can 

show that cross terms of the kind 

a = age i =a T (u) 
1 

u— Ho 


b 4l 
T! (u) = T* (u) ia 


x T* (u) 


correspond to the simultaneous scattering of an 
electron by two centers j and k, and give a small 
contribution to G(u) if fKA; f«a, and Q< E, 
where 2 is the electron wavelength and a the 
mean distance between the scatterers. We shall 
therefore drop such terms. 

We introduce the operator for the scattering 
by the j-th center, averaged over the positions of 
all the other centers: 


a (u) = Ti (u) + Ti (u) kK» de se, T! (uw) 
47 (Gg -— el” (Gee 


4 > 
| TO (tts Se 


To evaluate the matrix element 7 a) we must 
know the asymptotic expression of the function 


“A | 
Re — KH » 


(12) 


- 200i a / 
q(r, 1; 4) =— >) Ya (r’)(B 
ap 


| a.) a(n) (13) 


pat a re 
~~ th Fey | 
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as |r’-r|~ ro, where rp is the action radius of 
a scattering center. It is fairly obvious that at 
such small distances this quantity is independent 
of the coordinates (one can choose the gauge of 
the vector potential A in such a way). If we de- 
note it by q(E) and sum the geometric series 
obtained from (12) we find 


tha(E ++ ie) = Wp (r) Va(r)2uf/mll +i LK (E) 


q (E) If. (14) 
One can easily express the Green’s function 
Gqp(u) in terms of aly: 
af 4 
Gpa (u) = u— Fy 2 u— ay The ee Be 
Deere Cals (u) (uw) a bog, ie 
j#k 8 (15) 


There are now no longer any two numbers of scat- 
tering centers j, k, 1,... equal in any term of the 
expansion in powers of T(u). The average over 
rj of the product of several different T(u) is 
thus equal to the product of the averages. Taking 
into consideration that 


D<¥a(r) ¥a(t)> = a0, 
j 
where ng, is the number of scatterers per unit vol- 
ume, and that according to the sum rule the quan- 
tity 
—2Im >) <ti (E + ie)> 
j 


—(dojngim)Im [1 + i (K +9)fl? = v (E) 


is the total probability that an electron of energy E 
is scattered per unit time, we get 


(16) 


Goo (B.- ie) = 6,2, |E — BE, + iv (E)/2)4 (17) 


We have dropped Re 2j Ge which leads to a re- 
normalization of the energy. 

We can now use (17) to verify that the asym- 
ptotic expression of q(r, r’: u) at small distances 


is indeed independent of the coordinates. A direct 
evaluation leads to the equation 
g(E) = K [E -tiv (E)/2) — K (B), (18) 


the form of the function K(E) was given in the 
foregoing by (11). Substituting this expression for 


q(E) into (16) we get the following equation for 
vy (E):* 


V(E) = vo(E)(2mE)—2ReK [E + iv (E)/2], 


where 


(19) 


vo(E) = 4nf?(2E/m)'2n, 
is the scattering probability when there is no mag- 


*This equation is similar to the one obtained by Bychkov® 
for Im 2eGaa (u). 


Tt. A eee) Vila 


netic field. In the denominator of (19) we neglected 
the quantity Kf as compared to unity. 

The equation we have obtained gives us immedi- 
ately the value of v(E) provided the condition 


Q << (Evo)? 
is satisfied. Indeed, in that case 
K (E+ iv/2)= (2mE)*# 


and (19) leads to the equation v(E) =»)(E). Ff, 
however, condition (20) is not satisfied, v (E) in- 
creases when E—Q(n+ 4). 

In the following we shall be interested in the 
case vy «K kT. Condition (20) is then replaced by 
the less restrictive one: 


Q << (CRT), (21) 


which is easily satisfied in metals. We shall thus 
assume that y(E) ~ vp; the increase of v(E) in 
energy ranges which are small compared to kT 
will not show up in the final results because of 
the averaging over the Fermi distribution. 

We shall not consider the matrix elements 
Ustae lice ll Hy 


(20) 


(n'X'R,| U|nXk,z) = Ub nn 9x'x 9," , 


z 


If k makes an angle with H the matrix elements 
of U which are nondiagonal in n will be different 
from zero. One sees, however, easily that if 


Myke 


where xk, is the component of x perpendicular to 
H, and R the Larmor radius of the electron, these 
matrix elements are smaller than the diagonal 
ones in the ratio (kpR)!In’-n1, The same occurs 
in the semi-classical approximation {2 « ¢ under 
condition (22) for an arbitrary electron spectrum 
and an arbitrary dependence Ajk = Ajk(p). For 
the sake of simplicity we consider the case x || H. 

If we use the Green’s function (17) and the tran- 
sition amplitude (14) we can write each of the terms 
of (7) as a power series 


(22) 


Sp {pag U Heer ee) 
=) 1 i. 1 
ee tae a “ E +o — E,,—iv/2 
x fu vat BO Cty rete iv/2 
% Uses pSesee ie i + (23) 


An estimate of the second term within the braces 
for the case kl > 1 shows that except for a small 
neighborhood around E = Q(n +) it is of the 
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order U)/kl, i.e., the series (23) is an expansion 
in the small parameter 1/xl.* We have thus 


1 {2 I(E ) 
T(E) = aye 2 | Uae P (E v (E) Vv (E) 


(24) 
and summing over X and k, and neglecting w we 
get 

N—1 . 
> (8m)? mQ ys v (E) [E—Q (n+ 4o)]7 ? 


‘ 2x2m [E — Q (n+ 45)] + v2? 


n=0 
(25) 
where Vo is the volume of the crystal. It is clear 
that in the case 


I(E)= 


(22)3 Uy 


(ul)? S> C/Q 


it is sufficient to restrict oneself in (25) to the one 
term for which [E-—Q(n+%)] is a minimum. 
When H changes, this quantity and with it the en- 
ergy Q absorbed by the electrons, oscillates 
strongly and this causes the gigantic oscillations 
in the absorption of sound.! 

In the opposite case when 


(C/2) S> (x1)? > 1, 


many values of n are important in Eq. (25) and to 
evaluate I(E) we can use the Poisson summation 
formula 


(26) 


(27) 


co +co Se 
Sen) = +9 O + Y \ dng (nyexp Cxnikn). 
=0 k=—00 0 


If we use this formula we get easily the final ex- 
pression for the sound absorption coefficient 


cos [21nt/Q — 1/4] | 


Td) = To {I af nd (F)" > (— 1)" A, 


mV n- iG. 
2m02nkT /Q m?| Nip U;p |? 28)+ 
An = sh (20?nkT/Q) * Dee Snot se” (28) 


where p is the crystal density, s the sound veloc- 
ity, and I’) the sound absorption coefficient when 
there is no magnetic field. 
~~ ¥In the case x | H, the second and later terms in (23) are 
not small compared to the first one and one must solve the in- 
tegral equation obtained from (23) to evaluate I(E). 

tsh = sinh. 


—E,)?+ v4 (E—E,, +0)+ v4’ 


LODE 


In all cases those electrons from the region of 
the tail of the Fermi distribution which satisfy the 
condition 


Hie Ly (29) 


play the main role in the absorption of sound; in 
Eq. (29) lz = vz/v, vz is the z component of the 
velocity. In the case (26) there are, depending on 
the magnitude of the magnetic field either a group 
of electrons satisfying condition (29) or there are 
no such electrons on the Fermi surface. This also 
causes the gigantic oscillations of the absorption 
coefficient. In the case (27) there is always a num- 
ber of electron groups satisfying condition (29). 
The relative amplitude of the oscillations is in 
that case thus small and is, as is usual in such 
cases, proportional to the square root of the num- 
ber of these groups. 

In conclusion I express my gratitude to Yu. A. 
Bychkov and L. D. Landau for valuable discussions. 
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The Cooper effect in a low-density Fermi gas is studied. The magnitude of the transition 
temperature into the superfluid state is determined. 


Ir is well known that the basis of superconductivity 
is the so-called Cooper effect! which consists in 
that the existence of an effective attraction between 
the electrons in a metal leads to the formation of 
electron pairs in a singlet state. The exchange of 
phonons between the electrons is the mechanism 
that causes the presence of such an attraction. We 
consider in the present paper the phenomenon of 
superfluidity in a low-density Fermi gas. The main 
methodological difference in this case consists in 
that in the theory of superconductivity the transi- 
tion temperature is expressed in terms of a quan- 
tity of the order of the Debye temperature © <« p, 
which is used as the natural parameter for a cut- 
off, while in a low-density Fermi-gas the only 
small parameter is its density, or more accu- 
rately, the quantity fyp3/v, where fy is the s- 
wave scattering amplitude for interparticle scat- 
tering, and py and v are respectively the limiting 
momentum and the velocity on the Fermi surface. 
For our investigation it is convenient to use 
quantum field-theoretical methods. We shall as- 
sume, starting from Cooper’s idea, that the attrac- 
tion between the particles leads to the formation 
of bound pairs. Such a pair is a Bose formation. 
The temperature-dependent Green’s function of a 
free boson ©6(pw) is of the form? ? 


(io, — e(p)+ p)?, My = Maal 
and for wy = 0 becomes infinite as soon as the so- 
called Bose condensation takes place [u(T,) = 0]. 
The two-particle Green’s function plays the 
same role for a bound pair as the Green’s function 
of a boson. If one studies the dependence of the 
two-particle Green’s function on the total energy 
and momentum of the two particles (i.e., on the 
energy and momentum of the bound pair as a whole) 
one can find the temperature of the transition of the 
system into the superfluid state from the condition 
that this quantity should become infinite when the 
transition takes place. At lower temperatures 


bound pairs begin to form and to ‘‘condense.’’ The 
normal ground state of attractive Fermi-particles 
is thus unstable. The tendency to form bound 
pairs will at absolute zero cause a change in the 
ground state of non-interacting fermions under 
the influence of their mutual attraction. We shall 
determine the temperature at which the transition 
to the superfluid state takes place and we shall 
also study the characteristic singularities of the 
vertex part of a Fermi system of weakly mutually 
attracting particles at T = 0 which appear be- 
cause of the above-mentioned instability of the 
usual ground state. For the sake of convenience 
we Shall start with the study of the vertex part at 
absolute zero. 

The vertex function T epyé (Pi Po, P3, Py) is de- 
fined through the Fourier component of the two- 
particle Green’s function 


Gapys (x1, ira eosly xa) = <i (PratPosPsy'Pas)> 

by the following relation 
Gapys(P1, P2, 3, Pa) 

= (2m)* G (pr) G (p2) [6 (py — ps) (p2— pa) SaSps 

— 6 (p1 — pa)6 (p2 — ps)Sasdpyl 

+ i(20)*G (p1)G (p2)G (p3)G (pa) Papys (1, p2, ps, pa)d (p1 

-| p2 —= ps — pa). (2) 

The Hamiltonian of the interparticle interaction 
is of the form 

‘fe 
Hane =z \V (x — 9) We (0) WE (Y) rb (Y) Pa (2) dx ay, 
V(t 9) = x = y) 8 (an — go). (2a) 

It was shown by Landau‘ that the singularities of I 
for small values of the momentum transfer (q = p3 
—P, Or py—p,) are connected with the existence of 


so-called ‘‘zero sound.’’ We shall study the singu- 
larities of the vertex function* as far as the vari- 


(1) 


*A study of these singularities in general form in the theory 
of a Fermi liquid was made in an unpublished paper by A. A. 
Abrikosov, L. P. Gor’kov, L. D. Landau, and I. M. Khalatnikov. 


In the model considered the same approach allowed us to obtain 
more detailed results. 
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4 Kk i 4, A P; Py K P 
ME IRA sen opck D6 p=pjek fe 
a b Cc 
FIG. 1 


able q =p, +p, is concerned. To do this we con- 
sider the diagrams of the first orders in perturba- 
tion theory (Fig. 1). 

Singularities of the ‘‘zero-sound’’ type are con- 
nected with the diagrams of Figs 1as7c, As far as 
the diagram of Fig. 1b is concerned, it contains an 
integral of two Green’s functions of the form 
ff | G (kK) G(q—k) d’k. Substituting here for G(k) 
the Green’s function of a perfect Fermi gas 


G (k) = [fo +p —e (k) + iésign (e (k) — »))7, 


we get after integrating over the frequency 


762, d3k 
— 2nif? 
eh ee re TOSSA 
e(k)>p, e(q—k)>yp, 
ar dk 
oe ma eG 


eg kj. (3) 


This integral diverges at large k; this is connected 
with the fact that in that range it is the same as the 
Born correction to the scattering amplitude of two 
particles in vacuo. One can thus remove the di- 
vergence for large k by renormalizing the scat- 
tering amplitude. However, at small q «K py and 
€ <u the result obtained diverges logarithmically 
also near the Fermi surface for k ~ py. The inte- 
gration in (3) leads thus when q and € are small 
to a logarithmic term of the order (pate Maye 
In{qv/py, €/u}. The large magnitude of the loga- 
rithm can be compensated by the small parameter 
Dito VS. KS ill. 

To evaluate the vertex part in that range of 
{qv, €} values perturbation theory turns out to 
be insufficient and we must sum a whole ‘“‘ladder’’ 
of diagrams shown in Fig. 1b. We write down the 
equation for the vertex part in such a way that we 
explicitly separate off special integrations of the 


type (3): 
ears (p1, p2; 


e(k) <u, 


ps, ps) = Lapys (p1, p2, ps, pa) 
\ Fasen (Pus Par sg —F) G (ht) G (gq — k) Denys (Fg 
(4) 


Ll 
F 2 (o00)4 
— k, p3, Pa) ak, 


where T opyd(Pi Pe, P3, Py) is the totality of those 
diagrams which are irreducible in the sense that 
they cannot be divided by a vertical line into two 
parts which are joint by two fermion lines directed 
to one side. 
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The above-mentioned divergence in the large 
momentum region can be removed as follows. We 
define a vertex function for particles, interacting 
in vacuo, using the equation (Belyaev® and Galit- 
skii® introduced this quantity ) 


Dey (Oi, epee pen pe) — oars (pi, pz, ps, pa) 
+ spay \PeRen (Ps Bo, Bg — 8) (2) 6 (g— A) Ts 
x (Bg =A, Paspaldlh, (5) 
where ety 


aBy 6(P1> Pe, P3, Py) is the term of first 
order in ag interaction, which is equal to 

V (D3 —Pi) Say6g6 — V(P3—P2) da 65py while 
GO (k) is the vacuum ene Green function: 


G) (k) = (w — e€ (k) + i6)7. 
If we write (5) in the form 
Po348 (Pl, D2. Ps, pa) = LTD epys (1, pe, ps, pas) 


= Typys (pi, p2, p3, pa) Sree q—k) 


x G™ (2) G (q —k) Ths (Rk, d — &, Das Pay) dR 


and then subtract from both sides of Eq. (4) the 
integral 


a \ Dagens Pog — RG" (RG (g——F) Den (eng 
— k, ps, pr) dk, 

we get 

LY cays (1, P2, p3, ps) = LV Seve (p1, pe, ps, 4) 
at aaa (P11, P2, P3, pa) 
=r D) Sua L See nlPr; Po RnG—)(G(k) G(q—k) 


— G™ (&) G (q—)) Vim (®, g—F, Ps» Pa) dh 
+ some Pasen (Pr, Pas Ps» Pa) G(R) G(q—b) 


x Tews(k, 9 —k, ps, pas) aR, (6) 


where TABy (Pi P», P3, Pg) Stands for all irreduc- 
ible diagrams from the second order in the inter- 
action onwards. 

We get the vertex part LP apy (Pt Po, P3, Pa) up 
to terms of order pat? /v inclusive. It is clear that 
as the diagrams for fT do not contain logarithmic 
integrations we can restrict ourselves in this order 
in the expression for I'* to terms of second order 
in fy (Fig. 2) 

Applying to both sides of Eq. (6) the operator. 
L7! we are led to the following equation — 
Tyaye (Oxy Pov Da Pa) = Uners (Pus Pa» Pas'Pa) > ep 


4(0) 
m\ I aBen 


Mirvpaha enieeG = b— OOnn —k)| 
Y, Pemea (nq — Be Pas Pa) de + x paapp \ Paste (Pus Pas he 4 
— k) G(R) G (gq —R) Venvs (2, 9 — 8, Pas Pa) dR. (7) 
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Within the accuracy which we have adopted LI * 
= [* and we have neglected in the terms which do 
not contain logarithmic integrations quantities of 
second order in fy. As far as © is concerned 
in the integral on the right hand side of (7), we 
must evaluate it up to terms in second order in fp: 
Vipin (Pry Par By g— R) = V (k — Px) bazden — V (Kk — Po) Sande 
i 
~ says \ LV dps) V (k—1) 


V (I—p2) V (I—q-+k) JG (2) G (q—1)baz8 pnd 


2 api \ [V(I—p,) V (k—q--1) 


Vip Vk = IG 7 (1)G (@—1os0pe a. 


If we use the relation between the scattering 
amplitude for two particles in vacuo and the inter- 
action potential 


(8) 


V (ky — ke) = f (Ky, ke) -+ 5 [Pe Bee 


(2a)* P—k— id 


(9) 


and the well-known relation between the imaginary 
part of the scattering amplitude and the effective 
scattering cross section 


mk, 
160? 


Im i (ki, ks) — 


\\dn F (ky, Ryn) f* (ko, Ryn), (10) 


we get after substituting (9) and (10) into Eq. (8) an 
expression for D ypen (Pw Do, k, q—k): 


Papen (Dr, Pos kg — Rk) = fo (1 — ifops / 400) (8.28 pn — Sandez)- 
(11) 

When one uses a Green’s function in G(p) one 
should, strictly speaking, evaluate its value up to 
terms of second order in fy. Galitskii® has, how- 
ever, shown that the correction of second order in 
fy to the perfect Fermi-gas Green’s function leads 
merely to a renormalization of the Fermi energy. 
We shall thus in the following use the perfect 
Fermi-gas Green’s functions assuming p to be 
the renormalized Fermi energy. 

The contribution to Papen Pr» Py, k, q-—k) in 
the intervals € «< y and q « py which are of in- 
terest to us is equal to 

ifs 


Ge \F OCB + 1d xden— Sunder). 


peels Da pen( Pt» Py, k, q—k) and 
Papén( Pr» Po, k, q—k) into Eq. (7) and taking 
into account that of the terms of second order in 
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fy we need only the logarithmic ones, we get the 
following expression for the vertex function: 


Papys (P11 P2, Ps, Pa) = Taps (P1s P2» Ps, Pa) 


x fI— aie (1 


— G (kG (q —k)) atk 


- 2 
if Po 
4m 


)\1G&) G(q—®) 


9 -1 
+ ae (1) G (py —k +1) G(k) G(q —R) dtl dt ; 
(2) 
(12) 
The first of these integrals gives in the denom- 
inator of (12) a term 


cape 2 


47v 
As we need only take into account the logarithmic 
term we must, when evaluating the second integral, 
put py=k=po, €,=w =u after integrating over 1 
and we must average over the direction of the vec- 
tor k. We get 


e—qu+id , & Inc t—*) 
642 Ga Pa Ey) 


2FoPo 


e? — g2v? 
3 (230)4 v? 


(1+ 2In2)In=375 
Substituting the results of these calculations 
into (12) we get 


Paps (Pr, P2, Ps, Pa) a ae (2a)? UP (Say5es 
—6a35py) {(21)? 0 / po| fo | — ix pes in 
6? — q?v? + 16 € e+ gu —id)—1 
cs pe qu a ; (13) 


We shall consider (13) to be the analytical con- 
tinuation of Papyd (Pi Po, P3, Py) in the upper half- 
plane of the variable €. Let q =0 to begin with. 
We see that 'ggy5(P1, P2, P3, Py) has a pole at 
€) = iA, where A =p (2/e)'A exp { — 27°v/| f) | pz}. 
If we express the vertex part l apyd(P1, Po, P3, Pa) 
in terms of €) it has the form 


2 


Papys (1) P2s Ps» Pa) = — (2)? vpo ~ (SaxSes — Sa85p~) 
t Fore e2—q?v2 id & e+ vq — id ks 
ol OE al 2 aE In res : 


0 

For small qv « A the position of the pole « (q) 
approaches the real axis: « (q) = iA (1—q’v*/6A?). 
When q increases further |«€(q)| decreases and 
it tends to zero when vqmax = eA as 


@ = (2eAi/n)In (eA/vq) = 2eAi (dmax — 9)/™Qmax- 


The Cooper phenomenon, i.e., the instability of a 
fermion system when there are attractions between 
the particles, leads thus to the occurrence in the 
vertex part of poles in the upper half-plane of the 
complex variable € = w;+ Ww». Only those particles 
for which the total momentum is relatively small 
(q «K po) will here display a tendency to form 
bound pairs. The quantity A has clearly the 
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meaning of the reciprocal of the relaxation time 
of the system. 

We turn now to the problem of determining the 
temperature at which the system makes the tran- 
Sition to the superfluid state. Because we cannot 
apply the usual technique at finite temperatures 
we must use the Matsubara quantities.2»? In the 
Matsubara method we have instead of (2) the fol- 
lowing connection between the two-particle Green’s 
function and the vertex part 


G.pys (@1P1, @2P2, WsPs, Wapa) 
= (2n)8T ((2n)3T+[G (pr) G (w2pe) 
X So,0,9 (Pr — ps) ba355, — © (rps) G (22) d4,0,5 (pr 
— ps)5.,8es] — + 6 (w1p:) 6 (w2p2) 6 (sps) 6 (wasps) 
X Tapys (@1P1, ©2P2, @sps, Waps) } 


X 8.,+0,—w,—o, 5 (Pi + p2 — ps — pa). (14) 

At the beginning of this paper we have already 
remarked that one can define the critical tempera- 
ture as the temperature at which the Bose ‘‘con- 
densation’’ of bound pairs sets in. At that point 
the two-particle Green’s function. or what amounts 
to the same, according to (14), the vertex part, 
tends to infinity for the first time. We note that 
the dependence of the temperature dependent quan- 
tity Tapyd(1P. WeDo, W3D3, W4p,) on the variable 
€ = Wy + W, is defined only in the discrete points 
€y = 2mTi, n=0, +1, 42,... At the critical tem- 
perature the position of the pole is € = 0. More- 
over, it is clear from similarity considerations 
that the Fourier component of the Matsubara quan- 
tity Tapyo(w1 + W2, = 0, Py + P2 = 0) becomes infi- 
nite at the transition. 

The remainder of our discussion will refer to 
the case €=w,+Ww,=0, q=Py + Po = 0. 

The diagram of Fig. 1b contains in second order 
in fy an integral over the product of two Matsubara 
Green’s functions 6(wk) for the perfect Fermi 
gas of the form 


Qui fol > \ 6 (o,k) G6 (—o@,, 


ye 


—k) dk, 


which after summation over wy becomes 


wife |  thb 
The integral (15) diverges for large k. The di- 
vergence of this integral can be removed in the 
same way as at absolute zero by renormalizing 
the scattering amplitude. The integral diverges, 
however, also near the Fermi surface where its 
magnitude is ~ (£2p2 /v) \n(T/p) which is See aaae 
sated by the smallness of the parameter fop3/v 
*th = tanh. 


(15)* 
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<1. To evaluate Tapyd(1P1, WeDo, W3D3, W4D,) 


we must therefore again sum a ‘“‘ladder’’ of dia- 
grams such as Fig. 1b. We write down an equa- 


tion for TqpZy6(4Pj, WeP2, W3P3, WP) Which is 
similar to Eq. (5): 


Lapys (Mp1, M2P2, Wsps, Wap.) 
Tapys (MP1, MeP2, Wsps, Wapa) 
ie 


eee 
~ 2Qnp4 > D\ Seven (@1P4, MP2, Ok, & — Wp, q —k) 


OF 


< 6 (@rk) 6 (€ — On, q —k) 


X Lenys (@zk, @ —ow,, q—k, (16) 


We obtain an equation to determine the tempera- 
ture at which the transition into the superfluid 
state takes place from (16) if we take into account 
that I has no singularities of the kind (15) and 
that we need only to know of the terms in ¢) 
that one which gives a contribution ~ (f2p4 /v*)x 
In(T/u). Near the point where Tapyol€ ,q) be- 
comes infinite Eq. (16) becomes of the form 


ek 


n 


O3p3, 


cov) 4p4) d’k. 


) 6 (oak) © (—@,,—k) ak 


== a Dai \zo (@)P1, MP2, Ok, —@,,—k) 6 (@,k) 

x 6 (— o,,—k) @&k. (17) 
We have here taken into account that Toys 
(W4Pj4, WeDo, Wyk, —Wy, —K) is independent of the 
fourth components of the momenta and is thus the 
same as the quantity T Oopy6 (Pi Py, k, —k). 

As at T = 0, the divergence in the first integral 
in (17) far from the Fermi surface can be removed 
by renormalizing the scattering amplitude; after 
that Eq. (17) is reduced to the form 


dela) [er 


amv pp —e (k) 
4 Te SWE 
i uw — € (k) + 06 | dk (2m) d\2 (©1P1, @2P2, Onk, 


—n,—k) 6 (o,k) 6 (—o,, —k) d’k. (18) 


The contribution to &) which contains all irre- 
ducible diagrams of second order in the interaction 
is given by the expression 


2 
= ore YI 6 (ens 1) G (en + 


(2m)8 


n 


The first integral in (18) gives the contribution 
Pato tjope Bye eo a) 
D520 (1— Amv ) (int Delia 


where ln y is Euler’s constant. 


(19) 
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The evaluation of the second integral in (18) 
proceeds taking the same considerations into ac- 
count as at the absolute zero. The result of 
these calculations is 

Polo 


| 200402 


8 
(1 + 21n2)1n all 
T a 


(20) 
Substituting (19) and (20) into (18) we get 
217u Tm 7 e's 
Aer ae 
iol Law Az) 


The temperature of the transition into the super- 
fluid state is thus determined by the relation 


Te. = (yu!) (2/e)'* exp {— 20°0/ po| fol} 


or, Tg = yA/m, where A is the previously deter- 
mined quantity which has the meaning of the re- 
ciprocal of the relaxation time of the system. 

It is of interest to note that as in the model 
considered the integration practically is per- 
formed near the Fermi surface the relation be- 
tween the ‘‘gap’’ width and the transition tempera- 
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ture must be the same as in the theory of super- 
conductivity, and it follows thus that the gap width 
at T = 0 is equal to the reciprocal of the relaxa- 
tion time of the system. 

In conclusion we express our gratitude to 
Academician L. D. Landau for valuable discus- 
sions of the results of this paper. 
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The system consisting of two conduction electrons in an ionic crystal interacting with the 
polarization and elastic deformation of the crystal is considered. It is shown that the pre- 
vious! conclusion about the possibility of bipolaron formation does not depend essentially on 
the approximations applied in reference 1 (variational method, classical treatment of ionic 
motion) and remains valid in a more rigorous solution. 

The effect of elastic deformation, which was not taken into account in reference 1, leads 
to an improvement in the criterion for the existence of bipolarons and an increase in their 
binding energy. The motion of bipolarons is considered and the energy of the ground state, 
effective mass, and moment of inertia are calculated. It is concluded that bipolaron states 
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of the current carriers can exist in ionic crystals at sufficiently low temperatures. 


Ove of the approximations usually applied in 
polaron theory consists in neglecting the exchange 
degeneracy of the ‘‘outer’’ electrons. In the adia- 
batic approximation?» or in the intermediate bind- 
ing approximation,‘»* such a treatment corresponds 
to choosing a multiplicative form 


OW ee nome (1) 


for the electron part of the wave function of the 
system; here N is the number of conduction elec- 
trons in the crystal. 

It is more consistent, however, to choose the 
corresponding antisymmetrized product as the 
wave function of the many-electron system under 
consideration. If the overlap of the single-electron 
wave functions in the Fock determinant is small, 


then the multiplicative approximation is a good one. 


Small overlap of the single-electron functions oc- 
curs, obviously, when the Coulomb repulsion of the 
electrons (proportional to n-*, where n is the in- 


dex of refraction of the crystal) exceeds the attrac- 


tive force due to the interaction of each electron 
with the polarization produced by the remaining 
electrons (this force is proportional to c = ino 
Lysate where € is the dielectric constant), i.e., 
for sufficiently small values of the parameters 

n? and c. Then the average distance between con- 
duction electrons is large (in semiconductors, for 
reasonable values of the concentration of conduc- 
tion electrons), and the exchange interaction can 


be neglected. 


The exchange forces become essential in the 
case of significant overlap of the single-electron 
wave functions. This circumstance can lead to the 
formation of polaronic quasimolecules in the ionic 
crystals that have sufficiently high values of n? 
and c. The semiclassical theory constructed by 
the author and Giterman for two conduction elec- 
trons showed that the formation of bipolarons is 
energetically favorable in crystals with param- 
eters satisfying the condition n’c = 0.95. A bi- 
polaron is a quasiparticle consisting of a self- 
consistent state of two conduction electrons and 
the axially symmetric polarization potential well 
which is produced by them and which binds them. 

The treatment in reference 1, like that used 
in polaron theory,’ relies on a straight variational 
method for calculating the electron part of the 
wave function of the system. Because of the small 
value of the calculated energy for bipolaron for- 
mation, it might be suspected that this value is 
due to an insufficiently good choice of the approxi- 
mate wave function in polaron theory. 

Below it will be shown that the previous” con- 
clusion about the possible existence of the bipo- 
laron is not based essentially on the variational 
method. The treatment carried out here differs 
from that in the previous work in being consistently 
quantum mechanical. Besides the interaction of the 
conduction electrons with the polarization defor- 
mation, the interaction with the elastic deforma- 
tion of the crystal is also taken into account. 
Translation and rotation of bipolarons are also 
considered. 
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1. GROUND STATE OF BIPOLARON AT REST 


The Hamiltonian of the system consisting of an 


ionic crystal and two ‘‘outer’’ electrons can be 


written in the form?»»®! 


9 


H ee eS, A; ste >) Cee hee (rz) qka 
a iil Kae i 
ho gz | e2 
ail k 5) (@ 
Po) ar (2) 
= Ogi. 1 2 
k,a ka 


where the first term is the kinetic energy of the 
conduction electrons, the second term is their in- 
teraction with the polarization and elastic defor- 
mations of the crystal, the third is the energy of 
the ionic oscillations, and the fourth is the energy 
of electrostatic repulsion of the electrons under 
consideration; » is the effective mass of the band 
electron, k = (kj, ky, kj) is the index of the nor- 
mal mode, a is the number of the branch of the 
mode, Xxq(r) = (2/v)'/? sin (Kyg°r+7/4) are 
the functions used as a basis for the expansion of 
the inertial polarization P(r) and displacement 
u(r), Weq and gkq are the frequency and normal 
coordinate of the mode. 

Below, the case of an isotropic crystal is con- 
sidered: 


Cg =—e V 4nhw,, ¢/|k|—for longitudinal optical modes, 
Coy = a V hoy, | E 


liq =0 


— for longitudinal acoustic modes, 

— for transverse optical and 
acoustic modes. 

Here E=K+(¥%)uo, where K and py are the 

bulk and shear moduli, respectively; a is the 

constant of the deformation potential. 

We seek a solution of the Schrodinger equation 
with the Hamiltonian (2) in the adiabatic approxi- 
mation. The main criterion for this approximation 
is the inequality? 


ROKke <K wc?/m. (3) 


Thus, large values of c, for which bipolaron 
states occur (according to reference 1 and the 
results of the present work), also favor fulfill- 
ment of the inequality (3). 

According to Pekar,® solution of the Schrodinger 
equation in the adiabatic approximation is equiva- 
lent to finding the minimum of the corresponding 
functional with an approximate wave function of 
the form 
wD ( eee. tee 


cnl@ictecs Oliq) Samant) he )2 (tne wees pearls 


Minimization with respect to 6(... qq...) 


leads to the following value for the energy of the 
system: 


V tele Val NE AS Kad 


— ., ho , 
Hy eg 
ys) yy 
ka 


1) + minyJ [1p], fj Saline Dien ss 


sie EN (ri, 2) |? dti2 


9 > Coa tketes 
RO 


; a ap? (F4, Fa) 


ae dt12 
nd |ty—fre| 


' Kok (11) dtp. (4) 


Ky. = — Vly (r1, T2) 


As indicated by the remarks above, the electron 
wave function of the system is sought in the form 


p (t1, re) = const: [pa (11) tH» (r2) + Pa (T2) Po (11) I. 


The single-electron wave functions pa(rj) and 
Pp (1; ) will be determined later. 

Substitution of ~(r;, r,) into the functional 
J[w] leads to the expression 


’ h? Ry + SRo GEMS ELL | pre eee 4Sug + 2S7t4 
J pp l¥) e wn t+ ye er SENSE Joe (Vez S?)2 
a® 03+ (4 + 2S?) ve + 4Su3 
E Ca Se ee, © (5) 
where 
S=\papode, Ri=\ (Wy)? dt, Ro =\VpaVepode, 
pa (1) p2 (2 2 (1) we (2 
i= (zeal dt, Us= (ee om 
C Lev) Tie 
2 ‘ 2) ) 9 9) 
a(4)Wa(2)pp(2) *  Wa(1)P, (1) Pal2)p (2) 
p=) EOORE guy, yg = | RODEN 
12 a 
1, =\pidr, w= \ pape dr, a \papedr. (6) 


We consider first the case of a crystal in which 
the ineraction between the conduction electrons and 
the elastic vibrations can be neglected (a2/E — 0), 
We seek ja(rj) and yp(rj) by a variational method. 
As a result of this, the calculated bipolaron energy 
will be raised somewhat. We will represent the 
approximating functions in the variational method 
in the form 


Wa (r;) = ki: we (kr;), Wo (r;) = k* Wp (kr;), (7) 


where yn (23) and Wp (2; ) are the exact electron 
wave functions of a polaron and k is the varied 

parameter. The functions (7) are normalized to 

unity for all values of k. 

Substitution of (7) into the functional (5), varia- 
tion with respect to k, and use of the expression 
obtained by Pekar? for the polaron functional Jp 
lead to 


~ (nPoy? (1 ++ S28 (Ri + SRe) us? 


J ) 
Ca a a [(u2 + ua) (1 +S?) 


2/5 
— ne (ur +e +4S8u, + 2S2us)]?. (8) 
The functions ~(r) in the integrands of S, Rj, and 


uj are the exact electron wave functions yo (x) and 
~p(x) of the polaron. 
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The value of the ratio Q = Jbp /25p depends on 


R, the distance between the points a and b chosen 


for the approximate y (v1, ,). To determine the 
bipolaron energy, Q must be minimized with re- 
spect to R. Without solving this problem exactly, 
we will show that, at least for nc = 1, there is 
always a value of R for which Q> 1. For this 
purpose, we expand Q(R) in powers of R. Taking 
R along the z axis for convenience, it is not diffi- 
cult to show that 


ei ees ESS « 2th 5 Bes wa 
Cretan Pak t, (8) 
where 
== Aw = al — { 2 >) 9) &, } 
s=\(Atpa)* dt, us = \ 2 (1) tha (2) Sapo (2) dtue. 


To go further, it is necessary to compute the co- 
efficient of R* in the expansion (9). This can be 

done by choosing the best polaron function found 

by the variational technique 


p (r) = 0,1229 a% (1 + ar + 0.4516 0272) e-ar, 


a = 0.6585 ue%c/h? (10) 


in place of the ‘‘exact’’ wave function. The error 
in the polaron energy calculated with the function 
(10) is only a fraction of a per cent.” Calculating 
the integrals Rj, uj, and vj we find 


(0? Q/OR?) p—o = a (0,4105—0.2062) > 0. (11) 
If, instead of (10), we use the wave function 
= ie | J cde — were 
ee + ar) e-*, a er (12) 


which gives the polaron energy to 1 —2 per cent, 

a value of 9°Q/dR? nearly equal to that in (11) is 
found. Other approximations used in the polaron 
theory lead to similar results. Obviously, a small 
variation of ~(r) about the exact value 7~)(r) can- 
not affect substantially the fulfillment of the cri- 
terion (11); the derivative (8°Q/dR*) R=o is essen- 
tially positive. 

Thus, if n’e =1, Q(R) has its minimum at 
R = 0 and is equal to unity at this point. For 
R > 0, this ratio, which is underestimated because 
of the use of a variational method with just the one 
approximation parameter k, becomes greater than 
unity; this assures the energetic stability of the 
bipolaron. 

If n’c decreases from unity, the ratio Q(R) 
decreases, as is clear from Eq. (8); obviously, 
however, if nc is large enough it can stay greater 
than unity. 

Substitution of (12) into Eq. (8) for Q(R) and 
maximization with respect to R allow the values 
of Q and R at the maximum of Q(R) to be de- 
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termined for arbitrary n’c. The results obtained 
coincide with the results of the semiclassical 
treatment.! Bipolaron formation is energetically 
favored for 


e095 (13) 


(Qmax = 1.08 for n’c =1). More exact results 
can be obtained if the following are taken into 
account: 

a) correlation in the motion of the electrons, 
which introduces into the expression for the ap- 
proximate function a factor that depends on the 
separation |r;—r,| of the electrons; 

b) polar states which correspond to an approxi- 
mating function of the form 


(ta, tr) = N fap, (1), 2) + 9,2) p, (1) + v0), (1) &, (2) 
=i YP, (1) », (2)}, 


where y, and yp are variational parameters and 
N is the normalization factor; 

c) mutual deformation of the ~-clouds of the 
electrons, as a result of which the polaron func- 
tion which is originally spherically symmetric 
becomes axially symmetric. 

We have estimated AJ, the reduction in the bi- 
polaron energy, due to these causes,* using the 
numerical results obtained in solving the analo- 
gous problem in the theory of F-centers.'~!° The 
radius of the electron y-cloud is larger in the bi- 
polaron than in color centers, and therefore the 
values for the additional binding energy of the bi- 
polaron are underestimated. Even this underesti- 
mate is rather significant and amounts to 3 —5 
per cent of the total bipolaron energy. 

We turn now to the consideration of the inter- 
action with elastic deformation. In order to find 
the minimum of Jpp(R) and decide whether or 
not the bipolaron occurs, it is necessary to repeat 
with the functional (5) the calculation performed 
in reference 1. Owing to computational difficulties 
the calculation has not been accomplished for ar- 
bitrary values of n’, c, a, and E; it can be per- 
formed for a particular crystal with given values 
of these parameters. To obtain an estimate of 
the role of the interaction between the conduction 
electrons and the elastic deformation of the crys- 
tal, we will again consider the special case n’c 
=1, R=0. Using (5) and the results of references 


6 and 11, we obtain 
Typ! 2p > Q() =148B, 


where B, which has been calculated by the author, !! 
is the ratio of the interaction energy of the polaron 


¥The results of this calculation will be published separately. 
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with the elastic deformation of the lattice to the 
total polaron energy: 


B (1 — V1 =n) eS 437 e*w2a"c 
25), S 2270 Rte 


According to the estimate made by the author, !! 
in a real crystal B can have values up to several 
tenths. B increases with increasing y. Thus, the 
elastic interaction can play a significant role in 
bipolaron formation if, besides a large value of c, 
the crystal also has large values of the param- 
eters a and yu» and small elastic moduli. 


2. BIPOLARON MOTION 


Up to this point in our treatment, we have not 
considered the possibility of bipolaron motion, 
which can occur because of the translational and 
rotational symmetry of the isotropic crystal. In 
the solution of this problem, the mathematical 
apparatus developed by Pekar!>3 for treating a 
nucleon moving in a meson field and generalized 
to the case where the normal modes have branches 
with different dispersion laws can be used. 

The minimum value of the potential energy, 
J[w (ry, Y2)], of the system will be realized in 
every case when the function 


p= VooTep (1, r) 


with arbitrary values of &, ¥, and ¢ is used for 
(ry, Yo); here Tz is the bipolaron translation 
operator for displacement &, Y3,0 is the bipolaron 
rotation operator, and the angles # and ¢ give the 
position of the bipolaron symmetry axis in an ar- 
bitrarily chosen Cartesian coordinate system. The 
order of operation of Yg.g and Tz on p (ry, Lo) 
is not essential, but since these operators do not 
commute, we specifically consider translation 
first and then rotation. Under these conditions, 
the coordinate transformation is 


3 
cree 2 Guy (xX, — §,), (14) 
v=1 
where the matrix ||a|] has the form: 
cos #cos@ sing —sin% cos @ 
lla||=||—cosSsing@ cosm sin dsing (15) 
sin 0 cos 0 


We consider the states of the system in which 
the potential energy differs little from its minimum 
value. The polarization P(r) and the elastic dis- 
placement u(r) can be written in the form: 


FTP Pots 6h.) Pa 0)5 
u(r) = uo (r, §, Og) + u' (r), (16) 


where Py and Uj) belong to the family of solutions 
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corresponding to the equilibrium state of the sys- 
tem and are chosen such that P’ and wu’ can be 
considered as small perturbations in the region 
of space where the wave function of the electrons 
differs from zero. 

In accordance with the above, the parameters 
&, 3, and g which appear in Py and uy are deter- 
mined by minimizing the energy of the system, Hj, 
as calculated by perturbation theory, for states 
near the equilibrium state. This energy is 


My — df [po | —- ae NO ke (Gia aa Jka)? ie F/0gia! ’ (17) 


a,k 
where dk q are the new equilibrium positions of 
the harmonically oscillating ions; they depend on 
the parameters é, ¥, Q: 


2¢ 
0 ko 
qka = hOxy 


\e x_,(t1) dts. 


In place of the condition for finding the values 
of , 3, and g which lead to the best description 
of the states of the system in which the configura- 
tion is nearly the equilibrium configuration with 
the approximation (16), one can use, according to 
Pekar,'* the relation 


OV, » 
>| Ae Q.P,dt = 0; (18) 
where vj = | (i=1,2,3), v4= 9, V5 =23 
Galt) = DiPia% (0), Pra = pee qx 
k Blea 
os Th 0 
ae Vx q 
The operator @®q is equal to wy for the optical 
modes (@=1); for the acoustic modes (a= 2), 


it acts according to Ok, Xk (Pr) = (E/p)¥? Kxk(T) . 
In terms of the poordinaes Gy, and dhe (18) 
takes the form 


cog. acon ou =o (19) 


k,a 
We seek the solution of the Schrédinger equa- 
tion with the Hamiltonian (17) (with the supplemen- 
tary condition (19)) in the form 
== Wi tis Ta) (eee 
Dore Gia es) eV eee 


The variables qy,q enter directly and are 
also contained in the Vika - Oke - - .). We will 
use 0/d*qyq to designate differentiation with re- 
spect to only the q,, which do not occur as vari- 


ables in the vj. Then 
a s dv; ( @ 9U;\ 9 
7 Oke dv; OF ka, du; 


Q2 a 2 a du, dv; @2 
Fa o* Fae 
dv, ( o2 2 
=r > aa (5 o* = % y ‘ 
i [ka 00° FVka 0 Vc. IY; , 


Le 
i ke Meo dv,00; 


(21) 
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The derivatives dv; /dqxq occurring in (21) can be 
calculated from the conditions (18) and (19). By 
varying qkq arbitrarily, i.e., by arbitrary varia- 
tion of gg(r), we obtain 


29 a 0 4 
— >} do; Dy) Fe pad = Fee Sd gadt = = ig FF ah: 
j a 0,00; a dv; e ¢ (22) 
By using the fact that, due to the eats of &, J, 
and ?; Yq differs little from Our replacing ~q 
by ey in (22), and introducing the notation 
n,.0 


RY = ete dang? ae, 


“du; Ov; 


we represent Eq. (22) in the form 


2 Rij dv; Otten = = = hOgua/0v;. 
The solution of this system of linear equations 
gives the desired values of the derivatives 
Ovi / 8k q: 
Substitution of the above relations into the 
Hamiltonian (17) leads to 


hi OM) +. pl) 
Vs te {J [po] + De 7 h@ak — 5 Fae 
at 
ot?) R() 
om) h R® dE (0, y)}® 
{ E a? 
iB es e cle al 
4 (8, 9) =— {Ade + 3S Ay ee 
ty j=1 
ia ' : 23) * 
+ Aslags + Cts O55 ant oye) ey 
where 
Re o!2) Re Oo!) zis pi?) 0!) 
oi 2 Q@2’ at) as bop ra p@yp aa GizQj3, 


aj3, aj3 are components of the matrix (15) 


Ope (r) » 
(as sh om wa@s (r) dt, 
P - ap? Se 
0” i p™ = > Oz O72 (r) dt, 
R” we Mee Ay =z WR /2Ro? 


By setting V(...vV .)=exp (if-&) F (3, 9), 
we obtain the equation for F: 


1 ted ag, Ook 
{— fs e ine Sirs 


4 Eire ire 
+54P +e DI Aufl P = WP. 
t, f=1 
For sufficiently small f, the last term in (24) 
can be treated as a perturbation. Then, in the 
zeroth approximation 
F (8, @) = e'P" (cos 8), = W9 = 
pe 0 ele le Get ead l 
<cto = COL. 


1 a 
sin? 0 Op? 


(24) 


Sidhe) doe Ape, 
alo ey (25) 
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eee is the associated Legendre function. The 
matrix element of the perturbation is 

W' = LBP coos), Ba {Cor OT 7) 
2 2 (fo + pp Qe f ’ 
(cos? 65 = \ cos? OV ERCO; 2c Toes (26) 


where 6 is the angle between the direction of the 
translational motion of the bipolaron and its sym- 
metry axis. 

The quantity W, = bd A+B (cos? De is the 
sicerg ie kinetic energy of the bipolaron, and 

= h’/(A +B (cos 6)) is its effective phonon- 

a mass; the latter, as is evident from formulas 
(25) and (26), depends on the rotational quantum 
numbers, 7 and m. For example, for a non-rotat- 
ing bipolaron (1,m = 0) we have My 9 = h’/( ‘ +1/,B); 
for 1=1, m=0, we have M; y= n/(A +348 ), ete. 

The quantity W», = 7, Asl(Z2 +1) is the rotational 
energy of the bipolaron; I = h?/A; is the phonon- 
field moment of inertia. The total energy of the 
moving (translating and rotating) bipolaron is 
h ow =e Pp?) oO) R') 


lol,, == af [po] 2 9M 1 pa) QQ) RY 


hep? Rl (t+ 1) 
oN my 
The criterion for the existence of bipolarons takes 
the form 


Cail em— OV 2is 
J min [p(t1, t2)} 20) /0'Y—n (0) PO)/2 (OM) -+ PM )- AROURY S| 

ae t), 9 2) )99Q) : 
2 {min (P))p — 3805/2093 


(27) 


The subscript ‘‘p’’ indicates that the correspond- 
ing quantity refers to polarons, not bipolarons. 

The remainder of the calculation amounts to 
just the computation of the integrals O(), P(), 
and R‘®2) which appear in the expressions for the 
bipolaron energy, effective mass, and moment of 
inertia. 

This problem does not involve any difficulties 
of principle, but in many cases involves cumber- 
some computations. If only the optical modes 
(a =1) are considered and the frequency disper- 
sion is neglected, then the criterion for bipolaron 
existence (27) can be written 
Voy (UO Cie, r2)] — Oh@g / 2 _ 

“2 Simin UP (TN) p— BRO ~ 


C= 


where wp is the limiting frequency. 

This criterion is somewhat stricter than that 
given above in Eq. (13). The reason for the differ- 
ence is that the equivalence mentioned in Sec. 1 
of this paper between the adiabatic approximation 
and the variational method with multiplicative 
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wave functions holds for systems which do not 
have translational symmetry. If the latter is 
present, then the treatment of the present section 
is more rigorous and does not give complete 
equivalence. 

However, for the values of the frequency w 
usually encountered in ionic crystals, the differ- 
ence of fiw) between the bipolaron energies of 
this section aud of Sec. 1 is not very significant. 
The bipolaron energy decrement, AJ, mentioned 
in the remarks following Eq. (13), is related to 
Wp fiw, by (according to the estimate ) 


ASV 46 habe, 


Such a quantitative change in the bipolaron exist- 
ence criterion does not change in principle the 
conclusion that bipolarons can exist. 

The values of the bipolaron effective mass and 
moment of inertia can be calculated in the same 
approximation with the aid of the integrals 


(1) P == ll O° 
C= 27005 \a; p? (ry, T2) ok (Ts, 14) ATyo54 


OX. 


= — co, *(1 + S*)* (Caaaa> + Caabby 
+2S (<aaab> +-<abaa>) +2S? <abab>], 
30%) 46 Pp) = Sncewr * \y (ri, r2) P (ri, ry) dties 


= Ance’w, * (1 +S?) 
where 
f Ah: 1 @ 
chen = Vapa (4) Pe (Fa) 5 ¥Pm (Fa) Yn (ta) dt. 
2 0x2 


The two-point integrals (klmn), Vo, v3 and S can 
be reduced to linear combinations of the overlap 
integrals tabulated by Kopineck.»® 

By using the limiting values of the integrals 
OM) and P(), it is easy to find, in particular, 
the limiting value of the ratio of the effective 
masses of the bipolaron and polaron: 


Moo/Mp —>4 (R—0), 


[uy + (1: -- 2S?) ve + 480s], 


Mo /Mp =>, 2 (R =>, Co) 


3. CONCLUSION 


The results obtained above show that the cur- 
rent carriers can be bipolarons in ionic crystals 
with sufficiently high values of the parameters 
lemeai fa. Eo ¢ and (Roig 

The conclusion does not contradict the asser- 
tion that bipolarons cannot exist which is contained 
in Pekar’s monograph,” since only the special case 
R=0, a=0 is considered there. 

The case c = 0, a=0 corresponds to the 
“‘doublon’”’ state considered by Vol’kenshtein and 
Bonch-Bruevich.!4 The doublon energy level, how- 
ever, is located above the bottom of the conduction 
band. Due to the presence of lattice polarization 
and elastic deformation, the paired states of the 
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current carriers are appropriate to the ground 
state of the system. This circumstance can lead 
to a large number of experimentally verifiable 
effects, for example, superconductivity, and also 
sharp changes in magnetic, optical, and other 
properties of the crystal around the temperature 
at which the ratio of the equilibrium concentra- 
tions of bipolarons and polarons — which are ex- 
cited states of the current carriers — goes through 
unity. 

It is possible that taking into account exchange 
forces due to interaction of the quasiparticles with 
the phonon field could lead to the appearance of 
quasimolecules in other cases (for example, bi- 
excitons). This problem may also be of interest 
in many-body theory other than that used in solid 
state problems, for example, in the treatment of 
nucleons interacting with the meson field. 

The author expresses his profound gratitude to 
M. F. Deigen for many valuable discussions which 
occurred while this work was being done, and also 
to M. I. Kaganov, S. I: Pekar, and the other par- 
ticipants in the Fourth All-Union Conference on 
Semiconductor Theory who took part in evaluating 
this work. 
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It is shown that in a twisted space the nonlinear spinor equations considered in the field 
theory of elementary particles follow from a variational principle in which the Dirac Lagrang- 
ian is supplemented by the scalar torsion of the space. 


Te One of the simplest generalizations of Euclid- 
ean space is a twisted Riemann space, in which 
the metric és Galilean and the geodesics are 
straight lines. Such a space (see Appendix) is 
characterized by a completely antisymmetric 
torsion tensor $,,,. We note that unlike the 
graviational field components Ig Bye which, like 
the field Pa Be: have a definite geometrical mean- 
ing, the latter quantities are a tensor field, and 
therefore cannot be locally reduced to zero by 
any change of coordinates. The field @ a Be can 
be given a simple physical interpretation; it can 
be regarded as the proper field of a particle, 
since its presence does not affect the motion of 
the particle (the geodesic line is still straight). 

In a twisted space covariant differentiation 
can be defined (see Appendix) for tensor and 
spinor quantities, though since the metric is 
Galilean there is no difference between covariant 
and contravariant components. Then 


fea = 0A ,/dx° = O57, A;, (1) 
D,¥ = 0V/dxs — (= @onVate 11.) WY, (2) 


where 9, is interpreted as the vector potential of 
the electromagnetic field. 

We get the field equations by starting with the 
Einstein variational principle 


ee \ (L —0°R) d'x, (3) 


where b is a dimensional constant and *R is the 
scalar curvature of the space, which in our case 
is 

“R = DuseDaes- (4) 


Let us consider in particular the equations of a 
spinor field for which the invariant Lagrangian L 
is written in the following way: 


L =F. (¥ 7, Da¥) —(Da¥)* 12) 


1 ( | ; 
Di Ce ee ee a Doge (UY Varave Y) 


4i 
Mgt =O VO (5) 
The summation is taken with a # B # «. 

Let us examine the case in which gy = 0. Since 
the derivatives of the field qe do not occur in 
the action integral (3), variation with respect to 
this field at once gives 


— (Gens) (ee 


Dage = (1/816) (Wtravare¥). (6) 


Varying the expression (5) with respect to Y% and 
using Eq. (6), we get 


Fake 4 (320) (YL yaya. LY Yareves = 0: (7) 


Equation (6) shows that the field ®qge is produced 
by the spin, and therefore it is quite natural to in- 
terpret it as the proper field of the particle. 

Going over from the tensor VW vavpye¥ to the 
corresponding dual axial vector V*ygy;¥, we get 


CE varte ty = 6 (Yaa th) (8) 


We can then write Eq. (7) in the form 


%o¥ a + Pe CE are) Taree =U (9) 


where we have introduced the notation Aj = hee 
Thus we have obtained the nonlinear spinor equa- 
tion with axial-vector nonlinear term.’ 

2. The interpretation of the Lagrangian (5) and 
the action integral (3) considered in the preceding 
section is not the only one possible. We shall con- 
sider another aspect of the theory, in which the 
equation (9) appears as an approximation. 

If in the Lagrangian (5) we go over from the 
tensors @qp¢ and Y"vavgve¥ to the correspond- 
ing dual axial vectors, Eq. (5) takes the form 
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PrWy —( rn) gr — (Pr rare P) Pr, 

(10) 
where y) and Py are vector (electromagnetic ) 
and axial-vector (quasi-electromagnetic ) poten- 
tials produced by the corresponding vector and 
axial-vector currents. Introducing a new constant, 
we can write the second term of the action integral 
(3) in the form 


b= a nek ee 


— b°R = bDapeDase = (22/8004) GrG>. (11) 


In addition to the electromagnetic field tensor Hy, 
we must now introduce the pseudotensor A Uy af 
the quasi-electromagnetic field; the total fe ares 
ian can then be written in the form 


Biya clin rng 


16a 


len : ‘aie (Hj. + 2k5@3)}. (12) 


Varying this with respect to WW", 9), Qy leads to 
the following field equations: 


(@) A ee 
Ta ean tPa — ial Y =0, 


ros ; 

axe t? = — 4na Ces 

Be nee) | Be 

Serie os RoPp = — 4na, (LY yn75"). 


(13) 
Ox 


For the fields Hy) and Hip we obviously get 
the Maxwell equations and the Proca- Yukawa equa- 
tions, respectively. In cases in which second de- 
rivatives can be neglected in the latter equations, 
we find 


Py, a Artoyke (Yay Y). (14) 


Substituting this in the first equation of the system 
(13) and neglecting gy, we get Eq. (9) as an ap- 
proximate equation. Thus inclusion of a torsion 
of space leads to a new axial-vector field, to 
which, as is well known, there correspond axial 
vector mesons when second quantization is used. 


APPENDIX 


1. As is well known, in the general case the 
change of the components of a vector on parallel 
displacement can be written 


GA ee TA x, (15) 


where *I§, are the affine connection coefficients, 
which are asymmetrical in the lower indices and 
can be written as the sum of a symmetric part and 
an antisymmetric part: 


(16) 


The quantities Oe called the components of the 
torsion, porn a tensor and violate the parallelo- 
gram law.! 


RO DIC MEW 


On introducing a metric and requiring conser- 
vation of the length of at vector on parallel displace- 
ment, we can divide AT into metric and non- 
metric parts: 
‘(47) 


ere os Te o is ss yoy 


here Pup g are the ordinary Christoffel symbols, 
and 


Ta, 4G =< Wie. oy Can, vy aia Gey i) =i Coe oO (18) 
The equation of the geodesic lines in such a 
space can be written in the following way: 
aah my dx? dx 
Ce Lhe ae (19) 
where by Eqs. (16) — (18) the Le are given by 
are t x OS ae fe Geos (20) 


In our special case of a space with Galilean 
metric, in which the geodesic lines are straight, 
we have 


P= 0; re, =0. (21) 


It then follows from Eq. (20) that the torsion must 
be a completely antisymmetric tensor. In this 
case let us introduce the notation 


Gay = Dov (22) 


The scalar curvature of the space, which in this 
case depends only on the torsion components, can 
be written 


oh — OopeDacs- (23) 


2. In order to write the equations of an unquan- 
tized spinor field in an affinely connected space, 
we can use a method developed by Rumer.* Let 
Quy (a ), Q4(a@) denote the components of the metric 
tensor of Lamé. Here uw is the index of the ordi- 
nary covariant or contravariant component, and the 
index in parentheses (a) indicates the number of 
the invariant orthogonal component, so that 


Q,, (a) Q, (a), 


Then in the parallel displacement of a vector 
the change of the orthogonal components of the 
vector that corresponds to Eq. (15) is 


Dy es ge = QP (a) Q” (a), 


dA (a) = *A, (af) A (6) dx, (24) 
where *Ag(a@f) are the generalized Ricci rota- 
tion coefficients. Since by hypothesis A? remains 
unchanged in parallel displacement, 


A. (ap) = —"A, (Ba), —*(Qx, (@)),. = 0, (25) 


where the brackets *( ) ,o denote the covariant de- 
rivative relative to apy and *A,g(a@f). The last 
of the conditions (25) and Eq. (17) give 


TWISTED SPACE AND NONLINEAR FIELD EQUATIONS 


5 022, (a) 
Doe. == Reva or aie We Va Q, (a) 15 
x 


In Riemann space (without torsion) we have 
dQ.) (a) 


Orm( 
Tee = OQ, (a) ae 


Ne evs (26) 


=r NG ev» (27) 


where Aj) are the ordinary Ricci rotation co- 
efficients, which depend on (a), Q’(a@) and 
their derivatives. 

Comparing Eqs. (26) and (27), we find 


oN Te a AG. Wy + ls. a) (28) 


i.e., the same tensor Ig, gives the nonmetric 
parts of both Tou p and *Ag uv: 

The change of a spinor on parallel displace- 
ment is written 


dU ="*BWdx, d¥*+= — YB idx, (29) 


where 


"Bo = 7 “A, (a8) x @) x (8) 4+ ile, (30) 


are the generalized displacement matrices,”»? and 
y(q@) and I are Dirac matrices. Then the covari- 
ant derivative of a spinor is written in the follow- 
ing way; 


DWV = OW/dxe — “BY, (31) 


and the Lagrangian of the spinor field can be put 
in the form (the mass term is omitted here ) 


L = (1/21) (Y* y (a) OLY) — (D.¥) +7 (@) ¥) Q> (a). (82) 


In the case of interest to us here, that of a 
space with the Galilean metric, we obviously have 


Soy = Sinvs Q, (a) = One. 
NEN seg ene aera (33) 


and Eqs. (31) and (32) go over into the formulas (2) 
and (5) used earlier. 


1p eK. Rashevskii, Pumavopa reometpua u TeHSOpHbIA 
aHammus (Riemannian Geometry and Tensor Analy- 
sis), Gostekhizdat 1953, page 413. 

2Yu. B. Rumer, VMccaegosanua no 5-onruKke (Studies 
in Five-dimensional Optics), Gostekhizdat, 1956, 
page 110. 

3. Fock and D. Ivanenko, Compt. rend. 188, 
1470 (1929). 

4Nonlinear Quantum Field Theory (Russian 
Translations), Collection of articles, edited by 
D. D. Ivanenko, IIL, 1959, pp. 19, 351. 


Translated by W. H. Furry 
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Restrictions on the nature of the singularities of quantum field theory amplitudes are de- 
rived within the framework of perturbation theory. 


Ler us consider the amplitude describing the 
process of mutual transformation of n particles. 
Suppose that the masses of the particles are given. 
Then the amplitude is a function of 3n-—10 invari- 
ants. Generally speaking this function will have 
singularities for certain relations among these 
invariants. We limit ourselves to the considera- 
tion of just those singularities that correspond to 
a Single relation among the invariants. 

We shall study the amplitude within the frame- 
work of perturbation theory and for real values of 
the invariants. Let us consider some arbitrary 
perturbation-theory diagram. Then the location 
and nature of the singularities of this diagram 
for a single relation among the invariants may 
be obtained by Landau’s method.! According to 
this method the location of the singularity is de- 
termined by the following system of equations: 


Diag: = 0, (1) 
(C) 

if 

Deis, (2) 
P21 
24, = Pr (3) 
qi = mi. (4) 


Here the qj stand for the four-momentum of the 
virtual particle corresponding to the i-th line in 
the diagram, the mj, stand for its mass, the Pr 
stand for the four-momentum of the real particle 
which enters the r-th vertex in the diagram, and 
aj is the Feynman parameter corresponding to 
the i-th line. The summation in Eq. (1) is over 
all independent contours (C) of the diagram. The 
summation over ir in Eq. (3) is over all virtual 
particles that enter the r-th vertex. 

The nature of the singularities is determined 
as follows: Let us fix the values of 3n—11 invari- 
ants. Then the value of the (3n—10)-th invariant 
R is determined at the singular point by the sys- 
tem of equations (1) — (4) and is equal to Ro, 
where R, is a function of the first 3n—11 in- 


variants. The singularity is of the form 
(Ri Ro —1)* (5) 


or 
(R/Ro — 1)* In (R/Ro — 1). (oer) 


Equation (5’) holds for positive integer values of 

x; for all other values of x Eq. (5) is valid. The 

quantity x is related to the number of lines / and 
the number of vertices v in the diagram by 


“= (31 — 40 4. 3)/9. (6) 


It is the aim of this paper to clarify the question 
of what restrictions are imposed on the values of 
the quantity « by the condition that the system of 
equations (1) — (4) give at the singular point just 
one relation among the invariants. We begin the 
considerations with processes for which n = 5. 
Under these circumstances all four-vectors of the 
real and virtual particles lie in the four-dimen- 
sional space. 

As is well known,? only Eqs. (1) and (2) can be 
used for the determination of a; at the singular 
point. The number of unknown aj entering these 
equations is equal to 7 —the number of lines in 
the diagram. The number of equations in (1) and 
(2) is equal to 4(1—v +1) +1, where 1-vil 
is the number of independent contours in the dia- 
gram. Consequently, the number of aj left unde- 
termined by Eqs. (1) and (2) is equal to 


A= ==31 4 495. (7) 


Let us consider now Eqs. (3) and (4). The num- 
ber of unknown components of the four-vectors qj 
and invariants entering these equations is equal to 
41 + 3n-10. The number of equations in (3) and 
(4) is equal to 1+4(v-—1), since one of the vector 
equations (3) gives the overall four-momentum con- 
servation law for the real particles. The number 
of components of the four-vectors q; and the in- 
variants left undetermined by Eqs. (3) and (4) is 
equal to 


& = 3!—4v 4+ 3n — 6. (8) 
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Altogether the number of unknown quantities left 
undetermined by Eqs. (1) — (4) is equal to 


Me S = Sd (9) 


i.e., one fewer than the number of invariants. The 
relevant question however is: are these undeter- 
mined quantities the invariants or the aj. The fol- 
lowing cases are possible: 

1) A=0. Then all the a; are determined at the 
singular point and there exists just one relation 
among the invariants and the masses of the virtual 
particles. 

2) A=—-2A< 0. Then all the a; are determined 
at the singular point and in addition A of the equa- 
tions (1) may be used along with Eqs. (3) and (4) so 
that only one relation arises among the invariants 
and the virtual particle masses at the singular 
point. 

3) A=A>0. Inthis case A of the a; are left 
undetermined at the singular point. Then A +1 
relations are imposed on the components of the 
four-vectors q; and the invariants. 

Consequently, in order that there be just one 
relation among the invariants it is necessary for 


IN QUANTUM FIELD THEORY 1033 


n= 5 that the condition A < 0 be satisfied. It then 
follows from Eqs. (7) and (6) that k > —1. Inan 
analogous fashion it can be shown that for n = 4, 
when all four-vectors lie in a three-dimensional 
space, K => — We for just one relation among the 
invariants; and for n= 3, when all four-vectors 
lie in a two-dimensional space, x => 0. It there- 
fore follows that the amplitude for an arbitrary 
process will, within the framework of perturbation 
theory for one relation among the invariants at the 
singular point, have a singularity no stronger than 
a simple pole. 

The author expresses his deep indebtedness to 
Academician L. D. Landau, V. N. Gribov, and B. L. 
Ioffe for useful remarks. 


'L. D. Landau, JETP 37, 62 (1959), Soviet Phys. 
JETP 10, 45 (1960). 

21. B. Okun’ and A. P. Rudik, Nucl. Phys. 14, 
261 (1960) [sic!]. 


Translated by A. M. Bincer 
251 


SOVIET PHYSICS Hr VOLUME 13, NUMBER 6 NOVEMBER, 1961 


CHANGE IN THE MOMENTA OF CHARGES COLLIDING IN A MAGNETIC FIELD 


Yu. N. BARABANENKOV 


Moscow State University 
Submitted to JETP editor December 26, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1476-1480 (May, 1961) 


Scattering of two charged particles in a homogeneous and time-independent magnetic field is 
examined under the assumption of weak Coulomb interaction. The change in the particle mo- 
menta in scattering of the particles is calculated. It is shown that for two like charges the 
momentum change decreases exponentially with increase of the impact parameter. Because 
of Larmor resonance, the momentum change of oppositely charged particles decreases with 
increase in the impact parameter according to a power law. The magnetic field screens the 
interaction of the charged particles during the scattering. Equivalent spherically symmetric 
potentials constitute a graphic interpretation of this type of effect of the magnetic field. In 
the case of like charges, these potentials would be of the Debye type; in the case of opposite 
charges, they would be of the power type. 


Tae changes in momenta (and coordinates) of 


. ee Oe 0 ee 
charged particles colliding in a magnetic field A (Pex + iPiy) = — \ dt (= Peg ane 
were reduced to quadratures in the work of E. M. POR ; 
Lifshitz! under the assumption of a weak Coulomb I eee \ : et (1) 


interaction. However, the author limited himself Bae 
to a certain qualitative analysis of these integrals. 
The present research is a further development of 
the work of E. M. Lifshitz and contains a detailed 
analysis of the change of momenta of charges col- 
liding in a magnetic field. 

We shall therefore consider the collision of two 
charged particles ex, mg (k=1,2) in a homoge- 
neous and time-independent magnetic field H. Ini- 
tially, we shall assume that the particles approach 
each other along the magnetic field without a Cou- 


The formulas given here were obtained by pertur- 
bation theory with respect to the Coulomb interac- 
tion potential 6. We use the notation 6; = S_,®@ 
(|r;—Yr2|), where St is the operator of motion of 
the charges in the magnetic field without interac- 
tion,” pi! is the component of the momentum of 
the particles along the magnetic field. 

We proceed to the calculation of the integrals (1). 
First, we consider the special case in which p, = py 


lomb interaction. At some instant of time (t = 0) 
they lie in the x,y plane, which is perpendicular 
to the magnetic field. We shall represent the ra- 
dius vector of the particles at this instant of time 
in the following fashion: r, = Q, + py. The quan- 
tity pj, =h x py /m,, is the Larmor radius vec- 
tor of the particle, p, is the component of momen- 
tum perpendicular to the magnetic field, wy = e,H/ 
mye is the Larmor frequency, h is the unit vector 
along the magnetic field. The vector Q; =Q;-Q, 
is known as the impact parameter of the collision. 
We now take the Coulomb interaction of the par- 
ticles into consideration. In accordance with the 
work of E. M. Lifshitz just cited, the increase in 
the momenta of the particles in the collision can 
be written in the form 


= 0 or wy = Ww, and py = p,. In this case, the quad- 
ratures are calculated in finite form. The follow- 

ing formulas are obtained for the increases in the 

momenta of the particles: 


2eeR R R 
Ap;,.= =< = 2 ; Ki ( . (2) 
UTR" of ran) 
Here, 
OG = pli, — pala pf = Ulor, Ria, hs, 


K, is a MacDonald function;? the plus sign holds 
for k= 1, the minus sign for k = 2. 

In accord with (2), the increases in the momenta 
for R> | pf! | are exponentially small quantities: 


t= ar er: ‘e oe ae (3) 
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We return to the calculation of the integrals (1) in 
the general case. The increases in the momenta 


of the particles are conveniently written in the form 


Ap, = Ap! h | A pi (P 


n/ PR )+ A’ prc (hpir]/pe, 


where Apt is the increase in the absolute value of 
the perpendicular component of the momentum, 

A’ pt is the corresponding change in the direction. 
We now introduce the phases a, of the vectors pt 
at the time t = 0, and expand the quadratures (1) 
in a double Fourier series in these phases. The 
Fourier expansion leads to the following formulas: 


co 
i 2e1e5 ~ : = = 
Apy =, l U | >| Fane yi: sin (n,Q, + NM), 


Ny, Ay=—0oo 
Ap Niger Ap}, 
ia 2e1e5 ae = = 
Apr= Tiree > Wea eSll (tye ees (5) 
ny, N2=—oo 


We used the notation 
ey 2), iG, = (G, tm) — (ar), 
feare = +- AW o/U. 
The phases a, are measured from the x axis, 
along which the vector Q; is directed. The am- 
plitudes Anjn, are equal to 


(10, 


© k,dk 
ih al ee 


ae (Rit Py) Jn, 21 Ps) daca, (Ra Qn), (6) 


where J, is a Bessel function. 

We shall limit ourselves below to a considera- 
tion of the case in which the distance between the 
centers of the Larmor circles of the colliding par- 
ticles at the time t = 0 is larger than the sum of 
their Larmor radii; Q, > |p;| + | p2|. In this case 
(see Watson?) 


ci See Lee (| rs oy) In, ( ee | oP) Kaytny 


(| Rains| Q1), (7) 


where I, is a Bessel function of purely imaginary 
argument, Ky, is a MacDonald function. 

We now return to analysis of the amplitude 
Anno: which is represented by Eq. (7). Taking 
into account the behavior of the MacDonald func- 
tions at large and small values of the argument, 
we can conclude that the amplitudes are maxima 
in order of magnitude when njw, + nyw,= 0 (we 
assume the ratio w,/w, to be rational). The cor- 
responding harmonics in the expansions (5) will be 
called resonant.t The amplitudes of the resonant 
harmonics are equal to 
(|| + | r2|—1)! (c} A ae (8) 

Q) 


2| my |! | M2 |! 


Aeris = 


*(hp;] =hx Ds 
tThe idea of the possibility of resonance in the scattering 
of charges in a magnetic field belongs to A. I. Morozov. 


(a) 
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if the signs of the charges of the corresponding 
particles are different, and are equal to 0 if the 
Signs of the particles are the same. 

We now go on to the amplitudes of the non- 
resonant harmonics. For their estimate, it is ad- 
vantageous to make use of the asymptotic function 
Ky(nx) for large values of the index n: 


Kona) —(m/2ny (x? ee 1) et 2 Ey le 


exp [— n (x? + a I eranGayi ales ll. 
a(xy)|<=. (9) 


This formula can be obtained by the application of 
the Laplace method for the asymptotic estimate of 
integrals‘ to the integral representation of the Mac- 
Donald function: 

\ exp {—n(xcht — #)} dt. 


—€O 


Kate = = 


: (10)* 


Without going into details, we write down the result 
of ine investigation: if Q; > |p,| + |p,| and Q, 

> |p}! |, then the amplitudes of the non-resonant 
pS rs are exponentially small [see Eq. (14) 
below]. We note that, in accord with (5), the reso- 
nant harmonics do not make a contribution to the 
increase in the components of the momenta of the 
particles parallel to the magnetic field. 

We now sum up. We come to the conclusion 
that the increases in the components of the mo- 
menta of particles perpendicular to the magnetic 
field, for large values of the impact collision pa- 
rameter Q,, are exponentially small if the signs 
of the charges are identical, and fall off with in- 
crease in the impact parameter according to a 
power law if the signs of the charges are different. 
Changes in the components of momenta parallel to 
the magnetic field are exponentially small. 

It was noted above that the amplitudes of the 
resonant harmonics differ from 0 only in the 
case of differently charged particles. The latter 
circumstance has the following physical meaning: 
if a time periodic force with frequency v acts on 
a charge which is rotating in a magnetic field with 
its own Larmor frequency w, then resonance 
takes place for vy + w= 0 (and not for |v|=|w)). 
It is of interest to consider in particular the case 
in which the specific charges of the colliding par- 
ticles are identical: e;/m,=€:/m,. In this case, 
the law of conservation of momentum is satisfied, 
which can be written in the form Ap; = Ap, Ap» 
= —Ap, where p = (m)p,—m,P2)/(m, + m2) = mo- 
mentum of the relative motion of the particles. 
For the latter, a formula is valid which is analo- 
gous to (4) in which 


*ch = cosh. 


1036 Yu. 
Api=— ae > (2 )a (E,n) sinna, 
Ny,Nz=—Co 
Ap+ a ollAp'/p, 
, Can 2e1e2 P a) (E <n) 
A pie Poel “tel 4 


Si (LY on (Bn) cos na |. (11) 


|| 


i] 
oll = Obs 


E= Qi/| el, 


p = | (pr/im) — (P3/mz) |/on, 
n=|el/lel, @=a— (2), 
where a is the phase of the vector pt. The func- 
tion 6 (<7) =1 for & <n, and equal to 0 for 
~>n. The amplitudes ay and éy are equal to the 
following: 


Gels, 1) — nl, (a) Ka (ns), et, 
én (, 1) = 2ni, (an) Kp (n6), et. 


As investigation shows, for > n and > 1, the 
series of amplitudes apn and éy tend to zero as 
n— oo no more slowly than the geometric progres- 
sion with base ne~é. Therefore, limiting ourselves 
in (11) to the first harmonics, we get 


(12) 


Ap! ~+ PVE’, = Apt ~ PhE-He—, (14) 


where pil pt are certain functions of a, Qn. 
Estimates analogous to (14) are given also in the 
cited paper by E. M. Lifshitz,' and in the work of 
Belyaev.? 

Up to this point we have considered changes of 
momenta of particles in collisions. However, no 
less interest attaches to the consideration of the 
scattering angles of the particles. By the angle 
of the scattering of a particle X;, we shall mean 
the change of angle between the direction of its 
momentum and the direction of its magnetic field. 
We shall regard as equivalent the spherically sym- 
metric potential I,(r) (kK = 1,2) which, without 
participation of magnetic field with impact param- 
eter Q,, scatters the k-th particle through an 
angle x. The equivalent potential for the given 
angle of scattering Xie satisfies an integral equa- 
tion of the form (see reference 5) 
ne \ Th (r) —_— . 

Pr om (3 — QV ) fs 


o< 
Eo 
I 


(15) 
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If we consider the solution of this equation® for 
large values of r, we find that 


TI,(r) ~ (p2 |p" |/2m, rexp (— 11 |p |) (16) 


for particles with equal specific charges 
(a similar formula holds for identically charged 


particles ), 
TI, (r) ~ (p2/2mp) (pr/r)™: (po/r) Ms 


for differently charged particles. In the latter for- 
mula, M, and My, are relatively prime natural 
numbers in which | w,|/|2.| = M,/M,. The ap- 
pearance of the Debye potential (16) as an equiva- 
lent potential is a graphic physical interpretation 
of the screening action of the magnetic field? in 

the scattering of two charged particles. However, 
as follows from (17), the equivalent potential in 

the scattering of differently charged particles has 
the form of a power potential. 

In conclusion, I take this opportunity to express 
my deep gratitude to A. I. Morozov for his numer- 
ous discussions and valuable observations in the 
completion of the present work. 


(17) 
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The relativistic perturbation series for a Coulomb field is summed. The relativistic pertur- 
bation series is represented in the form of a new series each term of which can be expressed 
linearly through an infinite nonrelativistic series. An integral equation defining the terms of 
this series is determined. All infrared divergences are collected together ina phase factor. 


1. INTRODUCTION 


‘les absence of an analytical formula for the ‘‘in- 
coming’’ (‘‘outgoing’’)!) wave function of a charged 
relativistic particle in the Coulomb field necessi- 
tates the use of various approximate expressions 
for this function whenever calculations are made. 
The first type of approximation consists in using 
only a finite number of terms in the expansion of 
the wave function in terms of states with given an- 
gular momentum and parity. Calculations of this 
type are called ‘‘exact’’ (see, for example, refer- 
ence 1). If the series converges, this method al- 
lows us, in principle, to achieve any degree of ac- 
curacy if a sufficient number of terms is included. 
However, such calculations involve an enormous 
amount of numerical work and have, therefore, 


been carried out only for very few particular cases. 


A second method makes use of the Born ap- 
proximation, i.e., it is based on perturbation 
theory.”»? Since the convergence properties of 
the Born series are not known and, furthermore, 
each term of the series contains infrared diverg- 
ences connected with the long range of the Cou- 
lomb field, there is notoriously little trust in the 
perturbation-theoretical approach. As a conse- 
quence, the limit of applicability of perturbation 
theory is extremely low (@ZE/p « 1), which re- 
stricts the use of this method to the uninteresting 
region of small Z. 

The third method makes use of the Furry- 
Sommerfeld-Maue (FSM) function, which has a 
convenient analytic form.’ However, this function 
must in general be regarded as containing only 
the first two terms (the zeroth and the first) of 


the expansion of the exact function in powers of @Z. 


It is shown in the present paper that the summa- 

‘We shall use the term ‘‘outgoing’’ (‘‘incoming”’) for func- 
tions which have the asymptotic form of the sum of a plane 
wave and a diverging (converging) wave. 


tion of the nonrelativistic perturbation series leads 
to the known expression for the nonrelativistic 
wave function. All infrared divergences are col- 
lected together in a phase factor and, therefore, 
do not affect the physical processes. Further- 
more, it turns out that the relativistic perturba- 
tion series can be represented in the form of a 
series in powers of @Z, each term of which is 
expressed linearly through the infinite nonrelativ- 
istic series, and hence through a known function 
(see the remarks above). No further infrared di- 
vergences appear aside from those collected to- 
gether in a phase factor in the nonrelativistic 
series. Thus all infrared divergences are sepa- 
rated out in the form of this phase factor also in 
the case of the complete relativistic wave func- 
tion. The resulting expansion remains valid for 
small momenta, in contrast to the Born expansion. 


2. SUMMATION OF THE PERTURBATION 
SERIES IN THE NONRELATIVISTIC CASE 


In order to cope with the infrared divergences, 
one usually considers first a potential of the form 
eZe-A¥/r and then lets X go to zero.” The Schréd- 
inger equation for the ‘‘outgoing’’ wave function of 
a charged particle in this potential field has the 
following form in momentum space (h=c =1): 

0 (P, f) = 8 (ap) +2EB poe or po (p, 8) as; 
Bie aZ/ 207 a =e = 1/137, qj =f—s, (1) 


where Z is the charge of the nucleus (Z > 0 for 
attraction), and E and p are the energy and mo- 
mentum of the particle.?? 


2)This equation cooresponds to the ordinary Schrédinger 
equation for E = m; however, in the following we shall regard 
E as the relativistic energy of the particle: E* = p' +m’. We 
note that p is the momentum of the particle in the usual sense 
only in the asymptotic region, where the field vanishes, be- 
cause E is the total energy of the particle. 


1037 


1038 VwGe GORD AK OW 


Using the method of successive approximations, Then (2a) can be written in the form 
we can write (1) in the form of a series in powers oe ti 1 aig . 2 ‘ 


/m?2i\n ( dyi( dy 
co 0 0 0 in 
DEB) tcp 2 4 
po (p, f) = 9 (dip) + 2) (ZEB) 9G, 1), (2) (4) 
ae where 
(0, f) = | = p2Ak = (p* — pws) (1 — yn) 
oe (q2.,, -+ 42)(s? — p® — ie)(5,5, +”) 
+ (Apa + id)? yn + te (1 — yn), 
ds» 
. (s2—p*—ie)qes, +e) Pr = PY1y2 «Yrs 
x \ eS ‘ i (2a) or 
Cet Gat) ea eee 


AZ = (1 — yiys...yn)? — Wyiye..-Yr 
Starting with the first term, we apply successively aA bn ae 
the following relation to (2a) (see reference 5, Ap- gc BLEUE 


pendix A): a> (Zi AW) ge 8 (1 yp) 


ds 1 = A/p. 


Ge 7) \s —P INES Introducing the new variables 


a 1 
eeu cae et ie ace : See iy, 2 dee 
ass AAG — Mate Vi een so Uae a ee 
é ; we obtain 
A? = (p? — rx) (1 ay ae Pie (1 Kee hee (3) 
: d = d : dx 
‘, Tei\n Xy X2 259 F 
Oo, 1) = ( =| ane \ (iz alee re | Gay P(E, Bs Xn), 
Xy Xn—1 
> fey ~ f) 1 
PU Bie) ree 9) 5A) Gh = A 
5 2 : an bh S ’ a = She eee 
epg 2g) grag, erg Ve) gates ee (5) 
The following relation will be important for the - - ( aD ¢ dxp 
subsequent discussion: Ap mee 7 tes | Ar? A,=1, (8c) 
“1 *R-1 
A, Banh = Nps —- iis 6 6 } 
ben Laan (6) AR PO ory (Ag Ag en oe A ee ee 


Let us now introduce a quantity a such that 


The function By(x) goes over into 6(q¢,) for 
n<a<l. (7) 8 fp 


xX, E—0. 
We split up all integrals in (5) into a part with x, In (8b) we have replaced (px)? + ie by (px+ie)?, 
<a anda part with x, >a and neglect a ascom-_ which allowed us to include the zero order term (2) 
pared to unity and 7 as compared to a, according [corresponding to the case when x is exactly zero 
to (7). We then obtain in (8b)] in (8) without changing the rules for by- 
Lue, passing the poles. 
PF (p, f) = (>) {ApBn + A, Bn Expression (8) agrees with the n-th term of the 
. product of two series. We can therefore write (2) 
eRe A, Bre, ee ABS! (8) in the form 
ib 1 
= _ ahs ° dx, oe ee 
By = Bp (a) Cn x ies Sra ee) Pop, f) = > a" By >) aA in 
a XR—y k=0 m=0 
1 
dx 
=) aye Beale), (8a) = Ba, p, f, a)A (a, n, a), (9) 
> ie Le@ 1—x = 
By (x) = F (x) 2? 08 (Gp + Px)? — (|p| x + ie)? ’ (8b) B(a, p, f, a) = 2) o* Ba, (9a) 
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A (a, , a) = 


Shave 


m=v0 
Here a = r°i2EB/p = ie®ZE/p = iE. 
It is easy to find an analytic expression for the 
function (9a). By integrating (8a) by parts, start- 
ing with the last term, and using F.(1)=0, we find 


(9b) 


1 
1 x 
Be=—y \ (In ;-*.—Ina)"dF (x), &=0,1,... (10) 
Thus we obtain for (9a) 
y , 
B(a, p, f,a)=— ( exp [2 (In — —In a) | dF (x) 
af 
—a-#\ x (1 — x)-* dF (x). (11) 


Integrating (11) by parts and using the fact that 


a) x91 (1 — x)-2- 1 F (x)dx = F (Oa? 


tt) 


with an accuracy up to terms of order a, we find 


1 
Bo, p, f, a) =aeal) xa (1— x)=" F(x)de (12) 
0 
Let us now consider (9b). We change the vari- 
ables in (8c) to Z, =X, + A,, taking into account 


(8d). Considering the fact that (6) implies 


Zk es — Zea == in, 
we obtain (y = in) 
ae 2a d 2a ae 2a 
eA 22 d 
A= A(=|\S | ae 
2i+¥ Roa R yi 


(13) 


As in the case of expression (8a), we integrate by 
parts, starting with the last term, and use the re- 
lation |z,| =|y|. We then obtain for (13) (see 
Appendix A)3) 


p 2a I 1 A! 
Ap Sap: Rl In’ 7 i Os Gay In" 2 
1 k—n 2a salts ! 
On (k—n)! In 7 ] I Dr; (14a) 
bp, = by (x = ) 


I 
oe 
a 


(14b) 
(14c) 


We note that (14a) represents the general term 
of the product of two series, in analogy to (8). We 


7)We note that, if we set equal to zero all A in (2a) excep! 
the first, the result will be convergent and A, = (k!)7? Ink 
(2a/y), i.e., this leads to a violation of the normalization of 


the wave fetiont 


kR—1 
d (C4 n | 
#3) SAP ne tater (r4G) — hs Wf 
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therefore find for (9b) 


A (a, Y, 2) = sy = Fete Ss DD) 5 a= (GIS ? 2p 
2 ir = PENIS: a* exp (a In =) b (a), 


m=0 (15) 


co 
al 
> qm Dhece 


m= 0 


b (a) = (15a) 


In Appendix A we shall make an estimate of the 
radius of convergence of (15a) and show that it is 
at least larger than unity. Substituting (15) and 
(12) in (9), we obtain finally 


Po(p, f) = e=5? 1§6(i§) 


1 
x | x1 (1-2) F (x)dvexp {iéln (2p/A)}. (16) 
0 
In going over to coordinate space, 
pp, 1) = lero (p, Har, (17) 


we have 


po(p, r) = e278 b(i&) 


) 
if 

x \ xe —Fl ( — x)—!§ et(pr—pr) Ie 
0 


dx e!P’ exp(i& In (2p/A)). (18) 


The known expression for the ‘‘outgoing’’ non- 
relativistic function of a charged particle in the 
Coulomb field has the form 


apy P, ) = Ne’Pr,Fi(i8, 1; ip), 


N = e™4/2T (1 — i€) 


ey OE a) 82 (19a) 


(19b) 


or 
1 


tp, (P, 1) =e? iE rie) xi€—1 (| — x) i eilpr—pr)x dxeipr, 
(19c) 
Since the functions (18) and (19c) satisfy the 
same equation and boundary conditions and have 
the same normalization (the incident wave has 
unit amplitude), it follows that b(ié) must differ 
from 1/I'(1+ié) only by a phase factor within 
its radius of convergence. Comparing the first 
few terms of the expansions of b(ié) [formula 
(14c)] and of 1/f'(1+ié¢) (reference 6), we obtain 


bit) =e * /T (1 + #8), (20) 
where C is the Euler constant. Thus the series 


(2) differs from the function (19a) by the phase 
factor 


M’ = exp {i€ In (2p/4)} exp {— iEC}. 


However, if we agree to regard the normalization 
factor (19b) as defined only by its modulus, we 
can leave out the phase factor in (20). Then the 
difference between (18) and (19c) is given by the 
infrared phase factor 
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M = exp {ig In (2p /A)}. (21) 


By analytic continuation of (20) into the region 
in which convergence is guaranteed, we find that 
the radius of convergence of b (ig) is infinite, 
since the right-hand side of (20) has no poles. 
For an estimate of the radius of convergence of 
(9a), we write (12) in coordinate space [see for- 
mula (18)] and replace the oscillatory exponent 
by unity, assuming r=0. Then we obtain 


ar(a)T(i—a) axa 
BUC) sin to” 


(22) 


us 
ol \ % (la) “de = 
0 


The right-hand side of this expression has its first 
pole at ~a=1. It follows from this that the radius 
of convergence of (9a) is equal to unity. Thus the 
over-all radius of convergence of (2) is also equal 
to unity. 

The perturbation series (2) for the Coulomb 
field is a majorant for potentials with shorter 
range than the Coulomb potential. For example, 
it is easily seen that the modulus of the general 
term (2a) decreases as A increases. Since the 
series (9a), (9b), and hence (2) are absolutely 
convergent for small but finite A, it can be as- 
serted that the perturbation series for the Yukawa 
potential has a radius of convergence which is not 
smaller than unity. 

It is easy to verify that the replacement of ie 
by —ie converts the ‘‘outgoing’’ function into the 
‘““Sncoming’’ one. Indeed, since the series is con- 
vergent, it follows from (2a) that 


Po(P, f)=Po(—p, —f); — @ (P, F; fe) = Go (p, f; — ie). 

(23) 
Taking the complex conjugate of both sides of (17) 
and using (23), we easily obtain the well-known 
relation 


tpi” (p, ©) = {pe (— p, r)}". (23a) 


In this way we have obtained the result that the 
perturbation series for the ‘‘incoming’’ and ‘‘out- 
going’’ wave functions of a nonrelativistic charged 
particle in the Coulomb field converges for é 
= @ZE/p <1 and diverges for —>1. It follows, 
in particular, that the series diverges for arbi- 
trarily small values of Z if p = 0. 

The limit of unity for the radius of converg- 
ence is due only to a single term in (19c), namely, 
the function IT (1—ié) in the normalization factor, 
which has a pole for if =1. All the other factors 
in (19c) have an infinite radius of convergence. If 
we use a finite number of terms of the perturba- 
tion series (2), but separate out the expansion of 
the normalization factor (19b) and replace it by 
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its exact value, we can therefore extend the radius 
of convergence of the remaining expansion to val- 
ues which are not limited by the condition € =1. 

Furthermore, it is easily seen from (19a) that 
the expansion in terms of € contains only the nor- 
malization factor (19b) [in (18) also the phase 
factor]. The expansion of the confluent hypergeo- 
metric function has the form 


co 
: F ie 1 mE 
F (if; 1; ip) = 1 +28 De ®) 


Tipe 3 Pee ert ely sey 


1 
k=n 


i.e., each £" stands together with a factor patk 


k = 0. Hence the expansion is really in terms of 
aZ, where each term has a finite value and is 
proportional to (@Z)" for arbitrary values of 

the momentum. It follows that the wave function 
can be obtained with an accuracy up to terms of 
order (@Z)", independently of the momentum, 

in the following way: take n successive Born ap- 
proximations, leave out the expansion of the phase 
and normalization factors and multiply by the 
exact value of the normalization factor (19b). 


3. DISCUSSION OF THE RELATIVISTIC PER- 
TURBATION THEORY 


This section is a direct continuation and gener- 
alization of the discussion presented in an earlier 
paper of the author.° We write the Dirac equation 
for the ‘‘outgoing’’ wave in momentum space: 


7 m— if Tn 
9 (P, f) = 5 (dip) 4 (P) +B eee | Epa 9), (24) 
(ip-<k ma (p) =,0, aaah 7-1 yah 
fo = E, B= O22 (24a) 
Let us set 
~ (Pp, f) = {go(p, f) + (p, f)}u(p). (25) 
Using (1), (24a) and the identity (q = a-q) 
(m + ifyys = 2E + Gfp + ya(m + ip), 
GF 1 Ny 
Bape) age 009) Es = ae Gio (sl) = 9100, 
(26) 


we substitute (25) in (24) and obtain the following 
equation!) for  (p, f): 


Mn obtaining (26) we have used q, 5(q)=0; thus the expan- 
Sion of ¢, in powers of € begins with € We note that our dis- 
cussion is valid for any static potential, where the function 
fo + Y, will be the analogue of the FSM function. 
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 (p, s) ds. 
(27) 
Writing (27) in the form of a series in powers 
of aZ, we have 


i \ ra 
i? — p* — ig q?, + 2 


P (P, f) = {go(p, f) + aZqi(p, f) 


+ (aZ) *p2(p, f) +...}u (p), (28) 
where ~(p, f) is defined by (1) and 
1 (P; f) == Gin (P,f), E= — ; (28a) 
_ 1 (m—if)re ¢ 1,8) 39 
Qe (p, f) O72 i? — p? — ie \ a, ae a2 d S; (28b) 
ft (mire ¢ Sno Pe) - 
Qn (Pp, f) 252 i? — p? — ie \ q?, + 2 d aan (28c) 


The series (28) can also be obtained directly 
from the expansion of (24) in powers of &. For 
this purpose we must expand the numerators in 
each term of the resulting series, using the iden- 
tity 

k 


[| (m—is,)y1=(2E)* 


n=1 


as (QEY—" (im — is) V4 (2 — iSn—1) V4 | sap 


n=1 
We must then collect all terms with the same 
matrix structure of the numerator and different 
powers of 2E. Then (24) appears in the form of 
the series (28), where @g)(p, f) is given by the 
series (2). The first three terms of (28) were ob- 
tained by this method in reference 5. According 
to the discussion of the paper just mentioned 
(see footnote 3), the terms of the series (28), 
where @y is replaced by the series (2), will not 
contain any additional infrared divergences be- 
sides those contained in @, [this also follows 
directly from the convergence of the integrals 
(28c) for 7 — 0]. Since all terms in (28) are lin- 
early expressed interms of @ , all infrared di- 
vergences can be separated out of the complete 
function (25) in the form of the phase factor (21). 
It can also easily be shown that gy and ¢, givea 
finite contribution for p— 0. Let us assume that 
the same holds also for gp_-;. Replacing f by pf, 
and s by ps; (A, € — 0) in (28c), we see that yy 
~ 1/p? and hence 974° = ypp*d*f; is finite. Thus 
the expansion (28) is valid even for p — 0. 

The integrals appearing in (28b, c) can be trans- 
formed to a simpler form. Let us consider, for 
example, the function (28b), the first correction 
to the FSM function. Following reference 5, we 
can write (28b) in the form 


THEORY MOR A COULOME DIL, LO OY a WCoye Sa 
1 
QP» (p, i) = P—p are {2p- Uo dip J), (29) 
1 14 @ 4p Po(P; S) ~ 
J ai fad —— sp Oya ae 
(p, f) Ipe Ine \ a d's, J=a-J, (29a) 


The vector (29a) lies in the plane (p,f), be- 
cause of the relation J(p,f) = —J(-—p, —f) [see 
formula (23)]. Hence we can write 


DTD se eae (29b) 
Substituting (29b) in (29), we obtain 
ie p+ip 

D(D st) 2 0 uae es (30) 


A representation for the functions a and b is 
given in Appendix B. It has the form 


(0T1*) 


f a Ak N 
Lb ApEn 


“ | (ial [(ajp + px)?—(px ih’? alex 


where N is given by (19b). Formula (31) can be 
reduced to a single quadrature; however, the ex- 
pression quoted above is more convenient for the 
calculation of matrix elements. 

Both integrals (31) can be evaluated by retaining 
only the zeroth order term in the expansion in pow- 
ers of @Z. However, in this case it is simpler to 
use (29a) directly. Indeed, the zeroth order term 
of (31) is obtained by substituting the series (2) in 
(29a) and discarding all terms except the first non- 
vanishing term. In this way we find 


(31) 


Gop2°s 
J (a7 + 22) (s? — p*— ie) (Q2, +) © 


Jo(P, 1) — (29’) 


The integral (29’) has been computed in a num- 
ber of papers. Using the results of Gavrila,*® we 


obtain °) 
_ ap My WD (SPA os q? 
SIN \" TER acme eerie ra él apa 
me des f+ptin |, Ppa, g° 
b= oe It +g Natya t or Epa] 
INS Gite iia Pee SP (31’) 


Expression (29a’) represents the zeroth order 
term in the expansion of (29a) in powers of @Z. In 
accordance with what has been said in Sec. 1, we 
must simply multiply (29’) by the normalization 
factor (19b) in order to take account of all terms 
of the expansion of (29’) in terms of the parameter 
£ =a@ZE/p. We note that in reference 5 an expres- 
sion for (29) is given which is equivalent to (30) 

5)The expressions (30), (31 ) were obtained in a somewhat 
different manner by Johnson and Mullin.” 
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and (31), but which is more convenient for the 
calculations. 

Analogous expressions can also be obtained 
for the higher-order terms in the expansion (28). 
These involve a correspondingly larger number 
of quadratures. They are more compact than the 
corresponding terms in the Born approximation, 
do not contain infrared divergences, and remain 
valid for small energies. 

The functions (28), with @o given by its exact 
value (16), can be combined with the higher Born 
approximations in carrying out calculations. One 
must only see to it that the phase factors (or their 
expansions) are identical for all terms. 

In order to exclude the infrared divergences in 
calculations employing a Born series for the wave 
function, we must reorder this series into the 
series (28) and then multiply each term of the re- 
sulting series (28) by the complex conjugate of the 
phase factor (21) up to the power to whicn che ex- 
pansion in the corresponding term is carried out. 
When both expansions are multiplied out, the di- 
vergences must cancel out. This recipe can eas- 
ily be tested on the example of formulas (10) and 
(12) in reference 5. 


The author expresses his gratitude to L. A. Sliv 
and B. A. Volchok for useful comments. 


APPENDIX A 
Let 


— 1)! 
Sint (1 + L) ona (z +1) = bn (2)} 


bale (A.2) 


We show that (13) leads to the same expressions 
for A,,;, and by,,. We have 


Ansa (x) =) S An(z-+ 1): 


x 


iz|>|x| Slr]. (4.8) 
With the help of the identity 


In (2a/(z + y)| = In(2a/z)—In(1 +y/2), 


we obtain 
oe as m 
2 ae 
Ania (x) =| ; iy ar 
x m=0 n=0 
gC Gack) ahaa * \ 1 
xIn ae ee ny! sake (i aii =) Or—m (2 ae Ve 


Changing the order of summation and replacing 
m-—n by J, we find 
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ar: ; d 
x > SP inl + Slo bys. (A.4) 


dbn+s (2) 


caine (z + 7) —bdn (2) , 


7 (A.5) 
we can write (A.4) in the form 
9a BR \ 7 
Ant (x) =) opin” F edd nts @) 
: n=0 
ec 1 2a dz 


Integrating the first term in (A.6) by parts, we ob- 
tain expressions which coincide with (A.1) and 
(A.2) for k—~k +1. Making the transformation of 
variables y/z =y in (A.2), we obtain (14b). 

We show now that | bx44(x)| < xK and by < 1, 
i.e., that the radius of convergence of (15a) is 
larger than unity. These inequalities are satis- 
fied by b, and by. Assume that they are fulfilled 
for by. Using the inequality 


(nly In®(1+y)<in"(l+y)<y", 
we obtain from (14b) 


x 


k 
oS yrye— —_ \dy Ryka = xk, 


n=0 0 


-d 
Jona (x) | <\ 
0 
Thus the inequality is fulfilled for all k. 


APPENDIX B 


Using the representation of the hypergeometric 
function in the form of a contour integral,’ we 


obtain 


Nop w 
5.6 
Po (P, S) Sea orn 


20i ie 


a x NE Io il 
1 — i) 207i OB Chae px)? — (B + is)? ’ 
(B.1) 


where B=px. Substituting (B.1) in (29a) and noting 
that 


1 @ Asp as 
emt OBS (g?, + 22) [(q_, + px)? — (B+ ie)?) 
=Ve ah | ae 
out J (gi, + 4) [(dgp +B)? — (B + ie)?] 
2a ee [P+B+in _ an’ 
Pe ayy Narre pV a.\ pts 
oN 


(B.2) 
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where P = fp + B, we find 
ie ey VECLC ocak 
l fx \i& * ’ 
=imgta 9 G5) %\ poppy B9) 


ZS 


By evaluating the gradient, we obtain the expres- 
sions (30) and (31). 
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It is demonstrated that the Neumann-Wigner theorem on the impossibility of intersection of 
terms of the same symmetry is not valid for electrons in the field of two Coulomb centers. 
Terms for large and small distances between the nuclei are compared for the case when the 
nuclear charges are different. It is indicated that term intersections exist which are impor- 
tant for charge-exchange processes during collisions between hydrogen atoms and nuclei. 


INTRODUCTION 


We consider a negatively charged particle lo- 
cated in the field of two stationary Coulomb cen- 
ters with charges Z, and Z,. In the case when 
Z,= Z,, this system represents essentially a 
molecular hydrogen ion, whose wave functions 
and energy terms have been thoroughly investi- 
gated.!~4 It is interesting to examine the case 
Z, = Z,. Systems of this kind arise, for example, 
when the hydrogen mesic atom (Z;,=1) ap- 
proaches nuclei of other elements (Z, > 1)f or 
when multiply-charged ions such as He**, Li*** 
etc. pass through hydrogen. 

Schrodinger’s equation for the problem of two 
Coulomb centers (in atomic units e=1, f=1, 
m=1) has the form 


I ne ee 


aa PS EY, (1) 


where R is the distance between nuclei, and r, 
and r, are the distances from the electron to the 
first and second nuclei, respectively. Introducing 
the elliptic coordinates 


6 = (ri -—'72)/R, H = (n — 2)/R, @ = arctg (y/x), 
(2)¢ 
we can separate the variables in Eq. (1). Putting 
Bee) (ers, (3) 


*Staff member of the Moscow State University. 

tBeing electrically neutral, hydrogen mesic atoms pass 
practically freely through the electron shells of the atoms. In- 
teraction processes between hydrogen mesic atoms and other 
nuclei (particularly charge exchange) are due to the smallness 
of the mesic-atomic orbits at the distances where the effect of 


the electron shell of the atom on the interaction can be neg- 
lected. 


farctg = tan-*. 


we obtain the following equations for the functions 
X(&) and Y (7): 


+ (— BET tR+ 28 — p+ A)X=0, (4a) 


+ (— pet R(2—Zi)n + pin?— A)Y = 0, (4b) 


p=—RW2) :W=E—ALZIR, (5) 


The quantity A is the separation constant. 

To determine the eigenvalues of (1) it is cus- 
tomary to find the separation constant A from 
Eqs. (4a) and (4b) respectively as a function of 
the parameters p and R. Let A= Ane(R, p, m) 
andmeAg= Ann (R, p, m) be the eigenvalues of the 
separation constant, determined from (4a) and 
(4b) subject to the condition that X(é&) be finite 
at € =1 and =~, and Y(n) be finite at n =+1 
(ng and ny are the numbers of the eigenvalues ). 
Then the equality 


An; (R, p, m) =A, (R; p, m) (6) 


enables us to determine the function p 


= Png ,ny,m(R) and, consequently, the molecular 
terms 


E= Ene, Nos aU) 


It is obvious that as R—+ © the energy of the 
terms should be expressed through the quantum 
numbers of the hydrogen-like atoms with charge 
Z;, and Z», whereas the molecular terms should 
go, aS R— 0, into the energy levels of the com- 
pound atom with nuclear charge Z, + Zp. 

The purpose of the present work is a compari- 
son of the molecular terms at large and small 
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distances between nuclei, i.e., the determination 
of the level of the combined atom into which the 
level of the individual atom (with charge Z, or 
Z») goes as the distance between nuclei decreases 
from R=© to R=0. At first glance it may ap- 
pear that such a comparison is easy to obtain from 
the well-known Neumann-Wigner theorem on the 
impossibility of intersection of terms of the same 
symmetry.’ However, as will be shown in the 
next section, the single-electron molecule under 
consideration is an exceptional case, for which 
the Neumann-Wigner theorem is not satisfied. 

The terms will therefore be compared by calcu- 
lating the number of zeros of the functions X(£) 
and Y(7) at large and small distances between 
nuclei respectively, as is done for H; in Bethe’s 
book.® We have established at the same time that 
intersections of molecular terms do exist, a very 
important factor in charge-exchange processes 

in atomic collisions. 


POSSIBILITY OF INTERSECTION OF TERMS OF 
THE SAME SYMMETRY 


The well known statement of Neumann and Wig- 
ner, that terms of the same symmetry cannot in- 
tersect in the case of diatomic molecules, is based 
on the following considerations (see, for example, 
reference 7). Assume that at a certain distance 
Ry between the nuclei the Hamiltonian H(R,)) has 
nearly equal eigenvalues E? and E$, correspond- 
ing to eigenfunctions 7? and y§. Writing for the 
Hamiltonian H(R) at R close to Ry 


A(R) = A(R) + (6H /5R,8R = H (Ro) +V, (7) 


we can readily show that the difference between 
the eigenvalues of the energy at the point R is 


{[(E2 + Vis) — (Eo + Veo)? + 4Vi2)"*, (8) 


where Vj, are the matrix elements of the opera- 
tor V = (6H/6R)o OR, taken over the wave func- 
tions we and ws. 

For the terms to intersect it is necessary that 
both members under the square root in Eq. (8) 
vanish simultaneously. It is usually assumed that 
this condition can be satisfied only for terms of 
different symmetry, when Vy. = 0. On the other 
hand, in the case of terms of the same symmetry 
we have Vy. #0 and simultaneous vanishing of 
both members of the equation is generally impos- 
sible, since they are functions of only one param- 
eter .OR: 

We shall show later on that a diatomic molecule 
with one electron is an exceptional case, when si- 
multaneous vanishing of both members in expres- 
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sion (8) for terms of the same symmetry, and 
hence intersection of terms of the same symme- 
try is possible. Writing down the Hamiltonian of 
the system in elliptical coordinates 


a 2 Ouran 
WS eae ee 
ae, — 0 SER oe 62 — 1? Co 
™ 9 (1 1) oq eaesers, 
22 2Zo ein! Z1Lo 
RE—y REfn' R * (9) 


we obtain from the operator V an expression 
which can be represented as 


) Z1ZL2 4 (2 


p+ =| aR. (10) 


ry 
Calculation of the matrix element Vj). shows that 
the integrals of the first two constituents vanish 
because of the orthogonality of the functions ws 
and w§, and we therefore obtain 


Vee’ \(F | 22) dy, 


2 R = (11) 


Let us examine the matrix element of 1/r, for 
functions of the same symmetry (the same m). 
Substituting vy! and ys as given by (3) we obtain 


+1 


(( XiEX2d& \ ViYadn 
—1 


1 


ale Se ae 
Th uy pe 


+1 


cy XX, de \ YinY2dn}. 


1 al 


(12) 


On the other hand, it follows from Eqs. (4a) 
and (4b) for the functions X,, X,, and Yy, Yo, 
that 

(Ay — Ae) | XiX2d8 = (9? — 3) | XX ae, 
nu uk 
at! +1 


(Ai—As) | ¥.¥2dn = (p?— 9) | Yan'¥edn. (13) 
=a) —1 

The separation constant A can be regarded 
as the eigenvalue of the corresponding operators 
in (4a) and (4b) for given p and R. Inasmuch as 
the eigenvalue spectrum is nondegenerate for the 
one-dimensional equation, we have A, # A, (if ws 
# ws and R # 0) and consequently, lene (5) and 
(13) into account, we can represent (re 4g in the 
form 


anne (ELT Fa) Pe) 14 
ce ae a ee Fay 18 >12 Wrz <E>12 CN” 12}- (14) 


An analogous argument for ee yig yields 
(15) 


Vie = const: (E9 — E%)oR. 
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Thus, in the approximation considered here V4. 
vanishes simultaneously with E} = ES and conse- 
quently terms of the same symmetry can intersect. 
That in the H} molecule the terms of the same 
symmetry actually intersect has been known for a 
long time (see, for example, reference 6, Fig. 52), 
but the connection between this result and the gen- 
eral Neumann-Wigner theorem has never been dis- 
cussed (as far as the authors know). The forego- 
ing analysis shows that the intersection of terms 
of the same symmetry in the two-center problem 
is in some sense ‘‘accidental.’’ The intersection 
takes place only for an exact Coulomb interaction 
which leads to the separation of variables in (4); 
any perturbation that disturbs the possibility of 
separation of variables (for example, allowance 
for the finite dimensions of the nuclei) causes 
the terms to move appart. 


COMPARISON OF TERMS FOR LARGE AND 
SMALL DISTANCES 


The number of roots of the functions X(é) and 
Y() in the intervals 1< é<~ and -1l<7<1 
cannot vary with the parameter R.* This fact can 
be used to compare terms for large and small dis- 
tances between nuclei. Let n¢ be the number of 
zeros of the function X(&) (1< &< ©), and let 
Ny be the number of zeros Y(n) (—1< n< +1). 
Then, recognizing that as R— 0 Eq. (4a) changes 
into the equation for the radial function of a hydro- 
gen-like atom with nucleus Z, + Z,, and Eq. (4b) 
changes into the equation for the associated Le- 
gendre polynomials, it is easy to express the 
quantum numbers of the compound atom through 
ng and np. 

ENG) Jaye 


es (= Wigth = fis (16) 


where J is the orbital momentum and ny is the 
radial quantum number of the combined atom. 

The principle quantum number of the compound 
atom N is expressed through Ng, Ny, and m with 
the aid of the equation 


N=n,+l+l=nz+n,+|m|+1. (17) 


As R—- , the elliptical coordinates go into 
parabolic coordinates, and the equations in (4) go 
into equations for the hydrogen-like atom Z, 

(or Z,) in parabolic coordinates. In order to 


*Actually, were the number of roots inside the indicated 
intervals to increase or decrease with changing R, this would 
mean that a multiple root & (or No) exists for some R = R,, 
i.e., X(€) = X'(&) = 0 [or Y (m,) = Y'(n,) = 0]. By virtue of 
(4), this should lead to X (€ = 0 [or ¥ (n) = O1. 
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compare terms at larger and smaller distances, 

it is necessary to express nz and ny through the 
parabolic quantum numbers of the separated atoms. 
Such an expression is quite easy to derive for n¢. 
Introducing the variable 


v=(E—)R, 


we obtain from (4a) an equation which has the fol- 
lowing form when vy KX R (R > 1) 


wxtex' + [—M _ fy 4 AUPE POLS |X =0. 
(19) 


A solution of (19), finite at v = 0, is the function 


OK See Seo (18) 


XSite py RE 
[| m|—-! Ap? -b RB ZicteZahy 5 ie) ie en 
x ( a i ; Im\| 1; = v} (20) 


[F (a; y; x) is the confluent hypergeometric func- 
tion]. 

In order for the solution (20) to remain bounded 
with increasing v, it is necessary that the first 
argument of the confluent hypergeometric function 
be equal to a negative integer (—n,). The separa- 
tion constant is consequently 


A = Ap =p R77), 2 pent ale ae 
and the number of positive roots of the function 


(20) is ny. Thus 
(22) 


he — Ty, 


where n, is the parabolic quantum number. (We 
note that for large R v = r,;—z, near the first nu- 
cleus and vy = rg + Z) near the second one; the z 
axis is assumed to join the first nucleus to the 
second. ) 

Let us find now an expression for Dy: To be 
specific, we assume that the electron remains at 
the nucleus Z, after the nuclei have separated. 


Introducing a new variable wu: 
m= Riles) 20 Soe ees (23) 


we obtain in the region u «< R (R> 1) the follow- 
ing equations for Y(): 


yu Fi Wwe lhe | nm jo ate == A —-+ p —— R (Zo — Z) 


pYe@: 
(24) 
A solution of (24), finite when p = 0 and exponen- 
tially decreasing when p > 1 (the electron is as- 
sumed to be at the nucleus Z,!), is the function 


V(t) <= pl ul eaecee/ AF (ro a eel Opn) een 25) 


where n, is a positive integer. The separation 
constant now has the form 


A= A, = p*—2p(2nz +|m|+1)—R(Z2—Zi). (26) 


TEE DeOre TWO DIFFERENT COULOMB CENTERS 


Equating (21) and (26) we obtain for the electron 
energy 


W = =2p?/ R? = —Z?/2n?, 


A=n, +ne-+|m| +, 
(27) 
i.e., the energy of an isolated atom with nucleus Z4- 
The wave function (3), in which X ( ejrands Yq) 
are specified by (20) and (25) respectively, is the 


wave function of the isolated atom Z, in parabolic 
coordinates. 


The members of higher order in 1/R can be ob- 
tained by expanding the solutions (4a) and (4b) in 
Laguerre polynomials. Inclusion of the next two 
terms in the series gives for the separation con- 
stant 
A = Az = p* + {2p (2n, +|m| +1) 

+ {(2n, +1) (a, +|m|+1) 

— My —(Z; +25) (2ny +|m| +1) R/2p} 

— (R?/16p*) {(Z, + Z2)? (2ny +|m| +1) 

— (Z, +Zs) (2p/R) (2m +|m| +1) (2n, +|m| +2) 

+2n,(m +|m|)] 

+ (4p?/R2) (2a, +] m| +1) (ny +1) (mm +] m] +1) 

Sn (fa +) 12 |) }}; (28) 
A = A, = p? — {2p 2na +|m| +1) +R (Z2—Zi)} 

+-((2nz +1) (nz +|m| +1) —ne 

+ (Z2— Zi) (2n2 +|m| +1) R/2p} 

+ (R?/16p3) {(Z2 — Z1)? (2nz 4+-|m| +1) 

4+ (Zz — Zi) (2p/R) [(2ne2 

+|m|-+1) (2nz +|m|+2) +2n2 (ne +|m|)] 

+ (4p?/ R?) (2n2e +|m| +1) [(nz +1) (ne +]m| +1) 


+ nz (n2 +|m|)]}}. 


R(Z, +Z5)} 


(29) 


Equating (28) and (29) we obtain, as expected, for 
the atom Z, in the field of the nucleus Zp, 


W = 72" —Z,/ R += (ni — nea) nZ2/ZiR*. (30) 


The function (25) has n, roots located at a finite 
distance from the nucleus Z;. In the case when 
Z;= Z,, owing to the symmetry of the Hamiltonian 
with respect to reflection at the center of the mole- 
cule [invariance of (4b) under a substitution of —7 
for 7], the solution of (4b) should have near Zp», a 
form analogous to (25) (with the sign of  re- 
versed). It is therefore possible to express ny 
directly in terms of nj: ny = 2n, for symmetrical 
terms and ny = 2n, + 1 for antisymmetrical ones 
(see reference 6). 

When Z, # Z, the determination of the number 
of zeros n, is a more complicated matter and 
calls for an investigation of the behavior of the 
function Y(7n) near the second nucleus 7 ~ 1). 
Introducing the variable 


Mi = R(1 =i), 


Oop 2R, 


we can write (4b) near py; <«< R in the form 


Tu | ie j m2 p ; 
Tig =) Du, ReBa or 2R 


where the constants A and p/R are determined by 
the conditions (21) and (26). 
A solution of (32), finite when yp, =0 (apart 
from a constant factor), is 
ee er Roa ope, (33) 


where 


CS geet (Loa Las (34) 


Depending on the magnitude and the sign of a, 
three different possibilities may occur: (1) a > 0, 
(2) a< 0 and Zyn/Z, not an integer, (3) a< 0 and 
Zon/Z;, =n’ aninteger. Let us consider each of 
these cases. 

(1) The condition a > 0 is possible only when 
Z, > Z, and ny are sufficiently small 


O< mg << n(Z,— Z,)/ Zy. (35) 


In this case the solution (33) increases exponen- 
tially with increasing uw, (1«Kp,<«R). Thus the 
wave function of the electron near the nucleus Z, 
cannot be represented in the form of the wave 
function of a hydrogen-like atom with nucleus Zp, 
and is merely the function of a hydrogen atom with 
nucleus Z,, but distorted in the vicinity of the nu- 
cleus Z,. Inasmuch as the confluent hypergeomet- 
ric function F(a; |m|+1; 2py,/R) has no posi- 
tive roots when a > 0, it is clear that the zeros 
of the function Y(7) are all located near the nu- 
cleus Z;, and according to (25) 


(36) 


Ny —— Noe 


(2) If wa< 0 and Zon/Z, is not an integer, then 
the investigated level (as R—- ©) of the atom Z, 
[see (27)] coincides with none of the levels of the 
atom Z,. Therefore, as in case (1), the wave func- 
tion of the electron near Z, is essentially the wave 
function of an atom with nucleus Z,, distorted 
by the field of Z,. At large distances between 
the nuclei, the Coulomb field of Z, hardly changes 
the wave function of the electron near Z, [see 
(25)], whereas its influence in the vicinity of Z, 
itself is large. When a < 0 oscillations of the wave 
function occur near Z, (see Fig. 1). Considering 
that for non-integral a (a < 0) the number of 
zeros of the confluent hypergeometric function 
F(a; |m|+1; 2py,/R) is equal to { Ent (— a) +1) } 
(where Ent (x) is the integral part of x), we can 
determine ny from (25), (33), and (34); 
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FIG. 1 


fete 1 Ent (my in (ZZ Za, (37) 


(3) If a < 0 and Z.n/Z, =n’, where n’ is an in- 
teger, then the level of the atom Z, (27) coincides 
with that level of the atom Z,, whose principal 
quantum number is n’. From (20), (33), and (34) 
we see that the wave function of the electron near 
Z») is the wave function of a hydrogen-like atom 
with parabolic quantum numbers nj = n,; and nj 
=n’-n,—|m|-1. In this case therefore, as R 
— ©, degeneracy takes place and the regular 
wave functions have the form (3), where X(é) is 
given by (20) and Y(7) is a linear combination of 
(25) and (33). Taking into account the fact that an 
additional root appears for one of the linear com- 
binations of (25) and (33) in the interval -—1< <1, 
we obtain 


Ny = Ng +N, 


(38a) 


or 
Ny = Ny +n +4. (38b) 

It will be shown in the appendix that (38a) and (38b) 
hold when the electron is at the nucleus with the 
smaller or larger charge, respectively, as R—o. 

Using (16), (17), and (35) — (38), let us sum- 
marize the results obtained. Assume, specifically, 
that Z,< Zp, and that (nj, np, m) and (nj, nj, m) 
are the parabolic quantum numbers of the atoms 
Z, and Z, as R— ©. We then have: 

A. If the electron is located (when R =~) at 
the nucleus Z,(Z,< Z,), then 


Z_— Zy 


Zo F 
mg +|m|+41+ Ent (n+n Z, ) + when 2 n+ interger 


eee, a 
Zi 


l= 


(39) 
Z2-—Z 
Ral " +44+-Ent (m+ nr) , when 3 n= interger 
Zy 


Geet interger (40) 


B. If the electron is located (when R=) at 
the nucleus Z,(Z», > Z,), then 


WE, 
Ng -- ee ; when 
1 


ny +|m|, when oe 
= 2 


n-+|m| +4 
-+- Ent (m—n’ 25), when Ge ee 


2 2 


w(2t) 


Zo : 3 
when Tas interger 
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; 3 — A 
when n,<n Ze 


Za— ZL 
22.<(42) 
Formulas (39) — (42) establish the connection be- 


tween the terms of the isolated atoms (at R= ©) 
and the terms of the combined atom (R= 0). 


ie 


N= 


Ze—Z1 
1, 


2 


n’ +44. Ent (a, —n’ ), when n,>n 


BEHAVIOR OF TERMS AT SMALL DISTANCES 
BETWEEN NUCLEI 


The behavior of the terms when the distances 
between the nuclei are small can be explained by 
using as the zeroth approximation the states of a 
combined atom with charge Z; + Z», located in the 
center of charge of the nuclei Z; and Z). Regarding 
é if ZN wie Z,+ Ze (43) 


r 


U = 


as a perturbation, we can show (as is done for the 
case Z,= Z,, see reference 5) that the regular 
functions of the zeroth approximation, with allow- 
ance for degeneracy, are the wave functions of the 
combined atom Z, + Z9:* 


ap° = vn,t(1) Wer, (3, ®), (44) 


and that the energy of the terms is given (accurate 
to R?) by the expression 


j [i (i+ 1) — 3m] R? 
2) N8 (I+ 1) 22 — 1) (21 +- 1) C1 +4 3) 


. (45) 


The sequence of the terms is the same as given by 
Bethe® for the case Z,= Z». (The energy of the s 
terms is obtained formally from (4b) by putting in 
it m = 0, canceling by l, and setting 7 = 0.) 


TERM INTERSECTIONS CORRESPONDING TO 
CHARGE EXCHANGE 


The behavior of the terms when the distances 
between nuclei are large is determined from the 
formulas 


Wiz a Zs i 3 (fly — Ng) n Zp 
2n? Ro Zi R?? 
te EN ees 
2 Z1 3 (n, ny) nm ey 
Ws ee on? R 4 5 Te = R?? (46) 


where W;, and Wy, correspond to the states in 
which the electron is located at the nucleus Zi 
or Z,, respectively, as R—-~. The dependence 


*To prove this statement it is essential that the radial 

Coulomb functions satisfy the relation 

co 

i d 

\ On,1(T) ON, 149 (r) = 0: 

0 
This relation can be derived from an analysis of the integrals 
of the generating function of the Laguerre polynomials. 
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on m appears in terms of order R“4, correspond- 


ing to the second approximation for the Stark effect. 


Knowing the arrangement of the terms at large 
and small distances [see (46) and (45)] and using 
formulas (39) — (42), which establish the con- 
nection between the terms, we can schematically 
represent the course of the terms at medium dis- 
tances between nuclei. Figure 2 shows the course 
of the o terms for the case Z,=2 and Zo = 3, 


ee Bed Zs2 


FIG. 2. o terms for the case Z, =2, Z, =3. The parentheses 
contain the parabolic quantum numbers (n,, n,, m). The quantum 
numbers pertaining to the nucleus Z, are primed. 


from which we can infer the presence of a large 
number of intersections. Particular interest at- 
taches to intersections of terms corresponding, 
as R—», to states in which the electron is at 
different nuclei, for example 3po and 3do, 4fo 
and 3so, etc. The presence of such intersections 
influences appreciably the probability of charge 
exchange in atomic collisions. 

Let us consider especially the case Z,;= 1, 
Z. = Z > 1, which is of practical interest in many 
of the problems mentioned in the introduction. 
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Assume that the electron is on the hydrogen K 
orbit at infinity. The corresponding term (in- 
cluding the nuclear interaction Z,Z)/R) behaves 
as (—%-—97?/2R*) at large distances, and yields 
Coulomb repulsion of the nuclei at small distances. 
On the other hand, the terms corresponding at in- 
finity to the states of the electron at the Z nucleus, 
increase at large distances as — Z*/2n* + (Z-—1)/R 
with decreasing R. Therefore, at sufficiently large 
Z, some terms of the nucleus Z, lying at infinity 
below the K level of the hydrogen atom, should 
intersect the corresponding hydrogen term. [From 
formulas (39) — (42) it follows that when R = 0 the 
term corresponding to the K orbit of the hydrogen 
atom lies above those terms of the nucleus Z, which 
were located below this term at R=», i.e., the 
terms should intersect twice (see Fig. 3).] 


ee iia 


=S Soe ieee 


Se 


BIGS3 


This intersection occurs apparently even for 
Z >= 3 [itis known to be missing in the case of 
the molecule HeH**, see reference (8)] and should 
assure a greater charge-exchange probability in 
collisions between the hydrogen atom and the nu- 
cleus Z. 

For terms corresponding to excited levels of 
the hydrogen atom, cases of intersection are en- 
countered more frequently. The rapid transfer 
of negative mesons from hydrogen by the nuclei 
7 >1 (see reference 9) is apparently due to pre- 
cisely this circumstance. 

In conclusion, the authors express their deep 
gratitude to L. D. Landau, L. I. Lapidus, A. A. 
Logunov, and Ya. A. Smorodinskii for valuable 
discussions and to N. S. Isaeva for preparation 
of the manuscript. 
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WAVE FUNCTIONS FOR THE DEGENERATE 
CASE 


In the case when the parabolic quantum num- 
bers of the atoms Z, and Z, are equal, n, = nj 
and m =m’, and the principal quantum numbers 
satisfy the relation Z,/n = Z,/n’ (i.e., the en- 
ergy levels of the isolated atoms coincide), the 
wave function in the two-center problem can be 
approximately written in the form of a linear 
combination of the corresponding atomic func- 
tions ¥;, and yo: 


Y= ai + bye, (A.1) 
where 
», = C! (r+ i em eteree F (a5 | m| 
+ 1; 2 (ty + 21)/n) 
Cas AOR taal ox (aay apa al 
+ 1; Z,(ry—2,)/n)e™?, (A.2) 


C= (Ayn ee ie mil (A.3) 


on (m!)? Tun (ny)! (12)! 


the z axis is directed from the first nucleus to the 
second; analogous formulas hold for w%, (ny =n’; 
Z,/n = Zo /n'). 
Noting that near the first nucleus (as R— ~) 

we have 

n—uaaeR(&—)), n+azR(1+n), 
and near the second nucleus 

re +2eR(E— 1), fe 22 = RR (1) ==), 
we can represent the function (A.1) in the form (3): 


Ws Cees (E = Dr ae | m| 


+1; Z:R(E—1)/n)Y (n), (A.4) 
Y (n) = aCye 48" (1 4. )!""? F (— ng; | m| 

+1; Z,R(1+1)/n) 

+ bC.eN" (1 — n)!"? F (— ngs | | 

+1; Z;R(1—n)/n). (A.5) 


Depending on the sign of the ratio a/b, the function 
Y(7) can have either np) + nj or ny + nj +1 roots 
in the interval -1<7< 1. 

Substituting (A.1) in the Schrodinger equation 
(1), we obtain the secular equation for the energy 


(ZoK2 + e)a + (Zi1A1 + &S)b = 0, 
(Z2A2 + eS)a + (2iKi + 2)b = 0. 


(A.6) 
(A.7) 


Ss S> GERSHTEIN and) Vv. D-“KRIVCHENK OY 


Here 
Dn Da = sack 
E a n2 1 R = E, Ky es ) | Pa | rh dt, 


Ki=\\wPta, S=(wmd A= | yy, 7, 


Aare 
Aa \ 0, sae. (A.8) 
Noting that the quantities A;, A,, and S are 
exponentially small compared with K; and K, 
(accurate to terms of order R~*; K; © Ky © 1/R), 
we can represent the solutions (A.6) in the form 


Zy (Ao — SK») (Z1A1 — 225K) 


€, = — ZK - ZK, — ZK 5 (A.9) 
(= — Fea ne Oe 
en = — Z,K, — 2 Ge (A) 
a= Weare. ie lA SK;). (A.12) 


It is seen from the foregoing expressions that 
the solution marked by the subscript I corresponds 
as R-—-o tothe state for which the electron is at 
the nucleus Z; (b/a— 0), while solution I corre- 
sponds to the state with the electron at the nucleus 
Z, (a/b — 0). In this lies the essential difference 
between the case Z, # Z, and the case Z,; = Zo, for 
which the function (A.1) remains, as Ro, a 
symmetrical or antisymmetrical combination of 
~, and yp. 

Confining ourselves in the calculation of the 
quantities in (A.8) to the members of highest order 
in R (R >1), we obtain according to (A.10) and 
(A.12) 


b a a AY AN 
Clee 1) ( ) 


Lace Naas 


©|m|+/2 


[nn’ (m2)! (1g)! (m2 + | m|)! (ny, | m pty? 


P (na + | m/2+3) 0 (ng +)m|/2+1)  metetim|+2 7 pin 
7 * 1 

(ng +n, -+|m|-+3)! (ane 

a oA nytn +1 iT 221 nyt nts 
els (ae) Peal (2) 
Y ol m|-+'. 

[rin’ (m2)! (4)! (m2 + | ml (ny + ||] 

Z P (at lab 2t AT ny + mel /2 + 8) natant Rin 


The functions F(—n,; |m| +1; ZiR(1+7)/n) 
and F(—nj; |m|+1; Z,R(1—7)/a) in (A.5) have 
respectively n, and nj roots lying near the nuclei 
Z, and Z». If the addition of these functions does 


PEO RIEDD OF TWO DIFFERENT COULOMB CENTERS 


not give rise to an additional root in Y(7), the 
sign of the ratio a/b should be (—1)2*M2, Taking 
this remark into consideration, we can readily de- 
duce from formulas (A.13) and (A.14) that the addi- 
tional root arises when the electron is at the nu- 
cleus with the greater charge. 

We note that this conclusion agrees with the 
oscillator theorem, since, as can be seen from 
(A.9) and (A.11), the term corresponding at large 
R to an electron at the nucleus with the greater 
charge lies | Z,;—Z,|/R higher than the corre- 
sponding term for the electron at the nucleus with 
the smaller charge. 
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An improved scheme of single-particle levels of a self-consistent field is employed to inves- 
tigate some properties of strongly deformed nuclei in the range 150 < A < 190, on the basis 
of the superfluid model of the nucleus. The mean values of the pair coupling constants are 
evaluated by comparing the calculated pair energies with the experimental data. The density 
of the low-energy single-particle energy levels of odd nuclei is calculated and found to agree 
with the experimental data and to be approximately double the level density predicted by the 


Nilsson scheme. Some regularities in the behavior of weakly excited states in even-even 
nuclei are noted. On the average, the calculation error due to conservation of the number 


of particles does not exceed 6 percent. 


flee superfluid model of the nucleus, proposed 
by one of the authors! and based on the unified or 
the shell model, takes account of the residual 
short-range interactions of the nucleons in the 
nucleus by the Bogolyubov variational principle.’ 
To describe such interactions, we use a Hamil- 
tonian in the form 


H= sy Wee a eene ober eG, >) 405s" A+, (1) 
where Eg are the single-particle levels of the self- 
consistent field, X is a parameter that plays the 
role of the chemical potential, (so) are the quan- 
tum characteristics of the level (o = +41), and G 
is the short-range pair-coupling constant. We note 
that the number of particles is conserved in the 
mean. 

The properties of the transuranic elements were 
investigated earlier (see reference 3, where the 
principal equations of the problem are given). In 
the present paper we investigate, on the basis of 
the superfluid model, the properties of strongly 
deformed nuclei in the region 150 < A < 190. 

From a comparison of the calculated pair ener- 
gies with the experimental data we shall determine 
and compare with experiment the pair-coupling 
constants G and calculate the spectra of single- 
particle levels for some odd and even-even nuclei. 


MODIFICATION OF THE NILSSON SCHEME 


We use the levels of the Nilsson scheme? as 
the single-particle levels Eg in our calculations. 
An analysis of the scheme, carried out on the 


basis of known spectroscopic data,°~’ shows that 
the proton shell is in general satisfactorily de- 
scribed by the Griffin and Rich scheme.® We 
shall make significant changes only in the neutron 
level schemes for 82 < N < 126: 

a) All the eigenvalues of neutrons with N = 6 
will be increased by 0.25 iw? (corresponding to 
a parameter p = 0.33) (see Nilsson’s paper‘ for 
notation), with the exception of the states i, 
which will be increased by 0.06 fw? (u = 0.42). 

b) We drop the h!44 subshell 0.3hw) (uy = 0.65); 

c) The iy, eigenvalues are raised 0.06 hw} 

(u = 0.42). 

d) The Dy eigenvalues are dropped 0.01 hw? 
to agree with experimental data on nuclei with 
109 neutrons. 

e) The 4, [521] level is raised 0.04hw}, as 
in reference 8. 

The corrected Nilsson scheme, shown in Fig. 1, 
gives correct ground states for all nuclei with 
93 < N< 109 and gives for some nuclei the re- 
quired sequence of first excited levels. It agrees 
essentially with the corrected scheme given by 
Nilsson and Prior,? with the exception of the 
11/,~ [505] level. 

The ground states given in reference 3 were 
calculated on a ‘‘Strela’? computer. The problem 
was reduced to the least-squares method and 
solved by linearization. The specified energy 
levels of the average field and of the coupling 
constant G were used to calculate the correlation 
function C, the chemical potential A, the mean 
square fluctuation of the number of particles 
(An2)1/2, and the system energy €, accurate to 
4 —6 significant decimal places. 
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PAIR ENERGIES AND CORRELATION FUNCTIONS P, 


To determine G we calculated the neutron and 
proton pair energies Py and P7 by the formula 


Py = 2e(Z, N — 1)—e(Z, N) —e(Z, N — 2). (2) 
15 
The calculated pair energies of the neutron system 


for Gy = 0.020 and 0.024hw? and of the proton 
system for Gz = 0.024 and 0.028hw}, along with 
the corresponding experimental data,11! are 
shown in Figs. 2 and 3. From a comparison of 
the calculated pair energies with the experimental 


10 


0 SS a ee a a a a 


05 


ZC SO n/p eZ 


FIG. 3. Calculated (continuous curves) and experimental*®’** 
values of proton pair energies (O — even-even nuclei, X —nu- 
clei with odd A); curve I — for G = 0.024fiw, curve II — for 
G = 0.028hw>. 


data we have determined the average values of the 
pair coupling constants 


G,, = 0.024 hw), G, = 0,026 hot. (3) 
Ly ed We note that the pair energy decreases with the in- 
é creasing deformation, owing to the diminished role 
ie 96 POEM TOUS EE H of the residual interactions. 


FIG. 2. Calculated (continuous curves) and experimental*?’** By tixing the cena of eae Hint 
values of the neutron pair energies (O — even-even nuclei, on the basis of an a SS fe 8 ee) 
xX — nuclei with odd A); curve I — for G = 0.020fw$, curve II — for spectra of odd nuclei, with allowance for super- 
G =0.024fa,. fluidity, and by determining the constants Gy and 
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Gz, from the pair energies, we eliminate ipso facto 
all arbitrariness from the subsequent calculations. 

Let us investigate the behavior of the correla- 
tion function C = GZgugvg and of the chemical po- 
tential ) corresponding to the ground states of 
even-even and odd nuclei. The variation of the 
chemical potential ) with the degree of filling of 
the shell, for a system with an even number of 
neutrons, is shown in Fig. 4. The value of A fluc- 
tuates about the Fermi-surface energy, the devia- 
tions reaching an order of 1 Mev. The fluctuations 
in the difference |A -Ep| become even greater 
for the excited states. The deviation of A from 
Ep is particularly great in the excited states of 
even systems. 


\é / 


FIG. 4. Variation of Fermi- 
surface energy Er and chem- 
ical potential » of the ground 
states of an even neutron sys- 
tem; G = 0.024fias. 


96 100 104 


108 N 


The behavior of the functions C for the ground 
states of even and odd systems are demonstrated 
in Figs. 5 and 6. We note that the values of C 
for the ground states of odd systems depend 
strongly on the course of the single-particle lev- 
els that are closest to the Fermi-surface energy. 
It is seen from the scheme for single-particle 
neutron levels (Fig. 1) that in the region of defor- 


U/hu, 
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FIG. 5. Behavior of the correlation function C of the neu- 
tron system as a function of the number of neutrons N in a nu- 
cleus (ground state): 1 — even-even system with G = 0.024fws, 


2 — odd system with G = 0.024fw°, 3 — even-even system with 
G = 0.020fia?. 
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FIG. 6. Behavior of correlation function C of proton sys- 
tem as a function of the number of protons Z in the nucleus 
(ground state): 1 — even-even system with G = 0.028 fia, 

2 — odd system with G = 0.028fias, 3 — even-even system with 
G = 0.024fa,. 


mations 6 = 0.26 —0.36 the energy difference 
between the levels N = 97 and N= 99 reaches 

1.4 Mev, which leads to a sharp reduction in C 
for the corresponding odd nuclei. The values of 

C for the ground states of even systems are less 
sensitive to the behavior of single-particle lev- 
els. The values of C for odd systems (2n-1) 
are on the average 20 — 30 percent less than the 
values of C for even systems (2n), in agreement 
with the estimates of Nilsson and Prior.? 

Thus, the appearance of a single quasi-particle 
leads to a considerable weakening of superfluidity. 
It should be noted that the values of C decrease 
as a rule with increasing deformation, thus dem- 
onstrating the diminished role of pair correlations 
with increasing 6. The function C for single- 
quasi particle states of odd systems has a mini- 
mum for the ground state and increases for the 
excited states with increasing excitation energy, 
approaching thereupon the value for the ground 
state of the corresponding even system, as can 
be readily seen from Table I. (The symbol K+1 
denotes the level following the level K, etc.) In 
the case of an even system, the function C for 
two quasi-particle excited states diminishes by 
30 percent and more, vanishing sometimes. With 
increasing excitation energy, the magnitude of 
this correlation function increases. 


SINGLE-PARTICLE LEVELS OF ODD NUCLEI 


On the basis of the superfluid model of the nu- 
cleus let us calculate now, in the region of inter- 
est to us, the spectrum of single-particle levels 
of nuclei with odd N as well as odd Z. In LN th 
we show by way of an example the calculated and 
experimental values of the levels of Dy and 
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Table I. Characteristics of ground and excited states 
of odd nuclei 


State of C/o? | ce tb 
ate of system (he | (Ane)? a 
( 
Ni 95 0 0230 G-—On024 hop 
K—3; 11/5~ [505] 0.094 Pre Od —0.018 
K—2; s+ [654] 0.090 2.00 —0.047 
Kas */a” [924] 0.077 ANS —0,004 
K; */o* [642] 0.074 alin Gel +0.040 
iK ape */a~ [028 0076 iis: +0.016 
K +2 /2* [633] 0.094 2,08 +0033 
Kae3 1 [521] 0.095 2.09 +40 .034 
Z=T71, 5=0.28, G = 0.028-hwf 
fe V/- [544] 0.104 oe +0.423 
Ka 9g [014] 0,089 — +0.118 
Reed ot [402] | 0,080 = +0.113 
K; at [404] 0.068 = 40.106 
K —1; Tint [411] | 0.104 | _- -+-0 ,067 
K —2; a= [523] 0,106 | = --0.065 
Ks 3/ot [411] 0.110 = +0.065 


Lu‘. We note that the excitation energies which 
we have calculated agree better with the experi- 
mental data than those given by the Nilsson 
scheme. However, in view of the strong depend- 
ence of the determined levels of the odd nuclei on 
the behavior of the levels of the average field, it 
is difficult to expect a detailed agreement with 
the experimental data. We shall therefore inves- 
tigate the densities of the single-particle levels. 
The average density of the calculated neutron 
levels was found to be 3.3 times the 1-Mev level 
for 99 = N = 109, compared with 3.1 for the simi- 
larly averaged experimental levels.’ The average 
density of the calculated proton levels for 63 < Z 


< 73 is found to be 3.4 times the 1-Mev level, com- 


pared with 3.6 for the experimental levels. The 


Thus, as in the transuranic region,® the density 
of low-energy levels agrees with experiment and 
is approximately twice the level density given by 
the Nilsson scheme. We note that the increase in 
the level density is connected with the superfluid 
properties of the ground and excited states. The 
necessary level density cannot be obtained by any 
modification of the single-particle levels in the 
independent-particle model. 


SPECTRA OF EVEN-EVEN NUCLEI AND ESTI- 
MATE OF THE CALCULATION ACCURACY 


The most interesting and promising is the ap- 
plication of methods based on the superfluid nu- 
clear model to the analysis of spectra of even- 


average densities of the calculated (single-particle) even nuclei. It was shown in reference 3 that in 


proton and neutron levels are 1.7 times the level 


densities in the corresponding Nilsson scheme. The 


calculations are in agreement with Bakke’s inves- 
tigations’ of the density of single-particle levels. 
£, Mev 
A" (Nn, A] 
(527 —\ 
Pe 
%p [505], —\\\\___ 
i ne 


Hae 2274 


y— 2 (541) 1.5 
y : 5 
me 


the excited state of an even system |K, K+1), 
where one quasi-particle is at the K level (K de- 
notes the totality of quantum numbers correspond- 
ing to the Fermi-surface energy of the given nu- 
£, Mev 
2,0 


a 
KN, A 


FIG. 7. Spectra of single-particle excitations 
of nuclei with odd number of particles. The let- 
ters ‘‘Nil’’ denote the spectrum after Nilsson, 


NaN ff es ; 
i _—— bs a Uaity the spectrum in the center has been obtained for 
28 ‘ i be the superfluid model of the nucleus, and the 
: he spectra of Dy and Lu are experimental without 
Ta as j* rotational lines). G is given in units of a> 
G2 \ i ——=--—— x 0,5 (ho? = 41 A-% Mev). 
‘ \ yf i ——---—--- 514) 
ar CE ae is Hay Sp ema ER 52747) 
ee ; —s 
ive eee ip oy: y + 
; Te ty 70,028 ~— Nib EY 


0 Ip(642) —- --——- ery) 
: C=0,024 161 
Nil. $030 D 0=0,28 
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Table II. Spectrum of ao Vbtie 


PSN oe A 
State ey hw (An?) | hoe Ke E, Mev 
Beg Zell 
Proton levels 8 = 0,29, G7 = 0.028 hay 
; ). 109 2.00 —0.084 Op 0 . 
na Rd 0 0 | 05430 jit 35, (44) 1.54 
KK 425 0 0 =O.114 1, (2%),¢ 3? 1.69 
Ket eas 0 0 | 0 4B Ny Oppel wl ma 
Roa okt 2s uae 0 —0,102 1 Gee te 
KK tes ; Ow 0 —0.104 (4). D> 1.94 
Kites 0.084 1.82 —0.165 0 2.29 
Ket eo 0.084} 1.77 ce Sea 28 
K—2, K-+1> | 0.049 0.40 —0,099 (2*), of 2.00 
Ko 4. KS 0.086 | 1.84 —0,165 pees 2.50 
Roe t K eS 0.086 1.79 0 (7), 6 | 2.55 
Koo K-12) 0,087 1.84 oni) 0+ | 2.68 
Kee k= 15 0.088 1.87 —0.166 0 2.70 
Neutron levels 6 = 0.29, Gy = 0.024 ho, 

0 | 0.108 O38 Os Or 0 

KK > 0.034 0.87 ZO ay Wena ge 0.98 
K-44, K+ 0,053 1.45 +0.013 Ot 1,08 
KAA OR es 0.046 1.20 —0.032 67) 4,44 
Kee 0.057 1,49 —0.050 O+ 1.47 
Fadl ecs S 0.054 1.41 —0.002 | 3t, (4+) 1.25 
Kies toe 0.061 1.59 —0.052 G24 1.30 
Ke Ko 0.058 1.54 —0.014 Ug eis 1.33 
KEEL KH > 0.064 1.62 +0.019 (i+), 6 1.38 
Kei, K = 45 0.065 1.67 —0.054 Ot 1.42 
Ko), K +0» 0.067 1.74 +0.025 ot | 1.66 
K, K-33 0.064 1.64 +0.005 (4>), 5s 2.03 
Kt 4,. K 63> 0.068 1.73 +0,023 a) 2.16 


cleus with G=0) and the other is at the level 
K+1, the superfluidity of the system is greatly 
reduced, and in many cases simply vanishes. 

This is connected with the fact that the levels K 
and K+1 are blocked for correlated pairs, and 
therefore a large gap appears in the states acces- 
sible to pairs. Inasmuch as the number of states 
below this gap is equal to the number of particles, 
and the pairs cannot favor, from the energy point 
of view, the levels K+2 and higher, owing to the 
large loss in kinetic energy, the superfluidity in 
the state |K, K+1) is very small. In this con- 
nection, the energy of the system in the state 

|K, K+1) is reduced and as a rule the energy 
difference inthis state is essentially less than the gap 
width 2C), where Cy is the value of the correla- 
tion function in the ground state. 

Let us illustrate these arguments with ,)Yb!” 
as an example, for which the calculated character- 
istics of the excited states are listed in Table II. 
There is no superfluidity in the excited states 
|K, K+1), |K, K+2) and others, i.e., C = 0, 
whereas in the ground state Cy = 0.12 fw) = 0.85 
Mev; in higher energy states the superfluidity in- 
creases, approaching the value of the ground state. 
In the case of a neutron system, the superfluid 
properties are much weaker in the state |K, Keely; 
inasmuch as C = 0.034fw}, whereas in the ground 
state Cy = 0.126 hw? ~ 0.93 Mev. 


Let us compare now the calculated spectrum of 
Yb!" with the experimental data! obtained in an 
investigation of the decay of ;,Lu!” with the con- 
figuration {neutrons %47[521]#; protons ¥,*[404]t}, 
i.e; 17 =47,. k=4. Theredis no-doubt that thesex— 
cited state 3*3 with energy 1.17 Mev in the spec- 
trum of Yb!” isa single-particle one, and can be 
either a proton state of the form { 7,* [404] } 
—{¥%,*[411]+}, or a neutron state {'-[521]+ 
+ °/,-[512]t}. The level 3*3 is an example of the 
| K, K+1) state, and its energy is less than the 
energy of the gap, since the neutron gap is 2Cy 
= 1.86 Mev and the proton gap is 2Cy) = 1.7 Mev. 
In view of the reduced superfluidity of the system 
in the |K, K+ 1) state, the moment of inertia J 
of the system in this state should increase, as 
confirmed by experiment, since f2/2J = 13 for 
the ground state and f?/2J = 11 for the state 
[K, K+1). 

We note that the moment of inertia of a system 
in an excited state depends on the superfluid prop- 
erties of both the given state and of the other 
states. Therefore the sharp reduction in the cor- 
relation function C for a given state does not lead 
to a considerable change in the moment of inertia 
of the system in the same excited state, compared 
with the moment of inertia of the system in the 
ground or other excited states. 
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We note that those states 0* in which both 
quasi-particles are at the same level have been 
calculated with lower accuracy than the other 
states. The conservation of the number of par- 
ticles in the mean leads to several difficulties 
which are concentrated at these states. One of 
the two quasi-particle states is superfluous, and 
the ground state and the 0* state are not orthogo- 
nal to each other. Actually, in the case of Er!) 
with 6 = 0.31, Gy = 0.024hw} and Gz = 0.028 hw, 
estimates of the non-orthogonality lead to the fol- 
lowing results: 

a) proton states 


C= et i — 030: 


<K, K\0> = — 0.39, 
<K-- 1, K + 1/0) = 0.38, 


6s ie Fd ic ll me Us Gel tg W0P 


(K, K|K—1, K—1) = — 0.02, 
CK aT RT, KY = — 0.13: 
b) neutron states 
(K—=1, K—141.0> = 0.08, 
Ch ae SO ns 
«K-- 1, K+4/0> = —0,10, 
GRC SENG CS SI CSS, CSS = SOG 
Tis INI la IK Vy ==). 
«K +-1, K—1,K, K> = — 0.23: 


here |0) is the ground state. 

Using the formulas of reference 15, let us es- 
timate the error due to conservation of the number 
of particles in the mean. The calculated rms vali- 
ues (An2)'/2 of the fluctuation of the number of 
particles are given in Tables Iand II. The rela- 
tive magnitude of the fluctuation (An?)”?/29 
(Q is the number of summed levels) changes 
appreciably on going from the ground state to the 
excited ones, but is nowhere more than 6 percent. 
Thus, the accuracy of our calculations is restricted 
not by the conservation of number of particles in 
the mean, but principally by the accuracy to which 
the single-particle levels of the self-consistent 
field are known. 
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In conclusion we consider it our pleasant duty 
to thank N. N. Bogolyubov, K. L. Gromov, B. S. 
Dzhelepov, and L. K. Peker for very fruitful dis- 
cussions of the work. 
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ENERGY DEPENDENCE OF CROSS SECTIONS NEAR THE “‘THRESHOLD”’ FOR 


UNSTABLE PARTICLE PRODUCTION 


INe, Mle, TEVA’ 
Submitted to JETP editor December 28, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1511-1515 (May, 1961) 


“The energy dependence of the cross sections for elastic scattering, X (aa) X, and for the 
reaction X (ab) Y are determined near the ‘‘threshold’’ for production of an unstable par- 
ticle Y, which decays immediately after it is produced (Y—-c +d). The results obtained 


may be useful in nuclear physics. 
1. INTRODUCTION 


‘Tae form of the energy dependence of an arbi- 
trary two-particle reaction X (ab) Y near its 
threshold is well known.! It is also known that 
the cross section for elastic scattering X (aa) xX 
exhibits an anomaly (a peak or cusp) at the 
threshold point.?*3 In all the papers cited, how- 
ever, it is assumed that the particles b and Y 
are stable, so that both at the beginning and the 
end of the reaction only two particles are present, 
namely a+ xX and b+ /Y respectively. 

If one of the final particles, say Y, is actually 
unstable (width I.) and decays after some time 


Y >c = d, (1) 


then formally one is dealing with a three-particle 
reaction 


X+a>b+e+d. (2) 


Sw 7! 
Y+6 


As a consequence of the existence of a finite width 
I the threshold will not be sharp in this case, but 
will be ‘‘smeared’’ out in an energy region AE~ I 
near the energy Ey of the particle Y. 

Such a situation arises very often in nuclear re- 
actions, in which one of the reaction products is an 
excited nucleus, in high energy physics in strange 
particle production, etc. In this connection it be- 
comes of interest to study the energy dependence 
of cross sections near the ‘‘threshold’”’ for produc- 
tion of an unstable particle Y. This turns out to be 
possible in a quite general manner. In Sec. 2 we 
obtain an expression for the cross section for re- 
action (1), and in Sec. 3 for the elastic scattering 
process X(aa)X. For simplicity we consider 
throughout the case of spinless neutral particles. 


2. REACTION CROSS SECTION NEAR THRESHOLD 


Let us consider reaction (2) in more detail. For 
energies E of the colliding particles X + a near 
E; (see Fig. 1), the cross section for the reaction 
X+a—b+c+d, just like the total cross section 
for any three-particle reaction, is proportional to 
g~ (E- E,)? and is consequently very small if E 
is sufficiently close to Ej. 


£, UMlddééa 
Y+o 


FIG. 1 


The distribution of the final particles (b +ec+d) 
in energy (spectrum) near threshold should be 
statistical (provided there is no zero energy reso- 
nance among the particles b, c, and d) as is illus- 
trated by the curve labeled 1 in Fig. 2; the figure 
shows schematically the differential cross section 
o(€eq, E) as a function of the energy of relative 
motion of particles c +d; €gq = E—E,-€p, where 
€h is the energy carried off by particle b. 

The statistical form of the spectrum corre- 
sponds to 


© (&eq, £) = const: V eq(E = Ei—e,,). (3) 


6(Ecq,E) 


1058 


ENERGY DEPENDENCE OF CROSS SECTIONS NEAR THE ‘‘THRESHOLD’’ 


Let us now increase the energy E, gradually ap- 
proaching Ey. Simultaneously the form of the spec- 
trum will change in some manner (curve 2 in Fig. 2): 
the nearer we approach E, the more pronounced 
becomes the maximum at the upper end of the spec- 
trum (curve 3). When E exceeds Ey the maximum 
stabilizes at €eq = Ey — Ej = €9 (curve 4) andas E 
is increased further remains at the same place 
(curve 5). 

The appearance of the maximum is due to a 
resonant interaction between particles c and d 
(c +d =Y) and is simplest understood in the fol- 
lowing manner. If the interaction of particle b 
with c and d is neglected then the differential 
cross section for the reaction should be of the fol- 
lowing form‘ (by analogy with the well known ex- 
pression for two-particle reactions ): 


—1/, We gPe, |” Ee (4) 


where je is the value of the wave function describ- 
ing the relative motion of the pair c +d (with the 
energy ¢€) at the surface of the region within which 
the reaction takes place, yg, is the corresponding 
value of the wave function describing the motion of 
particle b relative to the pair c +d, and ¢ is 
some function determined by the details of the nu- 
clear interaction. 

It follows from the assumption of the existence 
of the quasistable particle Y that a resonance ap- 
pears in the elastic scattering c+d—c+d at 
the energy €cq = €) i-e., that ~, has as a function 
of the energy a pole at € = «,-il.’ This means 
that near €oq ~ € 


Pec ? ad [( 
and, correspondingly, the spectrum (4) has a maxi- 
mum near €¢q ~ 


O (€ca, E) = (€ca€p) 


pa Eo)" + Wie (5) 


6 (Eca, E)~ (6) 


ewe Ge, | 
cd&b T?2? 


(E.q — Ey)" as 


with the form of the spectrum in this region given 
by the Breit-Wigner curve. 

We are now in a position to find the energy de- 
pendence of the total cross section near the thresh- 
old for production of Y 
B—E, 

\ o(e, E)de. (7) 

0 
To this end we note that the main contribution to 
(7) in this energy region comes from the reso- 
nance maximum (6) at € ~ €9, and the lower part 
of the spectrum (€ < €9) leads to the appearance 
in o(E) of a small term, whose energy depend- 
ence is weak. We may therefore replace in Eq. 


1059 


(7) the lower limit by €)—A (A is some quantity 
>> I’) and obtain, after discarding all factors that 
vary slowly with the energy near ¢€ = €), (itis 
assumed that Y +b are produced in an S state, 
so that |yep|? ~ e) = E—E,-€«, and that Tr « Eo) 
E t 4 
Ls —E\—e 


i 
e—a Ere \ 
&y—A 1 =AVe 


ye 
(pea ese 


[x—1—apP47 


where a = (E—Ey,)/€9, y =T/€p. 

In the case of interest to us, when |a| <1 and 
y << 1, the main contribution to the last integral 
comes from the region of small values of y so 
that we may let the upper limit go to infinity; we 
then obtain immediately 


a 
le 4 


\ dy Gaara = 7 Ree 
0 (8) 
++ iz) =“ ei Re [E —(E, —i)}"". 


SUE) 


Consequently the cross section for reaction (2) 
equals near the ‘‘threshold”’ 


o (E) ~aRe IE — (E, — il) |, (9) 


where a is some constant. The physical meaning 
of this result is perfectly obvious. 

Were Y a stable particle (with I =0) then 
o0(E) would be proportional to (E—- (nae: above 
threshold and would be equal to zero for E< Ey. 
Because in our case the threshold is not sharp 
this picture is smeared out. 

The function Re[E-(E,-il ) eis plotted in 
Fig. 3. This function is equal to 


ae ae ae ey ee 1, 
og VEHE FFT (EE) 


(E— By [t +2 13(B=£,)), E—E£,>T 
Tj2VE,—E, nr ie ie 


; (10) 

By precisely the same method as above one may 
calculate the cross section for reaction (2) in the 
case when Y +b are produced in a state with 1 = 0. 
One then finds that, near the threshold, 


6, (E)~ a, Re(E —(E,— i)" +m, (11) 


where the constant term corresponds to that part 
of the total cross section that arises from the in- 
tegration over the lower part of the spectrum 
(€eq < €9). Strictly speaking such a term should 
also be included in Eq. (9), however for the case 
1 = 0 it is, apparently, unimportant since the first 
term in Eq. (11) is then sufficiently large. 
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3, ELASTIC SCATTERING CROSS SECTION 


Let us consider now the cross section for elas- 
tic scattering X(a,a)X near the ‘‘threshold”’ for 
the production of Y. If we limit ourselves to S- 
states, then we have for the elastic and inelastic 
cross sections the formulas 


6, =e lS); Sreac= ue (LS), (12) 


where k is the wave vector of the colliding par- 
ticles a + X, and S is usually written as e2ld 
[6 is the scattering phase shift for the reaction 
X(a,a)X]. From here we obtain right away 
[see Eq. (9)] 


[Se Crane) = | — (P’a/n)Re [FE — (E,— iT) |", 
(13) 
It follows from Eq. (10) that, if the width T of 
the paricle Y is small, the inelastic cross section 
o(E) is small in the region near threshold and, 
correspondingly, 


iS ween) Re (Bee =i.) @1(14) 


Noting now the obvious equality 
|1 +a|=1 +Rea, 


valid for an arbitrary complex number a for |a| 
<«< 1, and remembering that S should be an ana- 
lytic function of the energy, we get 


S=2" [1 = (a/2n) (B = (2, — il) "|; (15) 


where 69 is a certain real quantity which may be 
considered to be constant in the vicinity of the 
“‘threshold.’’ In the case of a stable Y (I = 0) 
this formula reduces to the usual expression for 
S (see Baz’?). 

As was shown by the author,” formula (15) when 
substituted into the expression for Oe] (12) leads, 


BALae 


in the case IT’ = 0, to the appearance of character- 
istic singularities in the elastic cross section at 
the threshold point (peaks or cusps). The insta- 
bility of Y ([ #0) leads to a smearing out of 
these singularities (for a more detailed statement 
see below). Consequently the singularities in the 
elastic scattering cross section are smoothed out 
for sufficiently large I. With the exception of 
this circumstance the case of an unstable Y does 
not differ in any way from the previously dis- 
cussed? case I = 0. In particular, all conclusions 
about the possibility of deducing important infor- 
mation (scattering phase shifts, etc.) from the 
study of the singularities in the elastic scattering 
cross section near the threshold point remain 
valid (provided, of course, that I is not so large 
as to completely ‘‘smear out’’ these singularities ). 


4. CONCLUDING REMARKS 


The above-obtained formulas (9), (11) and (15) 
may be summarized as follows: the cross section 
for the reaction X (ab) Y has an energy depend- 
ence of the form ~(E-Er,)!+*¥/2 in the case of a 
stable Y, and of the form ~ Re [E-(E,-il)]/*¥? 
in the case of production of an unstable particle; 
otherwise there is no difference between the two 
cases. For E—E, >I these functional depend- 
ences are practically the same (see Fig. 3). They 
differ from each other only in the region near Ep 
and below threshold. 

If the production cross section of the unstable 
Y is known experimentally then it is easy to de- 
duce from the form of the energy dependence the 
width I’ of this particle. To this end one only 
needs to choose the parameters E,. and I in Eq. 
(9) so as to best approximate the experimental 
curve. 

Equation (9) may turn out to be useful in one 
further respect: to estimate the magnitude of the 
cross section for the reaction X+a—b+t+c+d 
below ‘‘threshold’”’ when the production cross sec- 
tion above ‘‘threshold’’ is known. Indeed, above 
“threshold’’ the cross section (9) becomes Creac 
~a(E-Ey)'? and the magnitude of the constant 
a may be easily determined since in this region, 
as a rule, the production cross section is suffi- 
ciently large. Knowing a, E, and I, we obtain 
directly from Eqs. (9) and (10) the magnitude of 


the three-particle production cross section below 
threshold 


Spence UL ey 
The ‘‘width’’ of particle Y may also be deter- 


mined from the behavior of the elastic scattering 
cross section X(aa)X near threshold by studying 
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the degree to which the threshold singularity is 
‘“‘smeared out.’’ As an illustration of this we cal- 
culate the cross section for s-wave scattering. 
By substituting Eq. (15) into Eq. (12) we get 


Se] = 4nk™ sin? 6) — 2a {sin® 5) Re Pees (Gees iT)]"* 
-- sin 6) cos 6, Im [E — (E, — il)]"}; 


and the energy dependence of the cross section 
near threshold, as determined by the second term 
in this formula, makes it possible to find I. As 
an example we show in Fig. 4 the form of the sin- 
gularity in og] for various values of I. 


o(E)/O(E,) 


We have assumed throughout that the unstable 
particle decays into two stable ones: Y—c+d. 
Using the same method as above it can be shown 
that Eqs. (9), (11) and (15) remain valid no matter 
what the mode of decay of Y (three-particle de- 
cay mode, as in the case of the neutron n—p 
+e +v, four-particle mode, etc.). 

We take this opportunity to express gratitude 
to Ya. A. Smorodinskii for interest in this work. 
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4A. B. Migdal, JETP 28, 3 (1955), Soviet Phys. 
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°L. D. Landau and E. M. Lifshitz, Quantum 
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ON THE SHAPE OF THE CRITICAL ISOTHERM NEAR THE CRITICAL POINT 


A. V. VORONEL’ 


Institute of Physico-Technical and Radiotechnica] Measurements 


Submitted to JETP editor December 29, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1516-1518 (May, 1961) 


The quantity B= (33p/aV? ) To, which characterizes the shape of the critical isotherm near 
the critical point that terminates the liquid-vapor equilibrium, is calculated for five simple 
substances and for water. The agreement of the results obtained by four different methods 

enables us to assert that B < 0 for simple liquids and that this quantity can be reliably es- 
timated. It is shown that rough approximate values of B for simple substances can be ob- 

tained from known values of the critical parameters pc and Ve. 


‘Tae character of the singularity which occurs in 
the thermodynamic quantities at the critical point 
at the end of the curve of phase equilibrium between 
liquid and vapor for a pure substance has not been 
elucidated up to the present. If we assume that the 
thermodynamic quantities at the critical point can 
be expanded in power series in the small deviation 
of the density, then we can write for this point the 
following conditions (cf. reference 1): 


(Op |V)p_ = 0, 
(@p/ OV"), = 0, 
(Bp | V*)p_ <0. 


The condition (3) requires experimental verifi- 
cation.! The quantity (ap/av*) tT, (which we de- 
note by B for brevity), if it is not zero, deter- 
mines the shape of the critical isotherm, which is 
a third-degree parabola in the neighborhood of the 
critical point if the condition (3) is satisfied. 

In the present work our purpose has been to get 
estimates of the values of B for various substances 
by different methods. It must be agreed that the 
least reliable method for obtaining this quantity is 
direct repeated differentiation of the p-V-T data 
obtained experimentally. By this method one can 
at best get the order of magnitude of the quantity 
desired. Values obtained by this method for sev- 
eral simple substances are given in the second 
column of the table under the heading p-V-T. For 
comparison with these values, values for water 
are included in the table which differ from these 
values by more than an order of magnitude. 

In a paper by Habgood and Schneider! graphical 
differentiation gave for xenon B = 0, but a detailed 
analysis shows that the error in this estimate is 
not less than 1 x 107° atm-mole?/cm?, 


Values of (8°p/aV") To: 


atm-mole?/cm?® 


I 
Substance | p—V—T AC, s Le siSe 
Xe O—1 BIA) 4 
CO, ; 1—6 12 11 10 
CoH, 3—9 = IA) Ded 
CoHe -- — 2,0 2 
SF¢ 0.2—0.5| — (Oe7/ ORD 
H:,O 50—150 | 140 — 130 
Nog — ao) 
Ar 13 
He 5 4 
5th enh 


The quantity B can be found more accurately 
from the data on the specific heat at constant vol- 
ume near the critical point, as is shown in a paper 
by the writer.® 

The third column of the table, headed ACy, 
gives the results of calculations from the experi- 
mental data of references 3—9. The possible 
error of the values in this column is about 50 per- 
cent, and is due both to the error in the determi- 
nation of the discontinuity of the specific heat from 
the experimental data and to that in the determina- 
tion (from p-V-T data) of the coefficient 
(8°E/aV")T., which appears in the formula for 
calculating B. 

Evidently the greatest accuracy for the quantity 
B can be obtained from measurements of the hydro- 
static effect, by a method previously described by 
the writer.!° Values so obtained are given in the 
fourth column of the table under the arbitrary 
heading g. Experimental data from references 
11 —13 have been used here. 

We note that the critical isotherm is precisely 
the sort of thing that obeys the law of correspond- 
ing states, and consequently in reduced coordinates 
the data for the various substances fit on a single 
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curve. This means that for this class of sub- 


stances the third derivative in the reduced coor- 
dinates will have the same value, 1ekCne 


eae = 4, (4) 


where @ is a constant which does not depend on 
the substance. Now if we know the third derivative 
for one substance, we can find its value for all 
others. 

Of course the accuracy of this method is not 
high, since the substances obey the law of corre- 
sponding states only to a very rough approxima- 
tion. It seems very natural, however, that the 
values of B, if they are not zero, will be of the 
order of the combination of the critical param- 
eters that has the same dimensions, pg NES 

Taking the data for Xe as the most reliable, 
we get for this substance @=1.2. The van der 
Waals equation gives @=9. The difference be- 
tween these numbers characterizes the degree 
of applicability of the van der Waals equation at 
the critical point. 

The values of B calculated for the various 
substances by using Eq. (4) are given in the fifth 
column of the table, under the heading l.c.s. (law 
of corresponding states). Evidently the accuracy 
of these data is of the same order as the accu- 
racy of the data in the second column. 

An examination of the table shows that the con- 
dition (3) is satisfied for a broad class of sub- 
stances. In all cases considered the third deriva- 
tive of the critical isotherm at the critical point 
is different from zero. Moreover, the rather good 
agreement of the values obtained by the various 
methods, and the roughly equal orders of magni- 
tude for the various substances, show that the 
numerical values of B have evidently been cor- 
rectly determined. 

Thus the equation of the critical isotherm near 
the critical point can be written in the form p-—Dpg 
= (B/6)(V-Ve )3, and the table given here pro- 
vides a qualitative characterization of the differ- 
ences of shape of the critical isotherm for the dif- 
ferent substances. The numerical values of B de- 
termine the radii of curvature of the curve near 
the critical point. 
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By means of the relation (4) we can calculate 
the required quantity and reconstruct the curve 
for many simple substances. 

We can evidently assert that the singularity of 
the thermodynamic potential at the critical point 
is such that it does not affect the first four terms 
of the expansion in powers of the departure of the 
density from its critical value. 

In conclusion the writer thanks M. Sh. Giterman 
for a discussion of the results of this work. 
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POSSIBLE OBSERVATION OF He® NUCLEI 


O. V. LOZHKIN and A. A. RIMSKII-KORSAKOV 
Radium Institute, Academy of Sciences, U.S.S.R. 
Submitted to JETP editor January 24, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1519-1520 
(May, 1961) 


Nig investigation of the stability (relative to neu- 
tron emission) of the isotopes of light nuclei with 
an excess of neutrons has led Zel’dovich! to infer 
a large probability for the existence of the He® 
nucleus. The expected binding energy of the neu- 
tron is about 1 Mev, and the beta-decay energy is 
approximately 12 Mev. The transition to the 3.2- 
Mev level in Li® would have a half-life on the 
order of 0.01 sec.?8 

If the He® nucleus really exists, it seems 
possible to observe its formation in the process 
of fragmentation of heavy nuclei under the action 
of high-energy particles, leading to the emission 
of fragments with a wide spectrum of charges and 
masses. The nuclear emulsion technique permits 
observation of the He® track, for owing to its rela- 
tively long lifetime the nucleus will not undergo 
decay before being stopped in the emulsion (the 
slowing-down time is about 107"! sec); in a cer- 
tain number of cases a distinctive (T-shaped) 
track similar to the tracks of Li® and B® nuclei 
will be formed if the beta decay proceeds to the 
ground state of Li® (2*). This is to be expected 
on the basis of the following chain of transitions 
for the He® nucleus: 

He®(0") > Li? (2*) = = Be®— = one". 
0-8 sec 10-*! sec 

A difference between the tracks of He® and Li® 
nuclei will result from the difference in ionization 
characteristics of these two nuclei. 

Another, considerably more probable decay 
mode for He® is in competition with decay by this 
chain. Not yielding a T-shaped track and there- 
fore indistinguishable from the case of alpha- 
particle emission, this decay goes not to the 
ground state but to an excited state of Li®: 


B 
He® (0*) —> Lis* (17) Li? +. xn. 


A very approximate estimate showed that such a 
decay mode is 2—3 orders more probable. It is 
impossible, however, to observe the presence of 
hundreds or even thousands of He® tracks which 
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do not give rise to the T-shaped track in the pres- 
ence of the very large number of alpha particles 
and protons formed in these breakups. 

Below are described two cases of observation 
of ‘‘strange’’ T-shaped tracks in an emulsion ir- 
radiated by high energy (930 Mev and 9 Bev) 
protons. 

The first track was discovered accidentally 
when investigating fragmentation at 930 Mev, the 
second after examining around 170 T-shaped tracks 
of particles produced by 9-Bev protons. Both tracks 
were strange in that the density of developed grains 
per unit path length was uncharacteristically low 
for Li® nuclear tracks. 

Owing to the short range of the particles under 
investigation (23 and 37, in first and second 
cases respectively), it is impossible to determine 
their charge by one of the well-known methods. We 
can only compare the ionization characteristics of 
the given particles with those of He‘ and Li® nu- 
clei. The measured density of developed grains 
in the tracks of the given particles was approxi- 
mately 25% lower than the density of Li® tracks, 
and was even lower than the average grain density 
in He* tracks (by about 10%). Supposing the given 
particles to be Li® nuclei, such an unusually low 
density of developed grains forces us to question 
their nature. If the particles in question actually 
decay at the stopping point into two alpha particles, 
which is consistent with their ranges (the total 
lengths of the alpha-particle tracks are 7.5 and 
9.74), and at the same time have an ionizing power 
lower than that of the Li nucleus, we may assume 
that in these cases we are dealing with He® nuclei. 

The fact that the density of developed grains in 
these tracks is even somewhat lower than in alpha- 
particle tracks is further evidence that the given 
tracks may be He® tracks. Actually, with low 
residual ranges (< 20), He® ions may be ex- 
pected to possess lower ionizing power than He‘ 
ions, since at low ion velocities (close to and 
lower than the velocity of the orbital electrons of 
the slowing-down material) the specific energy 
losses of the particles become proportional to the 
square of particle velocity.* Consequently, if the 
residual ranges of He® and He‘ ions are equal, 
the specific energy losses are lower for the heav- 
ier ions. 

An examination of various factors which could 
cause such an interpretation to be rejected (acci- 
dental superposition of tracks, reduced sensitivity 
of emulsion, or local inhomogeneity in develop- 
ment of the investigated tracks) indicates that 
their probability is low, although it is impossible 
to exclude the possibility of some such accident 
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completely. Therefore at the present time we 
can only speak of the possible observation of He® 
nuclei. 

If such nuclei are actually formed in the proc- 
ess of fragmentation, further confirmation of their 
existence can be obtained through investigation of 
the T-shaped tracks in an emulsion sensitive to 
particles with minimal ionization, by successfully 
establishing the emission of two decay electrons 
at the stopping point. 

We take the occasion to express our gratitude 
to Professor N. A. Perfilov for discussion of the 
results. 


‘Ya. B. Zel’dovich, JETP 38, 1123 (1960), 
Soviet Phys. JETP 11, 812 (1960). 
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3 Baz’, Gol’danskii, and Zel’dovich, Usp. Fiz. 
Nauk 72, 211 (1960), Soviet Phys.-Uspekhi 3, 729 
(1961). 

4k. Fermi and E. Teller, Phys. Rev. 72, 399 
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A NOTE CONCERNING 1-A RESONANCE 


IX, Ih, LENA UME L ONY 
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Submitted to JETP editor February 7, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1520-1522 
(May, 1961) 


Ie is well known that a connection exists between 
the possible resonances of the pion-hyperon sys- 
tem and the scattering amplitude. In particular, 
in the phenomenological analysis of the data on 
the K~-proton interaction! one finds that if one 
assumes that only the S state is involved and that 
the real part of the K -p scattering amplitude is 
negative, there exists in the nonphysical region a 
singularity that corresponds to a pion-hyperon 
resonance. 

In the recently published papers by Tuan? and 
by Ross and Shaw? the experimentally observed 
A-m resonance was identified with the above reso- 
nance. However, the investigations of the interfer- 
ence between Coulomb and nuclear scattering seem 
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to indicate that this interference is constructive.° 
But in that case there should be no resonances in 
the pion-hyperon system which would correspond 
to a K -p interaction in an S state.* Since the 
K™ meson is supposedly a pseudoscalar particle® 
the orbital angular momenta on both sides of the 
reaction 


K-+p—->A+ 7° (1) 
have to be the same. 

From this it follows that the observed A-7 reso- 
nance should not be related to an S state. Since the 
momentum of the particles in the center-of-mass 
system at resonance is ~ 200 Mev/c, it is natural 
to assume that it cannot be due to D waves. This 
way it follows that if the foregoing propositions 
are true then the observed 7-A resonance has to 
be ina P state.f 

This conclusion is supported by the circum- 
stance that in the K -p reaction the yield of A 
hyperons is small compared to that of = hyperons 
for K™ capture at rest, while it increases rapidly 
at momenta of 300 to 400 Mev/c where P waves be- 
come important.t 

A strong resonance of the 7-A system ina P 
state indicates an analogy with the (¥, %) reso- 
nance of the 7-N system. 

At present there exist published data on the dif- 
ferent channels of the K -p reaction for capture 
at rest and for the momenta 300, 400 and 1150 
Mev/c. The ratio of the A to 2 yields at 1150 
Mev/c is still larger than at 300 and 400 Mev/c. 
This can be an indication of either a continuous 
increase of the yield ratio in the considered en- 
ergy interval** or of the chance that there is some 
resonance of the A-7 system close to 1150 Mev/c. 
In this connection one can remark that if one would 
want to extend the analogy between the 7-A and 
m-N systems and expect a second 7-A resonance 
corresponding to the second I = WE resonance of 
the 7-N system as well as that c.m.s. momenta 
are close (which they are for the first resonance), 
then the second resonance of reaction (1) should 
lie close to a K~ momentum of 1.1 Bev/c in the 
laboratory system. 

At present there do not exist direct experimen- 
tal data on the cross section of reaction (1) at 1150 
Mev/c. The existing data at this energy for the 
different hyperon production channels’*4 are insuf- 
ficient to perform the necessary analysis in iso- 
spin states. However, approximate calculations 
performed on their basis show that the cross sec- 
tion of reaction (1) at 1150 Mev/c seems to be 
larger than that of any reaction leading to the pro- 
duction of a 2 hyperon and a 7 meson. 
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The author expresses his gratitude to B. N. 
Valuev, V. I. Ogievetskii and L. B. Okun’ for 
discussions. 


*We consider here resonances connected with noticeable 
cross sections, of which the A-7 resonance is one. - 

tEvidently, if the K meson were even the resonance would 
be in an S state. 

tThe decay Y* + 2 +7 also has to take place. It is how- 
ever considerably rarer than the Y* + A +7 decay, firstly, 
because of the smaller phase space (roughly by a factor 3) and, 
secondly, because it is not a pure isospin I =1 state. In this 
connection we remark that = resonances can exist with I =0 
and 2. 

**We note that qualitatively such a behavior of the A to > 
yield ratio could be expected if the Sakata model were valid: 
= hyperons, being composite particles, should dissociate at 
high energies to form A-hyperons. 


1R. H. Dalitz and S. F. Tuan, Ann. of Phys. 8, 
100 (1959); 10, 307 (1960). 


MAGNETIC PROPERTIES OF POLYCRYS- 
TALLINE ALLOY OF Cu WITH 22.8 
ATOMIC PERCENT Mn 


I. G. FAKIDOV and B. V. ZNAMENSKII 


Institute of Metal Physics, Academy of 
Sciences, U.S.S.R.; Sverdlovsk State 
Pedagogical Institute 


Submitted to JETP editor February 24, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1522-1523 
(May, 1961) 


Thee magnetic properties of solid solutions of 
copper and manganese have been studied in a num- 
ber of investigations.'~* Scheil and Wachtel® 
showed that among all the alloys of the copper- 
manganese system, the alloy with 22.5 atomic 
percent manganese content has the largest mag- 
netic susceptibility, being antiferromagnetic in 
the disordered state and ferromagnetic in the 
ordered. 

Because we considered these peculiarities of 
the magnetic properties of this alloy very signifi- 
cant, we decided to carry out a somewhat more 
detailed study of its physical properties in the 
disordered state. For this purpose an alloy con- 
taining, according to the results of a chemical 
analysis, 22.8 atomic % manganese was prepared 
by high-frequency melting in vacuum. The neces- 
Sary specimens were cut from the ingot thus ob- 
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tained and were subjected to a prolonged anneal 
and to subsequent quenching. 

The results of measurement showed that the 
magnetic susceptibility of the alloy is independent 
of the field at magnetic fields up to 3000 oe and 
goes through a maximum at temperature 94° K; 
furthermore, in the range of fields mentioned the 
magneto-caloric effect has the negative sign. From 
this we concluded that the alloy Cu + 22.8 atomic % 
Mn is antiferromagnetic, with a Néel point near 
94°K. However, this antiferromagnet, at tempera- 
tures below Ty and at external magnetic fields 
exceeding a certain critical or threshold value H,, 
exhibits properties characteristic of ferromagnets: 
measurements of the magnetocaloric effect, which 
is positive, reveal the presence of spontaneous 
magnetization; and in fields above 10000 oe the 
magnetization approaches saturation. 
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The magnitude of the threshold field changes 
with change of temperature and, for example, is 
equal to 4000 oe at 56°K. Above 94°K, the alloy 
studied is paramagnetic and obeys the Curie- 
Weiss law at all values of the external magnetic 
field. 

Figure 1 shows magnetization curves taken at 
temperatures below, near, and above the magnetic 
transformation point. Figure 2 gives, by way of 
graphic representation, an approximate diagram 
of the magnetic states of the alloy as they depend 
on the temperature and on the intensity of the ex- 
ternal magnetic field. Ty,,. corresponds to the 
temperature at which, in the given magnetic field, 
the magnetocaloric effect reaches a maximum. 

It should be mentioned that the alloy we studied 
is similar in its magnetic properties to the inter- 
metallic compound MnAu,. It would be very valu- 
able to study the magnetic structure of this alloy 
by neutron diffraction and to compare it with 
the magnetic structure of MnAu,, which con- 
sists of a complicated spiral distribution of mag- 
netic moments.® 

The authors are very grateful to V. N. Novo- 
grudskii and E. A. Zavadskii for their share in 
the discussion of the results of the measurements, 
and also to L. V. Smirnov, who prepared the alloy. 
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A SEARCH FOR NEAR-THRESHOLD ANOM- 
ALIES IN THE ENERGY DEPENDENCE OF 
THE TOTAL CROSS SECTION FOR INTER- 
ACTION OF PROTONS 


I. M. VASILEVSKII, Yu. D. PROKOSHKIN, and 
Ve Tonya IN 


Joint Institute for Nuclear Research 
Submitted to JETP editor February 27, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1524-1525 
(May, 1961) 


As has been shown by Wigner and by Baz’,! the 
energy dependence of the cross section for the 
elastic scattering of two particles can have an 
anomalous character near the threshold for the 
production of a new particle. The shape of such 
an anomaly is a narrow ‘‘peak’’ or “‘step’’; the 
anomaly is associated with a sharp change of the 
derivative of the cross section at threshold point. 
Near-threshold anomalies can also occur in the 
energy dependence of the total cross section for 
the interaction of two particles (for more details 
see the review article by Fonda’). 

We have made a search for these anomalies in 
the neighborhood of the thresholds for the produc- 
tion of m-meson pairs in proton collisions (580 — 
600 Mev). Studies of the energy dependence of the 
total cross section o for the interaction of protons 
were also made in regions above and below the 
thresholds. Observations of anomalies in such 
cases could be an indication of the existence of 
new particles’ and could make it possible to de- 
termine their masses. 

A differential ionization chamber was used for 
the registration of the protons. This made it pos- 
sible to achieve an accuracy in determining the 
relative shape of the energy dependence of the 
cross section which is an order of magnitude 
better than the accuracy characteristic of earlier 
experiments, * in which particle counters were 
used to measure Oo. 

The proton beam brought out from the chamber 
of the six-meter synchrocyclotron of the Joint In- 
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Dependence of the quantity [o(E)— o(E)]/a(E) on the 
proton energy E. The thresholds of the reactions 
pp + pp7°n%(1), pp > da°7*(2), pp + pna°n* (3), pp + ppata- 
(4), and pp > nnz+7+(5) are indicated by arrows. 
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stitute for Nuclear Research was shaped by a sys- 
tem of collimators, and then was sent through 

three identical thin-walled ionization chambers. 
The first chamber served as a monitor. The sec- 
ond and third chambers, with the polyethylene tar- 
get placed between them, formed the differential 
ionization chamber. The current i, from this 
differential chamber was proportional to the amount 
of weakening of the beam in passing through the 
target, i.e., to the product of the total cross section 
and the beam intensity J. The current i, was am- 
plified and recorded on the chart of a recording 
potentiometer. 

As the thickness of the filter by which the pro- 
ton beam was slowed down was smoothly increased, 
a curve was traced on the chart of the potentiom- 
eter; this curve shows the variation of the quantity 
ip ~ oJ as the proton energy E is decreased. Si- 
multaneously another potentiometer registered the 
change of the current ij ~ J from the monitoring 
chamber. The desired quantity o(E) was obtained 
by dividing i, by iy. This operation was performed 
by a continuously acting electronic device, whose 
output, proportional to i, /i,, was recorded on the 
chart of a third potentiometer. The measurements 
were repeated many times to eliminate the effects 
of small fluctuations in the current from the dif- 
ferential chamber. 

The energy of the beam was determined to an 
accuracy better than 1 Mev (cf. reference 5). The 
energy resolution was +5 Mev and was due to 
the dispersion of the beam (+3 Mev)* and energy 
losses in the target (+4 Mev). 

The results of the measurements are shown in 
the diagram. It shows the fractional deviation of 
the measured cross section o(E) from the 
smoothed energy dependence o(E) found by av- 
eraging over a broad range of energies; in the re- 
gion in question this smoothed dependence is lin- 
ear.’ As can be seen from the diagram, in the en- 
tire range studied, 490 — 640 Mev, there are no 
anomalies in the energy dependence of the total 
cross section for pp interaction that exceed the 
errors of measurement (0.1 percent). 

It follows from this that there is little proba- 
bility that a bound state ‘‘t meson + nucleon’’ 
with binding energy close to zero exists. 


At the same time control experiments were 
made with a graphite target. The energy depend- 
ence of the total cross section for carbon should 
not contain any appreciable anomalies, owing to 
the motions of the nucleons in the carbon nucleus. 
In agreement with this, the measurements showed 
that for carbon the deviation of o(E) from a(E) 
does not exceed 0.05 percent. 

In conclusion we take the occasion to thank 
A. I. Baz’, L. I. Lapidus, and B. Pontecorvo for 
a discussion of this work. 
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EFFECT OF TEMPERATURE ON HYPER- 
FINE STRUCTURE OF GAMMA RADIATION 


V. S. SHPINEL’, V. A. BRYUKHANOV, and 
N. N. DELYAGIN 


Institute for Nuclear Physics, Moscow State 
University 


Submitted to JETP editor, March 9, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1525-1527 
(May, 1961) 


lh investigating the resonance absorption of Y 
quanta with energy 23.8 kev by Sn!19 nuclei, it was 
found! that in a white tin crystal (8-Sn) at liquid 
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nitrogen temperature the lines of radiation (or ab- 
sorption) are split into two components. The ex- 
istence of such a splitting was later confirmed by 
other measurements? in which we used as the 
source of y quanta Sn‘! which was contained 
as a constituent of a polycrystal of 6-Sn (at liquid 
nitrogen temperature), while the absorbers were 
various compounds containing tin. The observed 
splitting was interpreted as a hyperfine structure 
of the y ray caused by an interaction of the quad- 
rupole moment of the Sn!% nucleus in the excited 
state with the inhomogeneous electric field in the 
B-Sn crystal. 

In the present work we have investigated the 
effect of temperature of the $-Sn crystal on the 
magnitude of the quadrupole interaction. When 
the temperature of the crystal is changed, there 
is a change in the amplitude of the thermal vibra- 
tions of the atoms and a change in the interatomic 
distances; consequently, one may expect a change 
in the gradient of the electric field at the Sn'!® 
nucleus. As a source of y quanta, we used Sn!!9m 
contained in a polycrystal of SnO,. It was shown 
earlier’ that for SnO, there is no splitting of the 
radiated line, and the radiation of y quanta with- 
out energy loss to recoil occurs with high proba- 
bility even at room temperature. The source 
thickness was 6 mg/cm”. By measurements with 
SnO, absorbers of various thicknesses it was 
shown that in such a source the effect of broaden- 
ing of the radiated line because of self-absorption 
is negligible. For example, with a SnO, absorber 
of thickness 4 mg/cm? the line width in the absorp- 
tion spectrum was 6 x 107° ev, which is close to 
twice the natural width of the 23.8 kev excited 
state of Sn?!9, 

The measurements of the spectrum of the reso- 
nance radiation were carried out in an apparatus 
which was described briefly earlier.’ In all the 
measurements the source (SnO,) was at room 
temperature, while the absorbers (natural £-Sn) 
were at liquid-nitrogen temperature, dry-ice tem- 
perature, and room temperature. We used ab- 
sorbers of various thicknesses in the range from 
br tOnn0) mg/cm?, prepared either from rolled tin 
foil, or by sputtering of metallic tin in vacuum 
onto an organic backing. Typical resonance ab- 
sorption spectra are shown in the figure (along 
the abscissa, we give the quantity AE = Ev/c, 
where E = 23.8 kev, v is the velocity of the source 
with respect to the absorber; along the ordinates, 
we give the intensity of y radiation passing through 
the absorber, proportional to the total number of 
recorded pulses N). In the upper part of the fig- 
ure is shown the absorption spectrum for an ab- 
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sorber of 6-Sn, 5 mg/cm? thick, at liquid nitro- 
gen temperature. One sees two absorption maxi- 
ma corresponding to the quadrupole splitting of 
the absorption line. The separation of the max- 
ima is (1.10 + 0.15) x 107! ev, which agrees with 
the value obtained by us earlier.4* The middle 
part of the figure shows the absorption spectrum 
for a B-Sn absorber 12 mg/cm? thick at dry-ice 
temperature, and the lower part of the figure for 
an absorber 30 mg/cm? thick at room tempera- 
ture. For such absorber thicknesses and tem- 
peratures there is no essential broadening of the 
absorption line because of absorber thickness. 
Control measurements with an absorber of SnNb3 
(there is no quadrupole interaction! in the SnNb; 
crystal) showed that in the absence of splitting 
the line width in the absorption spectrum corre- 
sponds to the natural width of the excited state. 
The lines in the absorption spectrum shown in 
the figure have considerably greater width (1.4 
x 107’ ev for dry-ice temperature and 1.05 x 107? 
ev for room temperature). In the two last spec- 
tra the hyperfine structure components are no 
longer resolved, but the observed line widths and 
their dependence on temperature shows the pres- 
ence of quadrupole splitting in these cases also. 
For the magnitude of the quadrupole splitting at 
temperatures 195 and 293°K we obtain the values 
(8.0 + 1.5) x 1078 and (4.6 + 1.4) x 10°’ ev, re- 
spectively. Thus we observe a decrease in the 
magnitude of the quadrupole interaction as the 
temperature of the crystal increases. This de- 
pendence is a consequence of the temperature 
variation of the average of the components of the 
tensor of the electric field gradient along the prin- 
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cipal axis (q) = (0°V/dz"), and the angular orien- 
tation of this tensor with respect to its static di- 
rection. In addition, with temperature there may 
be some change also in the asymmetry parameter 
n= (axx-dyy)/dzz |. The calculations of Kushida 
et al.® lead to the following dependence of the value 
of the splitting on the temperature: A =a(1+bT 
+c/T). The constants a, b, and ec are functions 
of volume and can be obtained from measurements 
of the dependence of A on pressure for different 
temperatures. A comparison of the experimental 
data with theoretical computation should enable 
one to determine the quadrupole moment of the 
Sn!!9 nucleus in the excited state. 

The dependence found in the present work for 
the quadrupole splitting as a function of tempera- 
ture explains the result of Boyle, Bunbury, and 
Edwards‘ who observed no splitting of the absorp- 
tion line in the 6-Sn crystal. In their work the 
absorber was at room temperature, in which case 
the quadrupole splitting does not exceed in mag- 
nitude the width of the line in the absorption spec- 
trum even for a thin source. But the width of 
their source was such that as a result of self- 
absorption the line width of the radiated line was 
increased by a factor of two compared to the natu- 
ral width. Under such conditions of the experi- 
ment, the quadrupole splitting could not be ob- 
served. (In the work of Picou et al.° the quadru- 
pole splitting was also not observed at liquid ni- 
trogen temperature, which is possibly explained 
by the use in their work of extremely thick source 
and absorber. ) 

As we see from the figure, the influence of the 
temperature shows itself not only in the magni- 
tude of the quadrupole splitting, but also in the 
location of the centers of the absorption curves 
in the spectra. The observed line shift with 
changing temperature exceeds by several factors 
the value of the so-called ‘‘temperature shift’’® 
and contradicts the data of the work of Boyle et 
al.,’ who found good agreement with the theory. 
The reason for this discrepancy is difficult to 
analyze, since these authors do not give all the 
necessary data; it is possible that in their work 
there was an influence on the measured effect of 
the change in line shape with change in tempera- 
ture, which was not taken into account. One may 
assume that the change in internal field in the 
B-Sn crystal with changing temperature not only 
leads to a change in the value of the quadrupole 
interaction, but also changes the energy of the y 
transition as a whole, which has an effect on the 
observed shifts in the absorption line. 
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Ve process of the production of the second 
meson in the reaction 7N — aN at different en- 
ergies has recently been widely used to obtain in- 
formation on the 7-7 interaction. In the collision 
of a m meson and a proton above the threshold for 
the production of the second meson (~ 170 Mev) 
the following processes are possible: 


i ie ee 


(1) tm +pon+autt+am, (2)0 +p—op 
(3) Mm +pon+n°4+ n°, (4) n° tpontwint 


(5).0* + p—>pt xt n°, 


’ 


In order to explain certain qualitative features 
of the 7-7 interaction, it is of interest to establish 
relations between the cross sections of the above 
processes. Of these reactions, (1) and (2) have 
been investigated in detail at an energy of the pri- 
mary meson of the order of 1 Bev.!~? At lower 
energies only reaction (1) has been studied in de- 
tail.4-® The cross section for it at 290 Mev was 
found to be oj = 0.61 + 0.13 mb.® The cross sec- 
tion of reaction (2) has not been measured directly. 
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Zinov and Korenchenko’ have measured the 
combined cross section 20, + 0.70). Combined 
with the data of Perkins et al.,4 who have deter- 
mined 04, one can obtain at 317 Mev the estimate 
02=0.2+1.2 mb. At 220 Mev there have been 
observed? three events corresponding to reaction 
(1) and no event of reaction (2) was found. In the 
present paper we shall estimate the ratio of the 
cross sections of reactions (2) and (1) at a meson 
energy of 290 + 15 Mev. 

A search for the reactions (1) and (2) was un- 
dertaken in emulsions irradiated in the Synchro- 
cyclotron Laboratory of the Joint Institute for 
Nuclear Research. The emulsions were area 
scanned for stopping of secondary 7 mesons. 
The tracks then were followed back to the point of 
production. The events where the production took 
place on hydrogen were decided by the criteria de- 
scribed in reference 5. A total of 1058 stars asso- 
ciated with mesons were found. Amongst them 
12 events of reaction (1) and 5 events of reaction (2) 
were found. Taking into account geometric correc- 
tions concerning the probability of registration of 
7™ mesons by the emulsion chamber we obtain for 
the ratio of the cross sections of reaction (2) to 
(1) the value o,/o, = 0.3 + 0.2.* With o; = 0.61 
+ 0.13 mb this gives for reaction (2) at 290 +15 
Mev a cross section oy = 0.2 + 0.1 mb (see the 
footnote, however.) If one extrapolates the re- 
sults of the calculations Goebel and Schnitzer’ for 
the statistical model including 7-7 interaction to 
290 Mev one obtains for this ratio the value o,/o,; 
~~ OO2. 

At present there do not exist equivalent data 
for the reaction (3) in the energy region around 
300 Mev. The combined cross section for reac- 
tions (4) and (5) at 290 Mev is estimated?” to be 
~0.1 mb. This way, according to the available 
experimental information, the largest of the 
measured cross sections is that for reaction (1), 
while those for reactions (2), (4) and (5) are small 
compared to oj. 

Utilizing charge independence one can obtain 
relations between the cross sections for reac- 
tions (1) — (5) if one assumes that the 7 mesons 
interact only in one of the possible isospin states 
which have TT, =2,1,0. If they interact only in 
the state with T7, = 2 then reaction (4) will have 
the largest cross section while the cross sections 
of reactions (1), (2), (3) and (5) will be Way Ves 
and '/, of o4 respectively. As remarked above, 
in reality o, has the largest value and the other 
cross sections, including o, are small compared 
to o,. If Tz =1 then o3 = 04 = 0 while o2 and o; 
cannot both be small compared to 0;. However, 
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the obtained results and the results of reference 
10 indicate that both o, and o; are small com- 
pared to oj. 

Finally, we assume that the 7 mesons interact 
only in the state with T, =0 (indeed, such an as- 
sumption has been made by Korenchenko’). Then 
from charge independence immediately follows 
that 03 = 0,/2, 09 =0,=0,=0. Experimental data 
on 03 are as yet not available while the values of 
02, 4 and os are indeed small compared to oj. 

This way the presently available information 
concerning the relations between the cross sec- 
tions of the reactions mN — 77N at an energy of 
290 Mev indicates that the 7 mesons interact with 
themselves in the considered energy range} pre- 
dominantly in the state with isospin T, = 0. Con- 
sequently at energies below 300 Mev the most im- 
portant contribution is due to transitions from an 
initial state with T = Vee 

In reference 11 it was indicated that there pos- 
sibly exists a resonance in the 1-7 system ata 
low energy (total energy of the system of two 
mesons 310 +10 Mev) in an isospin state with 
T;, =0 or Tz =1. V. V. Anisovich has pointed 
out to us that such a resonance would have a 
strong influence on the ratios between the cross 
sections of the reactions 7N — 77N at energies 
of the order 250 — 290 Mev. In this energy range 
the meson-nucleon interaction cross sections are 
still small. On the other hand, the mesons are 
produced at an energy close to the resonance. The 
data of the present work contradict the assumption 
that there exists a resonance in the interaction of 
two 7 mesons at a total energy of 310 + 10 Mev 
in a state with isospin T, = 1. The interaction in 
a T, =0 state seems to predominate. However, 
the obtained results do not allow to make definite 
statements about the existence of a resonance in 
the considered energy range. 

The authors thank Professor V. P. Dzhelepov 
for his interest in the work and V. V. Anisovich 
for his useful discussions. 

*This value represents an upper limit because for reaction 
(2) a possible background from production off bound nucleons 
of the nuclei of the emulsion was not subtracted. 


tThe total energy of the two 7 mesons in their center of 
mass system is contained in the interval 280 —370 Mev. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 40, 1530-1532 
(May, 1961) 


iRuoc anvenY in a number of papers (cf., e.g., ref- 
erence 1) there has been a broad discussion of ef- 
fects associated with anomalies in the energy de- 
pendence of a reaction near thresholds for inelas- 
tic processes. No one has as yet succeeded in ob- 
serving effects of this sort at high energies, and 
therefore the problem of testing the results of the 
theory is now of considerable interest. We have 


made an attempt to detect near-threshold singu- 
larities in the reaction 


Po pa ear (1) 
at proton energies from 574 to 648 Mev, where the 


following processes of 7-meson pair production 
are possible: 


ptptrtnm, Q=579.03 Mev 
(dtnt+n?, Q = 587.48 Mev 

p+p— 4 n+p+°-+ at, OF 592558 Mev (2) 
| ptptat+ta-, Q=600.08 Mev 
noaitat+tat, Q=606.06 Mev 


Furthermore, in this energy range one can expect 
anomalies near the threshold for production of the 
hypothetical w particle, which has been discussed 
in reference 2 as one of the ways of explaining the 
experimental data. In p-p collisions the w par- 
ticle can be produced in the reactions 
+ 

Oe ea ae Si 
The range of proton energies from 574 to 648 Mev 
corresponds to a range of masses for the w par- 
ticle from 275 to 305 Mev. 

The choice of the reaction (1) for the observa- 
tion of near-threshold singularities was made for 
the following reasons. First, the total and differ- 
ential cross sections of the reaction (1) change 
only by small amounts in the range of energies 
of the incident protons from 574 to 648 Mev,? and 
this to some extent facilitates the search for anom- 
alies near the thresholds of other reactions. Sec- 
ond, we may suppose that owing to the small cross 
section of the reaction (1) possible anomalous ef- 
fects may be most clearly marked in just this re- 
action. Finally, the method that we have used to 
measure the differential cross section of the re- 
action (1) may give greater sensitivity to near- 
threshold anomalies than would be obtained in 
measurements of the total cross section. 

We have measured the yield of deuterons in the 
low-energy branch of the reaction (1) for a single 
angle in the laboratory coordinate system (l.s.) as 
a function of the energy of the incident protons over 
the range 574 —648 Mev. The proton beam of in- 
tensity 10‘! sec”! was focused with magnetic quad- 
rupole lenses on a polyethylene target 5 mm thick. 
The secondary particles produced in the target 
were separated out by a brass collimator placed 
at an angle of 5.8° with the axis of the beam, were 
deflected by an electromagnet through an angle of 
27°, passed through a steel collimator in the con- 
crete shielding wall, and were registered by a 
telescope made up of five scintillation counters. 
The charged particles were identified by their 
momentum, specific ionization, and range,‘ which 
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Energy dependence of the differential cross section of the 
reaction p +p +d+7* for the angle 5.8° in the l.s. The 
straight line drawn in the diagram was obtained by the method 
of least squares. The arrows 1, 2, 3, 4, 5 show the positions 
of the thresholds of the reactions (2); the arrows 6 and 7 show 
the positions of the thresholds of reaction (3) for masses 295 
and 305 Mev for the w particle. 
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made it possible to distinguish deuterons reliably 
against the background of photons coming from 
the target. 

The energy of the proton beam was varied by 
means of polyethylene blocks placed in front of 
the magnetic quadrupole lenses. The proton en- 
ergy was determined within an interval of 2.8 Mev, 
which was approximately the energy dispersion of 
the proton beam.° 

The kinematics of the reaction (1) are such that 
for an angle of 5.8° in the l.s. the momentum of 
the deuterons of the low-energy branch varies by 
only 3 percent as the proton energy is decreased 
from 650 to 570 Mev. This decidedly simplifies 
the measurements and makes it possible to deter- 
mine the energy dependence of the differential 
cross section for the reaction (1) by measuring 
the deuteron yield at the maximum of the reso- 
lution curve, instead of finding the area under the 
resolution curve at each proton energy. At each 
proton energy a determination was made of the 
value of the current in the deflecting magnet that 
corresponded to the position of the peak of the 
deuterons from the reaction (1); this was calcu- 
lated from calibration curves of the resolving 
power, with half-width about 2 percent, measured 
at three energies: 574, 607, and 657 Mev. With 
this procedure the inaccuracy in supplying the re- 
quired current through the deflecting magnet could 
not cause an error of more than 0.3 percent in the 
results. 

The averaged results of two series of measure- 
ments, without subtraction of the background of 
deuterons from the carbon target, which was about 
15 percent, are shown in the diagram. The data 
were approximated by a straight line, constructed 
by the method of least squares. If we take into ac- 
count only the statistical errors of the measure- 
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ments, amounting to 0.7 percent, the x? test indi- 
cates that the experimental data are not consistent 
with this straight line. If, however, we suppose 
that besides the statistical errors there is an addi- 
tional dispersion in the measurements which 
amounts to 0.5 percent, the ? test gives a 10- 
percent probability for the fit of the linear depend- 
ence to the experimental data. Since the results 

of a comparison of the separate series of meas- 
urements do not allow us to exclude such an amount 
of instability of the apparatus, the spread of the 
experimental points which is seen in the diagram 
cannot be ascribed to real anomalies in the energy 
dependence of the differential cross section for 

the reaction (1). 

It follows from the results of this work that if 
the near-threshold anomalies predicted by the 
theory do exist in the reaction (1), their magnitude 
does not exceed 2 percent of the average differen- 
tial cross section of reaction (1) over the proton- 
energy range 574 — 648 Mev. 


1R. G. Newton, Phys. Rev. 114, 1611 (1959). 
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3M. G. Meshcheryakov and B. S. Neganov, 
Doklady Akad. Nauk SSSR 100, 677 (1955). 

4 Akimov, Komarov, Savchenko, and Soroko, 
IIpuOopbi 4 TeXHUKa 9KCIIepMMeHTa (Instrum. and 
Exptl. Techniques ) 4, 71 (1960). 
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THE REACTION p+d— Ht+a°+7° AT 

A PROTON ENERGY OF 670 Mev 


Yu. K. AKIMOV, V. I. KOMAROV, K. S. MARISH, 
O. V. SAVCHENKO, and L. M. SOROKO 
Joint Institute for Nuclear Research 
Submitted to JETP editor March 22, 1961 
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‘Tere has recently been much discussion of the 
problem of the resonance interaction of two 7 
mesons with the isotopic spin T,;, =1. The only 
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experimental indication of the possibility of such 
a resonance are the preliminary results of Aba- 
shian, Booth, and Crowe,! who studied the momen- 
tum spectrum of the He® and H® nuclei produced 
in the reactions 


( He’ + 2°, (la) 

ptd— { Het+ n+ n°, (1b) 
l He? + at4+ a, (1c) 

Hee at, (2a) 

pao { H3 + a+ + 29, (2b) 


and observed peaks in these spectra which can be 
interpreted as manifestations of a m-m7 resonance 
with T,7, = 1 or of the formation of a new particle 
with mass 310 Mev and isotopic spin T=1. The 

schemes for the formation of the new particle are 


(1d) 
(2c) 


pa-d— He* at, 
p+d—>H'+ o*. 


In view of the large discrepancy between the ob- 
served resonance energy and the theoretically pre- 
dicted value,” and also of the importance of the 
question of the isotopic spin of the 7-7 resonance, 
it is of great interest to get more precise momen- 
tum spectra of the H® nuclei produced in the reac- 
tions (2b) and (2c). For this purpose we have meas- 
ured the region of the momentum spectrum of the 
H® nuclei that belongs to the low-energy branch of 
reaction (2a), at proton energy 670 Mev. The iden- 
tification of the charged particles produced in gas- 
eous deuterium and hydrogen targets was made 
from the momentum, specific ionization, range, 
and time of flight. The results of the measure- 
ments are shown in the diagram, where the ab- 
scissa is the current in the deflecting magnet, 
which is proportional to the momentum of the H? 
nuclei, and the ordinate is the difference between 
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the counts from the gas target filled with deuter- 
ium and with hydrogen. Arrow 1 indicates the 
value of the current that corresponds to the lower 
limit of the spectrum of H® nuclei from the reac- 
tion (2b). Arrow 2 indicates the value of the cur- 
rent that corresponds to the total energy of two 

mq mesons in their c.m.s., which is 320 Mev, and 
a momentum of 875 Mev for the H® nucleus. 

A statistical treatment of the results of the 
measurements shows that with probability 90 per- 
cent, the yield of H® nuclei of momentum 875 Mev 
at angle 5.8° in the l.s. does not exceed 6 percent 
of the yield of H® nuclei at the same angle in re- 
action (2a). The cross section for the reaction 
(2a) was measured by a comparison with the cross 
section for the reaction p+p—d+ m*.? The cross 
section for reaction (2a) calculated in the c.m.s. 
and referred to the angle of emergence of the 7* 
meson was found to be 


& (0, = 12°) = (9.140.5)-10- m?/sr 


The cross section for reactions (2b), (2c), re- 
ferred to the angle between the velocity vector of 
the motion of the center of mass of the mesons 
and the axis of the beam, or to the angle of emerg- 
ence of the w particle, has the upper limit, in the 
Chins 


2 (Ba = 20°) <0.2- 10° cm?/sr 


with probability 90 percent. 

The cross section for the high-energy branch 
of reaction (1a) was also measured. The differ- 
ential cross section in the c.m.s., referred to the 
angle of emergence of the 71° meson, is 


d 
Fe (On = 154°) = (0.295 + 0,032)-10-° cm?/sr 


Fig. 1 


901, relative units 
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Besides this, the yield of He® nuclei from re- 
actions (1b), (1c), which was measured for three 
momenta, shows that the cross section for these 
reactions is comparable with that for (2a). 

For a quantitative comparison of the data with 
the results of reference 1, a calculation of the an- 
gular distributions of reactions (2a) and (2c) was 
made in the impulse approximation.’»> The angu- 
lar distribution found for reaction (2a) agrees 
qualitatively with a large forward-backward asym - 
metry.®»! The calculation for reactions (2b), (2c) 
was made on the assumption that first there is 
production of two 7 mesons or of an w particle 
in the reactions 


p+pod+n+n’, 


(3) 


and then the neutron and deuteron combine into a 
tritium nucleus. The angular distributions of re- 
actions (2b), (2c) calculated on the two extreme 
assumptions about the angular distribution of the 
deuterons in the reactions (3), an isotropic distri- 
bution and a cos” @ distribution, differ only slightly 
at angles close to 0° or 180° in the c.m.s. This 
fact allows us to compare the data! relating to the 
high-energy branch of the reactions (2b), (2c) with 
our values of the differential cross sections for 
the low-energy branch. The yield of H® nuclei 
measured in reference 1 and recalculated in this 
way is shown in the diagram by a dashed line. It 
exceeds the upper limit found in this work for the 
cross section of reactions (2b) and (2c) by about 
an order of magnitude. 

Thus the results obtained here do not confirm 
the existence of a resonance of two 7 mesons in 
a state with isotopic spin T,, =1 and total energy 
from 275 to 420 Mey in their c.m.s., and also al- 
low us to exclude the existence of an w particle 
with isotopic spin T=1 and mass ~ 310 Mev. 
Since there are now definite indications of the non- 
existence of a vector meson with T = 0° and mass 
in the range from 300 to 400 Mev, the explanation 
of the anomaly found in reference 1 in terms of 
the existence of such a meson also seems improb- 
able. 

We must seek a possible cause of the anomaly 
in the spectrum of the He® nuclei produced in re- 
actions (1b) and (1c) in threshold effects®»!9 asso- 
ciated with the endothermal process n+ 7° 
+ 7 .* As is shown by an analysis of the thresh- 


p+p—od+a’, 
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old effects made by means of dispersion rela- 
tions, |! departures from monotonic energy de- 
pendence in reactions with three particles in the 
final state can spread rather far from the thresh- 
old of the corresponding endothermal process. 

Another conclusion from this work is that the 
cross section for production of two 7 mesons in 
the state with isotopic spin T,, = 0 is about an 
order of magnitude larger than the upper limit 
on the cross section for the production of two 7 
mesons in the state with ‘Dap bs Sightup toa 
total energy of the two a mesons in their c.m.s. 
of about 400 Mev. This relation between the cross 
sections evidently changes at higher energies, as 
is indicated by the data on processes tN — maN 
obtained at energies ~500 Mev.” 

The writer thank L. I. Lapidus for his interest 
in this work and a discussion, and B. M. Ponte- 
corvo for helpful comments. 


*L. I. Lapidus pointed out the possibility of this interpre- 
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